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1 Introduction

Transaction costs are prevalent in almost all financial markets. Extensive research has
been conducted on the optimal consumption and investment policy in the presence of
transaction costs (e.g., Constantinides (1986), Davis and Norman (1990), Koo (1992a), Liu
and Loewenstein (2002), Liu (2004)). As shown in these studies, the presence of transaction
costs significantly changes the optimal consumption and optimal investment strategy. For
example, an investor no longer trades continuously and even a small transaction cost can
dramatically decrease the frequency of trading to save transaction costs. However, the
utility loss is found to be small by most of the existing literature. In particular, in his
seminal paper Constantinides (1986) finds that the liquidity premium (i.e., the maximum
expected return an investor is willing to give up in exchange for zero transaction cost)
is small relative to the transaction cost, even for a suboptimal trading strategy and thus
concludes that transaction costs are of second-order effect for asset pricing.

One of the common assumptions of the existing literature on optimal consumption and
investment with transaction costs is that the investment opportunity set is constant. For
example, Constantinides (1986), Davis and Norman (1990), Liu and Loewenstein (2002),
and Liu (2004) all assume that not only the expected stock return, the return volatility
but also the liquidity (transaction cost) are constant throughout the investment horizon.
Intuitively, with a constant investment opportunity set, an investor does not need to trade
much and thus the transaction costs incurred is small. Empirical research, however, docu-
mented a great deal of evidence against the constant investment opportunity set hypoth-
esis. For example, Campbell (1991) and Lewellen (2003) find that expected returns on
equities change over time. Schwert (1989) and Campbell and Hentschel (1992) conclude
the volatilities of stock returns also vary substantially over time. Fama and French (1988)
and Poterba and Summers (1988) conclude that there is a mean reversion component in
stock prices. In addition, large liquidity shock may also appear from time to time (e.g.,
1987 crash, 1998 LTCM event).

Taking into account the stochastic nature of the investment opportunity set may qual-
itatively change the well-known conclusion of Constantinides (1986) that the transaction
costs are of second-order effect. This conjecture follows from a simple intuition that if
the investment opportunity set changes stochastically, an investor would need to rebalance
more often and thus would incur higher transaction costs. Following this intuition, in this
paper we build a model similar to Constantinides (1986) and Davis and Norman (1990),
but with a regime switching for fundamental parameters that include expected return,
volatility, and liquidity. Specifically, we consider the optimal consumption and investment
problem for a small investor (i.e., no price impact) who derives constant relative risk averse
(CRRA) utility from intertemporal consumption and bequest.! The investor can invest in
one stock and one risk-free asset. In contrast to most of the existing literature, we assume
that the investment opportunity set is not constant and there are two regimes with differ-
ent fundamental parameters. One regime switches to the other regime at the first jump

IThe bequest can also be interpreted as an exogenous need to cash.



time of an independent, regime dependent Poisson process.?

Our extensive numerical analysis demonstrates that in contrast to the now standard
conclusion that transaction costs only have a second-order effect and consistent with our
intuition, transaction costs may have a first-order effect if investment opportunity set varies
stochastically. Specifically, the liquidity premium to transaction cost ratio could be well
above 1 for a wide range of parameters similar to those used in Constantinides (1986).
This is in sharp contrast with the results in Constantinides (1986). The consideration of
time-varying investment opportunity set makes this ratio almost 10 times higher (recall
that Constantinides (1986) used a suboptimal consumption policy to emphasize how small
the liquidity premium is). In addition, we find that the liquidity premium to transaction
cost (LPTC) ratio increases with expected return and decreases with return volatility.
Intuitively, as expected return increases or volatility decreases, an investor invests more
in the stock, trades more often and thus incurs higher transaction costs. In addition, as
the transaction cost in one regime increases, the LPTC ratio in the other regime increases,
while the ratio in this regime decreases. This dichotomy is caused by the investor’s cross-
regime smoothing behavior. For example, as the bull regime transaction cost increases,
the investor trades less often in the bull regime because it is more costly and trades more
in the bear regime because it becomes relatively cheaper to trade in this regime. This
example also shows a general result that changes in the parameters of one regime affect
the optimal policies not only in that regime but also in the other regime, due to the cross
regime smoothing behavior. For another example, as the expected return in the bull regime
increases, the investor increases consumption not only in the bull regime but also in the
bear regime.

In addition, our model also has important implications for the resolution of the Equity-
Premium Puzzle. We show that concerns over a potential liquidity crash, no matter how
unlikely it is, can dramatically reduce investment in stock even when the current market
is perfectly liquid and the expected excess return is high. Intuitively, if an investor has to
liquidate her stock position at an exogenously given random time due to death or other
sudden need, the sheer possibility of a liquidity crash, no matter how small the probability
is, would make leverage suboptimal no matter how high the equity premium is or how
liquid the current market is. This suggests that the existence of liquidity risk may largely
explain the Equity-Premium Puzzle. In contrast to the existing literature, this liquidity
risk explanation does not require high risk aversion (e.g., Mehra and Prescott (1985)) or
the separation of the risk aversion and the intertemporal rate of substitution (e.g., Epstein
and Zin (1989)) or habit formation (e.g., Constantinides (1990)).

Extending the two-regime model into a model with more regimes is straightforward
but requires significantly more intensive computation. More importantly, the qualitative
results obtained in our paper would stay the same as long as the transaction cost is small
relative to the changes in the optimal portfolio target through these regimes. Intuitively,
when the transaction cost is small, the investor trades more frequently to stay close to the

2The investor we consider in this paper can be an institutional investor who does not have any price
impact and updates the estimates of fundamental parameters from time to time.



optimal target and thus incurs high transaction costs, which makes it a first order effect.
This intuition also applies to the case with the investment opportunity set dependent on a
continuous state variable. Therefore jumps in the fundamental parameters in the financial
market is critical for our results and employed only for tractability.

The rest of the paper is organized as follows. Section 2 presents the model with transac-
tion cost and regime switching. Section 3 derives the steady-state distribution for the stock
investment and several measures of liquidity premium. Numerical and graphical analysis
is presented in Section 4. Section 5 closes the paper. All of the proofs are in the Appendix.

2 Optimal Consumption and Investment

2.1 The Basic Model

Throughout this paper we assume a probability space (2, F, P) and a filtration {F;}.
Uncertainty in the model is generated by a standard one dimensional Brownian motion w
and the regime switch risk. We will assume that w; is adapted.

There are two assets an investor can trade. The first asset (“the bond”) is a money
market account and the second asset (“the stock”) is a risky investment. There exist two
regimes: “Bull” (regime B) and “bear” (regime b) and the fundamental parameters in the
financial market may be regime dependent. In addition, we assume that regime i switches
into regime j at the first jump time of an independent Poisson process with intensity A;,
for i,j € {B,b}. In regime i, the risk-free interest rate is r; and the investor can buy the
stock at the ask price S#t = (1 + 6;)S; and sell the stock at the bid price SZ = (1 — a;)S;,
where 0 < 6;,a; < 1 represents the proportional transaction cost rates and S; satisfies

@ = p;dt + o;dwy, (1)
Sy
where we assume all parameters are positive constants and p; > r;.

As in Constantinides (1986), we consider a constant relative risk aversion (CRRA)
investor who derives von Neumann-Morgenstern time additive utility from intertemporal
consumption ¢ with weight 1 — k£ and bequest with weight k£ at death with time discount
rate of p. We assume the mortality rate § is constant for simplicity; that is,

U(c) = E[/OOo e~ (POt ((1 — k) ftl__; ICihs (11—_0;,-)%)1—7) dt]

In regime ¢ € {B, b}, when 6;,+a; > 0, the above model gives rise to equations governing
the evolution of the amount invested in the bond, x;, and the amount invested in the stock,

Yt
dry = rizydt — (1 + 60;)dl, + (1 — a;)dDy — cydt, (2)

dy; = piyedt + oy dwy + dIy — dDy, (3)



where the processes D and I represent the cumulative dollar amount of sales and purchases
of the stock, respectively. These processes are nondecreasing, right continuous adapted
processes with D(0) = I(0) = 0. Let o and yy be the given initial positions in the bond
and the stock respectively. We let ©(zg, yo) denote the set of admissible trading strategies
(¢, D, T) such that (2) and (3) are satisfied, f(f csds < oo for all ¢, and the investor is always
solvent, i.e.,

x+ (1 —ay)yy > 0,Vt >0 and i € {B,b}. (4)

Then the investor solves
max  U(c). (5)

(C,D,I)€6($O7y0)

2.2 Optimal Policies with No Transaction Costs

In this section we solve the optimal consumption and portfolio selection problem in the
absence of transaction costs, i.e. §; = o; = 0, under the regime-switching model presented
in the previous section. The results in this section can serve as a benchmark for the
subsequent analysis.

In this case, the cumulative purchases and sales of the stock can be of infinite variation.
Let 7; be the first jump time since the beginning of regime ¢. The investor’s problem in
regime i € {B,b} can be rewritten as

Ti I—y 1—
Vi) = swp B / e (rron ((1_@ AR LY )dt+e_(p+6)”Vj(Wn)], (6)
{ye:t>0} 0 1 —v 1 -~y

subject to
th = Tthdt + (,UZ — Tl)ytdt + Uiytdwt,V’i € {B, b}, (7)

where Wy = z; + y; > 0 and Vj(z,y) is the value function in regime j.
Under regularity conditions on V; and V}, the Hamilton-Jacobi-Bellman(HJB) equations
take the form

1
sup {502y Vavw + W Vi + (1 = ra)ysVaw = eV = (p+ 0+ M)Vi + AV,
(€iyyi)
1—v 1—v
¢ W,
1- k)7 +kot— L =0, (3
+(1 = k) R ,  (8)

where i,7 € {B,b}, i # j. We conjecture

1—y

L=

Vi(W) = M, for M; > 0,i € {B,b}. (9)

By the first-order conditions we have

_ Vi B o (Nz’ —Ti)vi
¢ = (1—k> and y; = — IV




Then plugging (9) into (8), we obtain that M; and M; satisfy the system of equations
— (i 4 \)M; 4+ ~v(1 — k)Y MY 4 N M+ k6 = 0, (10)

where

K Wi — 1T
i — 0—(1— <Z l)? i = .
ni=p+06—( 7)7’+27 K p

To ensure the existence of optimal solution, we adopt the following assumption similar to
Merton (1971).

Assumption 1. 7, > 0,Vi € {B, b}.

Lemma 2.1 Under Assumption 1, there is a unique solution (Mp, M) to (10). In addi-
tion, there exist finite constants M and M such that

M > M; > M.

Proof: see Appendix.

The following verification theorem shows that indeed our conjecture is correct.

Theorem 2.2 Under Assumption 1 for regime i € {B,b}, V; defined in (9) is the value

_1
function defined in (6). In addition, the optimal consumption policy is cf = (f‘f—’,ﬁ) W
Hi — T

2
Yo;

and the optimal fraction of wealth invested in the stock is m} =

Proof: This follows from a similar and simpler argument presented in the proof of The-
orem 2.3 that is provided in the Appendix of Davis and Norman (1990).

Theorem 2.2 implies that both the optimal consumption and the optimal dollar amount
invested in the stock is a constant fraction of the investor’s wealth in each regime. However,
the investor does smooth consumption across regimes. This is reflected in the fact that M;
and M, are jointly determined by equations (10). In contrast the optimal investment policy
is myopic in the sense that 7] only depends on the current regime parameters. Intuitively,
the risk of regime switching is unhedgable using the existing securities.

2.3 Optimal Policies with Transaction Costs

Now suppose there are transaction costs in each regime, i.e., 6; + «; > 0,7 € {B,b}. Using
the same notations as in the previous section, we can rewrite the investor’s problem as

T 1—v 1— o 1—ny
’Ui(I’ y) = sup E|:/ 6—(p+5)t ((1 o ]{}) Cy + kS (:Ct + ( az)yt) ) di
(e.D,1) 0 -7 11—~
_|_e—(P+5)7'in(l.T” y7’i>]’ (11)



subject to (2)-(4).

It can be easily verified that the value functions vz and v, are concave and homogeneous
of degree 1 — v in (z,y).(cf. Fleming and Soner(1993), Lemma VIII.3.2). As in Davis and
Norman(1990), Liu and Loewenstein (2002) the solvency region S; splits into three regions,
a ‘no-trading’(NT;) region, a ‘buy’(B;) region and a ‘sell’(S;) region. The homogeneity of
v; implies that the transaction boundaries are straight lines (see Figure 1). In addition,
there exists an interval [z;, Z;] such that in regime i the investor trades only the minimum
amount to keep the ratio

g = =
)

inside the interval. We depict this analysis in Figures 2 and 3. Figure 2 shows the solvency
region when the two no-transaction regions (NTp and NT,) are separated. Intuitively,
this case occurs when the difference between the two regimes is large and the transition
probability is low (e.g, the expected return on stock in the bull regime is sufficiently larger
than that in the bear regime). As the transition probability increases, the no-transaction
regions move toward each other and eventually they become overlapped, as shown in Figure
3.

The above optimal transaction policy implies that the HJB equation takes the following
form

1 _
idzyQUiyy‘l‘TiJT’Uix‘i‘,uiy'Uiy—F%(1—]@)1/711; Y (p+0)vi+kd

(z 4+ (1= ay)y) ™
1 —~

+>\z (’IJ]'—UZ')

(12)
for j # i in NT*. In the sell region, the investor transacts immediately to the sell boundary.
Therefore,

(z+ (1 -y
L=~
where A; is also a positive constant to be determined. Similarly, in the buy region, the

investor transacts immediately to the buy boundary. Therefore,

Uz‘(%y) =A;

, (13)

(z+ (1 +0)y)'
1=y

vi(z,y) = B; (14)

where B; is a positive constant to be determined.
By the homogeneity of the value functions, there exists a function v; : (2;,%;) — R in
regime ¢ satisfying

_ x
vz y) =y %(;)- (15)
This implies that
A Gr—a)t=r
(2) = ! 1=y =
Pi(z) = {Bi I (16)
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Using Equation (15) and the ratio z, we can simplify the partial differential equa-
tion(PDE) to get the following ordinary differential equation (ODE) in NT;:

— )i

(17)
i # jfor z € (z;, z;), where 3% = %af, B =02 — (i —ry), By = %afv(fy— 1)+ (1 —7)pi —

Theorem 2.3 For i,j € {B,b} and j # i, suppose we have concave, increasing, and
homothetic C*? solutions to

1

1-1 1— oy 1—
éafy%iyy—i-mxvm—i—myviy—i—ﬁ(1_k>1/7vm " (p8)0i+kd (x4+ (1 —a;)y)

+)\i<Uj—Ui) S 0

L=y
(18)
with equality for . € [2;, Zi|, which satisfy
(1+0:)vie > vy (19)
with equality for 5 > Z;, and
(1 — Oéi)'l}ix < Viy (20)

with equality for 5 < z. Then v; is the value function, the optimal consumption is given by

v\
e 21
o= (125) (21)

and the optimal transaction policy is to transact the minimum amount so as to keep 5
between z; and z;.

Proof: See Appendix.

The following propositions give closed-form solutions of the free boundary problem with
k = 1, that is, the case that the investor derives the utility only from bequest.

Proposition 2.4 Suppose k = 1 and all the conditions in Theorem 2.3 are satisfied by
vi(x,y) defined in (15) and (16) and 0 < zp < Zp < z, < Zp < 00. Then

¢B(Z) = CIBZ&B + CQBZ£2B + ¢pB(Z> (22)
and
n(2) = Cupz™ + Copz™ + 4 (2), (23)
where
z t61B 828 _ 1B €2 (t 41— OéB)l—fy (t L1 Ozb)l_'y
5(2) = g ABA dt, (24
5(2) . BB (&1 — Eop)tiintéant] 1~ + ApAyp 1= , (24)



» B z o Eabp8an  SEungban (t +1— ab)lfﬁ (t +1+ QB)lf'Y
P(z) = . B (Ery — o)ttt =5 + A\ BB =5 ]dt, (25)
¢, = Ge=P) + /(B = B — 4G5 _ (05— B1) = /(B — B1)* — 46u0;

2 2

and constants Cy; and Cy; are determined together with z;, z;, A;, and B; (i € {B,b}) by
the twelve smooth pasting conditions.

Proof: See Appendix.

Proposition 2.5 Suppose k = 1, A\g > 0, and N\, > 0. If all the conditions in Theorem
2.3 are satisfied by v;(x,y) defined in (15) and (16) and 0 < zp < z, < Zp < Z < 00, then

1. if zp < 2 <z, ¥p(z) is of the same form with (22),
2. if zp < z < Z, Uy(2) is of the same form with (23),

3. af z, < 2z < Zp, then

vn(2) \ _ [ Xm0 (D +us(2)

where N; and a; are as specified in (84) and (85) and u; is determined by (88), (92),
and (94),

where constants Cy;, Co;, D1, Do, D3 and Dy together with z;, z;, A;, Bi(i € {B,b}) are
determined by sizteen smooth pasting conditions.

Proof: See Appendix.

One can directly extend these results to the case that at least one of NT region contains
the y-axis, i.e., z = 0.

There is a large literature on the explanation of the Equity-Premium Puzzle (Risk-free
Rate Puzzle) first identified by Mehra and Prescott (1985), including using separation of
the risk aversion and the intertemporal rate of substitution (e.g., Epstein and Zin (1989))
or using habit formation (e.g., Constantinides (1990)). Our model suggests that this puzzle
may be resolved by the existence of liquidity risk.

To make clear the basic intuition why our model can potentially explain the puzzle,
suppose there are two liquidity regimes where only liquidity changes across the regimes and
the investor has to liquidate her stock position at the first jump time of a Poisson process
with intensity 0 (i.e., kd > 0). To really drive home this basic intuition, suppose further
that in the “Liquid” regime the market is perfectly liquid (i.e., no transaction cost) and in
the “Illiquid” regime the market is perfectly illiquid (i.e., ay = 1). At any point in time,



there is a positive (but maybe very small) probability of switching from the Liquid regime
to the Illiquid regime (i.e., the Liquid regime Poisson intensity Ay > 0). Then it can be
shown that in the Liquid regime the value function vy, takes the following form:
@ty

=7
where Ay is a constant. This implies that in the Illiquid regime the value function ;
satisfies

vr(z,y) = Ag : (27)

(z+ 1)
L=

B3 220 (2)+B1 207 (2) +B5 i (2 >+%<1 k)Y (2) 1 Vm«s — FAAL

= [)7
(28)
where 31, 3], 3f, and \; are the corresponding parameters in Theorem 2.3 after relabelling.
This equation implies in particular that in the no-transaction region z > 0, i.e., the investor

does not lever up in the Illiquid regime and
lir% P (2) = oo.

Back to the Liquid regime, as in the Merton case, the investor invests a constant fraction
1/(z* 4+ 1) of wealth in the stock due to the absence of transaction cost in this regime. The
value function satisfies the following equation at z*:

(z*+ 1)t

L=

+ A (27) =0, (29)

—ApBE ()T R BE ()T BEAL

T PR S | Gl b
1=y 11—~
where 8%, 8L, BF, and A\ are the corresponding parameters in Theorem 2.3 after rela-
belling. Since the marginal utility ¢}(z) at z = 0 is infinity, the investor would never
lever up in the Liquid market either, no matter how large the risk premium is. This is
because there is always a positive probability of the liquidity crash and there is a positive
probability the investor has to liquidate her stock position in the Illiquid regime.

Similar intuition implies that even when the liquidity shock is not as extreme as above,
the investor would reduce significantly her stock investment even when the market is per-
fectly liquid.® This shows that concerns over a potential liquidity crash, no matter how
unlikely it is, can dramatically reduce investment in stock even when the current market
is perfectly liquid and the expected excess return is high. This suggests that the existence
of liquidity risk may largely explain the Equity-Premium Puzzle.

In this special case, as the transaction cost for a sale a; in the illiquid regime increases,
the sell boundary z; approaches 0, i.e., the investor becomes more and more unlikely to sell
in the illiquid regime. The following proposition provides the limit of the value functions
and the transaction boundaries, which serves as a good approximation for the solution
when a7 is high.

30ur ongoing, preliminary numerical analysis (to be included in the next version) also supports this
claim.
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Proposition 2.6 Suppose k =1, 0 < oy < 1, and af, = 0, = 0. Then as z; — 0, the
value functions in the liquid and illiquid regimes approach

(z+ 1)

=A
Yr(z) = Ar— — (30)
and
b(z) = Crzm + Cozt — 3 [ i (5<t“;f;> AL )dt 2 < 7
e B0 2>z
1—y I,
(31)
respectively, where
_ (G5 = D) + V(B BI — 45085 _ (B = 01) — V(B3 — BD? 467 (3
a 2063 B 204 ’

and in the liquid regime it is optimal to keep z; constantly at 27, while in the illiquid regime
it is optimal to buy only when z, > Z;, where constants Ay, By, Zr, z;, C1, and Cy solve
equations (97)-(105) in the Appendiz.

Proof: See Appendix

3 Steady-state Distribution, Liquidity Premium and
Expected Transaction Costs

To facilitate subsequent analysis we also derive the steady-state distribution of z;. It can
be verified that
dzy = piyi(2)dt — oyzpdwy, (33)

where

=1/
e
pei(2) = (ri = pi +07)z — &) :
1—k
For simplicity, we focus on the case with separated no-transaction regions. The corre-
sponding results for other cases can be derived using the same method.

Proposition 3.1 Suppose 0 < z5 < zZp < 2z, < Z,. Let ¢(2) be the steady-state density
function. Then we have
op(z) zp<z<izp
P(z) = d(2) 2z,<z2<2 (34)
otherwise,

where ¢p(2) and ¢p(z) solve

; 02" dp(2) — (1:5(2) — 2052)8p(2) — (Ap — 0 + Hp(2))dn(2) = 0

11



subject to

1
50?9&23@539(&3) — (n=8(z5) — 0hz2p)¢5(25) =0,
145 _ _ _ 3 Ap
—opZ3d(Z8) — (1.B(ZB) — 0} ZB)dB(Z8) — /\b:ﬁ =0
and
1
5“522 V(2) = (pa(2) — 2052) 94 (2) — (N — 0 + 11y (2)) (2) =
subject to
1 ApA
S0 0h(2) = (Bb(2) = 932)00(2) + ﬁ =0,

L02221(2) — (ual() — 022 du(2) = 0.

Proof: See Appendix.

Note that Proposition 3.1 implies that

’ d:—" d
/ on(a)dz = 5 an /cbb -2

In the seminal paper, Constantinides (1986) introduces the concept of liquidity premia.
He defines the liquidity premium to be the decrease in the expected return which combined
with the elimination of the transaction costs that makes the investor obtain the same utility.
He concludes that transaction costs have only second-order effect on investors’ utility, i.e.,
the ratio of the liquidity premium to the transaction cost rate is much smaller than 1.
However, he assumes that an investor’s investment opportunity set is constant all the
time. This assumption tends to decrease the effect of transaction cost because an investor
trades infrequently. In contrast to his model, investment opportunity set is stochastically
changing in our model. This time-varying opportunity set may induce an investor to trade
more frequently and may produce a first-order effect of the transaction cost.

To investigate this possibility, we will use two alternative measures to compute the
liquidity premium. For the first measure, similar to Constantinides (1986), we take the
liquidity premium to be the maximum expected return that an investor is willing to give
up in both regimes to get rid of the transaction costs.

Definition 3.2 Let A;(xg,yo) be the liquidity premium in regime i at (xo,yo) for i €
{B,b}. Then A; is such that

1=y
Ui(x(]?y()) = MZ@I-+—y[:’)7 (35>
-7
where M; is the unique solution of (10) with
i — Ay —1)" = A —1y)”"
Ki = (N T> s R = <M] TJ) ) (36)
o; 0j

and j # 1.

12



In this measure, we take the positive parts because an investor’s utility is minimized when
the risk premium is zero. For the second measure, we use the steady-state distribution of
z; to compute the average liquidity premium. This can also be interpreted as the cross
sectional liquidity premium average for different investors. Let A;(zg, o) be the liquidity
premium in regime i at (xg,yo) for i € {B,b}, as defined in Definition 3.2. Then the
average liquidity premium A; in regime i for i € {B,b} is

- zi A A
A,:/ Ai(e, )2 (2)de. (37)
Z; b
The average liquidity premium across both regimes is
_ DY \p -
A= Ap + Ay. 38
Ae+h 0 dp+ N o (38)

Another measure of the effect of transaction costs is the expected discounted transaction
costs an investor expects to pay over the entire investment horizon. The following propo-
sition shows one way of computing these costs for the case with separated no-transaction
regions.

Proposition 3.3 Suppose v > max;[—\; +r; + (; — 73)/(2p +1)] and 0 < 25 < Zp <

2y < Zp. Let Ci(xy,yr) be the expected discounted transaction costs in regime i starting from
(xt,y:). Then given the optimal polity (I, D;),

Ci(z,y) = E U e " (0:dI} + audDf) + e " Cj(xr, yr) | = ygi(x/y),
0

where for z; < z < z;, gi(+) solves

/(5 —1/y
Loz ((u,- - (ff ,1) >gg<z> v+ A — i) + digs() = 0, (39)

subject to
gi(Z) — (Zi+1+6,)g:(z) + 60, =0 (40)
and
9i(z;) — (z; + 1 — ai)gi(z;) — i =0, (41)
Zp — %
_ 42
9(2) S 95(2s) (42)
for z < z,, and -
Z — ZB _
=fg———— 43
gB(2) BZB T 140, + 98(ZB) (43)

for z > zZp.

Proof: See Appendix.
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4 Numerical Analysis

In this section we conduct an extensive numerical analysis on the optimal investment, opti-
mal consumption, and liquidity premium. In the subsequent analysis we use the following
default parameters: pug = 0.165, p, = 0.105, op = 0.144, 0, = 0.26, Ag = 0.6, A\, = 1.8,
p=01~v=20rg =71, =0.10, 0g = ag = 0.01, 8, = o, = 0.01, k = 0, and 6 = 0.*
These parameters are chosen such that the the average (across regimes) parameter value
is the same as that in Constantinides (1986). In particular, we set k = 0 and § = 0 so that
the utility is only from consumption as in Constantinides (1986). The Poisson jump inten-
sities are chosen to be consistent with the typical pattern that bull regime lasts longer than
a bear regime. The higher volatility in the bear regime is supported by many empirical
studies (e.g., Ang and Bekaert (1999), Bekaert and Wu (2000)).

We use an iterative method to solve the coupled free boundary value problem described
in equations (16) and (17).

4.1 Changes in Transaction Costs

Figure 4 plots the fraction of liquidation wealth invested in the stock in the Bull regime
against the transaction cost in the Bull regime. Similar to Liu and Loewenstein (2002), as
the transaction cost increases, the buy boundary goes down and the sell boundary goes up.
The expansion of the no-transaction region decreases the trading frequency and thus the
transaction costs incurred. Figure 5 shows that the change in the Bull regime transaction
cost also has a significant impact on the no-transaction region in the bear regime. As the
Bull regime transaction cost increases, the investor trades less often in the Bull regime and
invests more in the stock in the bear regime.

Figure 6 plots the consumption to the liquidation wealth ratio in the both regimes
against the transaction cost in the Bull regime. This figure shows that as the Bull regime
transaction cost increases, both consumption in not only the bull regime but also in the
bear regime decreases.

Figure 7 plots the steady-state average liquidity premia against the transaction cost
in the Bull regime. This figure shows that when the transaction cost is small, in both
regimes transaction cost has a first-order effect on the liquidity premium, i.e., the liquidity
premium to the transaction cost ratio is greater than 1. Even when the transaction cost
becomes large, the ratio is still much greater than what Constantinides (1986) find. This
suggests that time-varying investment opportunity set is important in affecting the liquidity
premium.

Although we focus on the case with jumps in the parameters across regimes in this
paper, the existence of jumps is not critical for our central result that transaction costs
can have first order effect on liquidity premium. To see this, consider the case where the
investor has a log preference and only the expected return changes continuously through

41t is worth noting that although the risk-free rate appears high, what matters to our analysis is the
risk premium.
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Figure 4: The fraction of wealth invested in the stock in the Bull regime, as a
function of the transaction cost in the Bull regime for parameters: g = 0.165,
wy = 0.105, o = 0.144, 0, = 0.26, A\ = 0.6, \;, = 1.8, p=0.1, v = 2.0, rg = r, = 0.10,
QB:OJB, ) 91):041,:0.01, k:O, and 6 = 0.

time. To illustrate the fundamental intuition, suppose that the expected return changes
seasonally through a year. In this case, without transaction cost, then the investor’s optimal
fraction of wealth in stock also varies seasonally through time, as depicted in Figure 8 along
the middle curve. When there is a small transaction cost, the investor would form a small
no-transaction interval around the optimal target (represented by the upper and the lower
curves in Figure 8). Therefore as time passes, the investor would trade to keep the fraction
close to the target. In addition, since the transaction cost is proportional, the investor is
basically earning an effective risk premium that is equal to the true risk premium minus
the transaction cost rate. Therefore, transaction cost can have a first order effect on the
liquidity premium whether the parameters vary discretely or not, as long as they vary
significantly and the transaction cost is small.

4.2 Changes in the Expected Return

Figure 9 plots the fraction of liquidation wealth invested in the stock in the Bull regime
against the expected return in the Bull regime. Similar to Liu and Loewenstein (2002)
and Liu (2004), as the expected return increases, both the buy boundary and the sell
boundary go up. This basically follows the Merton line (the target line in the absence of
transaction costs). Figure 10 shows that the change in the Bull regime expected return
also has a significant impact on the no-transaction region in the bear regime. As the
Bull regime expected return increases, the sell boundary in the bear regime moves down
significantly, reflecting the tendency to reduce holding in stock in the bear regime given
that the investment opportunity becomes better in the bull regime. On the other hand the
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Figure 5: The fraction

of wealth invested in the stock in the bear regime, as a

function of the transaction cost in the Bull regime for parameters: ug = 0.165,
up = 0.105, o = 0.144, 0, = 0.26, A\g = 0.6, \, = 1.8, p =0.1, v = 2.0, rg = r, = 0.10,

QB = B,y , 01, = Op = 001,

k=0, and 6§ = 0.
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Figure 6: The consumption to wealth ratio, as a function of the transaction
cost for parameters: pup = 0.165, u, = 0.105, op = 0.144, o, = 0.26, A\g = 0.6,

X = 1.8, p=0.1, v = 2.0,

TB:TbZO.lo, QB:OéB,,@b:Ozb:0.0l,k:O, and 0 = 0.
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Figure 7: The liquidity premium to transaction cost ratio, as a function of the
transaction cost for parameters: pup = 0.165, y, = 0.105, o = 0.144, o, = 0.26,
)\B 206, )\b = 18, p:()l, ’)/:20, 'B=Tp :010, 93 = OB,y 95 = Op = 001, k= 0,
and 6 = 0.
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Figure 8: Continuously varying optimal target and NT region: an illustration.
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Figure 9: The fraction of wealth invested in the stock in the Bull regime, as a
function of the expected return in the Bull regime for parameters: p;, = 0.105,
op = 0.144, 0, = 0.26, \g = 0.6, \, = 1.8, p = 0.1, v = 2.0, rg = r, = 0.10,
93206320.01, ) Gb:ab:0.0l, kZO, and 6 = 0.

buy boundary is less sensitive to the increase of the expected return in the bull regime.

Figure 11 plots the consumption to the liquidation wealth ratio in the both regimes
against the expected return in the Bull regime. This figure shows that as the Bull regime
expected return increases, not only the consumption in the bull regime but also the con-
sumption in the bear regime increases because of the expected increase in the market
returns and consumption smoothing.

Figure 12 plots the steady-state average liquidity premia against the expected return in
the Bull regime. This figure shows that when the expected return increases, the liquidity
premium becomes even greater. This is because that as the two regimes become further
separated, an investor needs to pay more transaction costs at the regime switching time.

4.3 Changes in the Volatility of Stock

Figure 13 plots the fraction of liquidation wealth invested in the stock in the Bull regime
against the return volatility in the Bull regime. As the expected return increases, both the
buy boundary and the sell boundary go down. Similar to the case with changing expected
return, this pattern basically follows the Merton line. In the bear regime, we obtain a
similar pattern.

Figure 14 plots the consumption to the liquidation wealth ratio in the both regimes
against the return volatility in the Bull regime. This figure shows that as the Bull regime
return volatility increases, not only the consumption in the bull regime but also the con-
sumption in the bear regime decreases because of the increase in the riskiness of the in-
vestment and thus the present value of future wealth.
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Figure 10: The fraction of wealth invested in the stock in the bear regime, as a
function of the expected return in the Bull regime for parameters: p;, = 0.105,
op = 0.144, 0, = 0.26, \g = 06, \y, = 1.8, p = 0.1, v = 2.0, rg = r, = 0.10,
g =ap=0.01, , 0, =a,=0.01, k=0, and 6 = 0.
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Figure 11: The consumption to wealth ratio, as a function of the expected
return in the Bull regime for parameters: p;, = 0.105, o = 0.144, o, = 0.26,
/\B = 06, >\b == 18, P = 01, Y= 20, B =Ty = 010, 93 = ap = 001, ) Qb = Qp = 001,
k=0, and 6§ = 0.
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Figure 12: The liquidity premium to transaction cost ratio, as a function of
the expected return in the Bull regime for parameters: u;, = 0.105, o = 0.144,
Op = 026, /\B == 06, )‘b = 18, P = 01, Y= 20, g = Ty = 010, 93 = ap = 001,
Qb:ab:0.0l, kZO, and 6 = 0.

Figure 15 plots the steady-state average liquidity premia against the return volatility
in the Bull regime. This figure shows that when the return volatility increases, the liquid-
ity premium becomes smaller, but still a first-order effect. The decrease in the liquidity
premium is because the increase in the riskiness decreases the investment in the stock and
thus the transaction costs.

4.4 Changes in Other Parameters

Table 1 shows the comparative statics with respect to other parameters. It shows the
intuitive results that the liquidity premium ratio increases as risk aversion decreases, as
the probability of switching to the bear regime increases, or as the volatility in the bear
regime increases. It is also worth noting that the optimal trading strategy is insensitive to
the changes in the parameters in the bear regime.



Figure 13: The fraction of wealth invested in the stock in the Bull regime, as
a function of the volatility in the Bull regime for parameters: pup = 0.105,
uwy = 0.105, 0, = 0.26, \g = 0.6, \, = 1.8, p = 0.1, v = 2.0, rg = 1, = 0.10,
63204320.01,,&5:@1,:0.01, kZO, and 0 = 0.
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Figure 14: The consumption to wealth ratio, as a function of the volatility
in the Bull regime for parameters: g = 0.105, u, = 0.105, 0, = 0.26, Ag = 0.6,
=18, p=0.1, v=2.0, rg =1, =0.10, g = ap =0.01, , 6, = oy, = 0.01, k = 0, and
0 =0.
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Figure 15: The liquidity premium to transaction cost ratio, as a function of the
volatility in the Bull regime for parameters: pup = 0.105, pu, = 0.105, o, = 0.26,
Ap =06, \, =18, p=0.1, v =2.0, rg =1, = 0.10, 05 = ag = 0.01, , 6, = oy, = 0.01,
k=0, and ¢ = 0.

5 Conclusion

Constantinides (1986) finds that although transaction cost alters trading strategy signifi-
cantly, it only has second-order effect on the liquidity premia implied by the equilibrium
asset returns. In this paper, we show that his conclusion depends crucially on his assump-
tion of constant investment opportunity set. In contrast, in a stochastic regime-switching
model with transaction cost, we find that transaction cost can have a first-order effect on
the liquidity premia for a wide range of parameters. This suggests that transaction costs
may be very important for asset pricing if investment opportunity set is stochastic.

In addition, our model also has important implications for the resolution of the Equity-
Premium Puzzle. We show that concerns over a potential liquidity crash, no matter how
unlikely it is, can dramatically reduce investment in stock even when the current market
is perfectly liquid and the expected excess return is high. This suggests that the existence
of liquidity risk may largely explain the Equity-Premium Puzzle.
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Parameters

cp/W at i /W at ys/W at yr /W at _Average LPTC Ratio
Zp Zp 2 Zy Zp Zp 2 Zy | Ap/ap Ap/oay, Al

Benchmark | 0.113  0.114 | 0.112  0.112 | 1.594 1.068 | 0.324 0.030 | 1.017  1.139 1.047

v x1.05 1| 0.113 0.114 | 0.112 0.112 | 1.512 1.018 | 0.310 0.029 1.012 1.134  1.043
x0.95 | 0.113 0.114 | 0.112 0.112 | 1.685 1.123 | 0.365 0.032 1.012 1.137  1.043

0 x1.05|0.115 0.117 | 0.115 0.115 | 1.593 1.065 | 0.329 0.030 1.015 1.140  1.047
x0.95 | 0.110 0.112 | 0.110 0.110 | 1.594 1.071 | 0.323 0.030 1.016 1.135 1.046

Ap  x1.05| 0.112 0.114 | 0.112 0.112 | 1.594 1.061 | 0.303 0.030 1.060 1.181  1.092
x0.95 | 0.113 0.115 | 0.112 0.113 | 1.594 1.075 | 0.351 0.030 | 0.967 1.091  0.997

o, x1.05]0.113 0.114 | 0.112 0.112 | 1.594 1.068 | 0.304 0.027 1.029 1.153  1.060
x0.95 | 0.113 0.114 | 0.112 0.113 | 1.594 1.068 | 0.381 0.034 | 0.994 1.119  1.025

0, x1.02 | 0.113 0.114 | 0.112 0.112 | 1.590 1.066 | 0.414 0.028 1.028 1.143  1.058
x0.98 | 0.113 0.114 | 0.112 0.112 | 1.597 1.071 | 0.311 0.032 1.007 1.150  1.042

Table 1: The benchmark case is with parameters up = 0.165, pu, = 0.105, o = 0.144, 0, =
026, A\ =06, \, =18, p=0.1, v=2.0, rg=1r,=0.1,,0g = ag =0, = o, = 0.01,
k=0, and 6 = 0. Here, A; represents the average liquidity premium for the whole
inaction interval of regime 4, A is the average liquidity premium across both regimes and
o = (/\bOéB + )\Bab)/()\B + )\b) .
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Appendix

In this Appendix, we provide proofs for the results.

Proor OoF LEMMA 2.1 We prove for the case with 7; < n;. The other case can be
proved using a similar argument. (10) implies that
MmN Y

M; — (1 — k)Y
N Ai( )T M;

ké

M; = f(M;) N

For i € {B,b}, let M; > 0 be the unique solution of
—niM; + (1 — k)Y (M) + k6 =0
and let M, > 0 be the unique solution of
— (15 + N)M; + (1 = B)YYY(M) YT 4+ ks = 0.
Define
g(Mi) = = (5 + ) (M) + (1 = B)M7 F (M) 717 4 XM+ k.
After simplification, we have that
g(M;) = (mi — ;) M; < 0.

In addition, it can be easily verified that g(A,) = \;M, + k6 > 0. By continuity, there
exists a M; such that g(M;) = 0. This implies that M; > M; > M,. Finally, if v < 1, it
is obvious that ¢'(z) > 0, V& > 0 and therefore the solution is unique. If v > 1, direct
computation reveals that ¢”(z) < 0, ¢’(0) > 0, and g(M;) > 0, which also implies that the
solution is unique.

PROOF OF THEOREM 2.3. We first show state some properties of the candidate value
function that satisfies the conditions in Theorem 2.3.

Lemma 5.1 Suppose v;(x,y) and v;j(z,y) are as in Theorem 2.3. Then we have
1o vi(z,y) 2 vilz + (1 — o)y, 0)
2. There exist k; and K; such that

ki(z +y)' ™ < vilz,y) < Kz +y)' (44)

3. L s bounded for £ > a; — 1.
v y

i
~y—1

-
4. U"f}i s bounded for% > q; — 1.
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Proof of Lemma 5.1. Part 1 follows from the well known inequality for concave functions
U

VU(21) - (21 — 22) S U(21) — U(22). (45)

[vie(2,y) viy(z,y)]lr = (@ + (1= a)y) y]" <vile,y) —vile + (1 - i)y, 0. (46)

Using condition (20), we have

0 < y(viy(z,y) — (1 = w)vie(z,)) < vilz,y) —vilz + (1 — )y, 0), (47)
which proves 1.
Part 2 follows from the fact that v;(z,y) = (v +y)' v vil3h 7i7)-

Part 3 follows from v;(z,y) = y'776(%), viy = (1 =y 776(5) —y 72¢'(3) so 4% =

(1 —7)— %j(g), which is bounded.

Yy

1 b} , 1
Part 4 follows from v;, = y‘%ﬁ’(%), v, = yl_V(gb’(i))l_% so t = 1 (¢(2) . , which

is bounded. [ !

Now we are ready to prove Theorem 2.3.
The proof relies on results first proved in Davis and Norman(1990). We repeat many

of their arguments here adapting for our particular setting. Applying It6’s lemma to
log[e=(PHOFAL (T — y)u(2(t), y(t))] leads to:

e~ POy (24, )
! 1 1= S 1— i)Ys 1=
= v(z,y) exp(/o v_i(GU —(1—k) 165_ T k:é(x + : _i)y ) Aoy)ds
t
1

- / —[(viy — (1 + 65)viz)dIs + (1 — i) viz — viy)d D]
1 [t}

+ / —vyyodws — - / —2o?y?ds) (48)
2Jo v

where Gv = —0 YUy + iV — Ui + iyviy — (p+ v + Ni(v; —v) + (1 — k:)cllj; +

k:5 (z+(1—a;)y)t~ 'Y
—'y .

_1
In particular, setting ¢ = ¢* = (f’i—ﬁc) 7 and following the candidate transaction policy,

we have Gv = 0 in the no transaction cost region, the terms involving dI and dD are 0

and +((1 — k)% + ko % + \v;) is a positive bounded function bounded away
from 0. Moreover, U;—yy is a bounded function for the candidate transaction policy. These
properties are proved in Lemma 5.1. Notice that using Itd’s Lemma we also have for a

sequence of stopping times 7,, — 00

Tn /At *1—y * 1 — *\1—7y
'Ui(l’,y) — E[/O e*(ﬂ+6+)\i)5((1 . k’) fs_ - + kS (5175 + ( - _?)ys) + )\,vj(x:,y:))ds

e (PO )TnAtU (x‘rn/\ta yfn/\t)] (49>
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From (48) we see if v > 1

1 T/t U2

Tn/\t
OZWuawﬁmnnm%wwm/ —%@mMy—;/ W o2yds) N (50)
0 Ui 0 5

while if 0 < v < 1

Tn /At 1 Tn At ’02
OSw@Lm£M0§w@wﬁm&/ ~%£mw@—§/ —Foytds)e T (51)
0 % 0 v

? %

We remind the reader that the exponential local martingales in Equations (50) and (51)
are in fact Class D martingales since %viyy is bounded. Letting n — oo in Equation (49),
observe that random variables v;(z} ., vz ,,) are bounded by uniformly integrable random
variables and using the dominated convergence theorem (Ash)

t *1—y *+ 1— ; *\1—vy
Ui(x’y> = E[/ e*(P+5+)\¢)s((1 - k) Cs + kS (xs ( a )ys> + )\ZUJ(l’:,y:))dS
0 -y L=~
AR (52)
We also have, using (48)
6_(p+6+>\i)tvi(xt, yt)
"1 = o+ (1 — o)y
L B O R e e
0 i - -
‘1 1 tvzgy 22
x exp( | —vyyodws — = [ — o7y ds) (53)
0o Ui 2 Jo

Since +(—(1 — k)_(l%)ﬁﬂ — kéw — A\vj) is a negative function bounded

away from 0, and the exponential local martingale is a Class D Martingale, we have
limy o 0 Blus(2*(t), y* (t))] = 0. As a result,

] *x1—ry * 1 — )yt 1—
vi(z,y) = E’[/ e—(P+5+>\i)8((1 — k) Cs kS (% + ( ;) yl)
0 I—v 1—7

+ Aivj(2%, y3))ds] (54)

Next we show that given v;, v; is the value function and vice versa. We start by
considering the case 7 > 1. Consider trading strategies which start with (z + €,y), and
follow an admissible consumption and trading strategy for initial endowments (z,y), say
(¢, &,9) € O©(x,y) plus maintain ee™ in the risk-free account. For these strategies a simple
application of It0’s lemma for a set of stopping times 7,, — oo lead to

vi(z + €,y)
TaAt 1=y 1—ai)ya)™”
> E] / e~lorans (1 — gyl @ T AT Q)T e s
e PEIRAITALY (5 e A e ™M G a)] )
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From monotonicity and Part 1 of Lemma 5.1,

0

—(p+0+Xi) T At A rTa At —(p+0+X;) T At o ~ TR/t
e v N (T pe A €€ G ne) > e N (G ne — (1 — )G pe + €€”™M0)
e—(p+6+/\i)Tn/\tvi<e7 0)

(AVARVS

and so by the dominated convergence theorem, we can let n — oo to get

t 1—v 1— 1—
Ui(ZL‘ + G,y) Z E[/ 6—(P+6+>\i)8((1 . k‘) 1Cs + k5<x5 + ( - al)y5> + )\ivj(:%s + E@Ts, Z)S))ds
0 -7 -7
e TNy (5, + ee”, ). (56)

Letting ¢ — oo we have 0 > e~ (PH0TX)ty, (3, + ee™ 7,) > e~ (PHO+2)ty (e, 0) — 0. Using
the monotone convergence theorem, we then have

0 1—y
vz +e,y) > B / eI (L N (3, 4 €™, )] (57)
0 -7
Next, letting € | 0 using the continuity of v; and the monotone convergence theorem,
we have
¢ (s + (1 — ai)ys) 7

vi(x, ZE'/ e (PHotdds((1 _ k —ké
(@) = B (=R -

+)\ivj(x5,y5))d8] (58)

for all feasible consumption trading strategies in O(z,y). This implies v is the value
function given v.
In the case 0 < v < 1, we have

Tn/A\t 1—v 1 — 1—vy
vlzy) > B / e~ (1 — gyl g @ T Z 0BT s
0 L=~ 1 —n~
+67(p+6+)‘i)mmvi($m/\t, Yrunt)] (59)

and v; (x4, y;) > 0. This leads immediately to the conclusion

1—v
CS

oo} _ . 1=y
) 2 B[ e g LG ) )
0

- 1=

‘f‘)\ivj(xsays))ds] (60)

for all feasible consumption trading strategies from initial position (z,y). This implies v;
is the value function given v;. Similar argument shows that v; is the value function given
V;.

Finally, we show that v; and v; are the values in Regimes ¢ and j respectively. First,
we define

[e%S) 1—v 1—

1— )y

vi(z,y) = sup E[/ e~ (PO ((1 —k) 54 l{:5(mt (1= aiy) ) dt] (61)
(¢,D,1)eO(z,y) 0 - Y 1 - v
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Let v, (x,y) = vj(x,y) if n is odd and v, (x,y) = v;(x,y) if n is even. Let 7, be the time
of the nth regime change. The above proof implies

T1 1—y 1 _ . 1—v
vi(z,y) = E[/ e~ (pTo)t ((1 — k) kS (4 (1 = ai)yr) > dt+e” POy, (2% )]
0 L=y =7 )
62
and for all feasible consumption-investment strategies

1 1= 1 — )y ) 7
vi(w,y) = E| / em e ((1 — k) — + ko (&t (1= oy ) di+e” "y (27, y )]
0

- 1 —~
(63)
Given time 7; information, we also know

T *1—ry * *\1—
Ul(l‘n: yTI) - E’Tl [/ 2 e—(p+6)(t—7—1)€—(p+5)t ((1 — ]‘C) G + ko (xt i (1 — ai)yt) 7) dt
T 1 - ’y 1 — ’y

eI 0y ) (61

T2

and for all feasible consumption-investment strategies

T2 1—v . A 1—y
(o ('rTl , yTl) Z E’[/ e—(p+§)(t—T1)e—(p+§)t ((1 o k) 1Ct _|_ k(s (xt + (11 az)yt) > dt

—i—e_(p*‘s)(”_ﬁ)vg(xm, Uy )] (65)

T1

Inserting these expressions into Equations (62) and (63) yields

T2 1— 1— 1—v
vi(z,y) = E[/ e (pHo)t ((1 — k) ft + kd (4 (1 = as)ye) ) dt+e” POy (2%t )]
0

- L=
(66)
and
T2 1—~ 1— q, 1—v
) 2 B[ e (=i g EZ O gt o)
0 L=y L =7 o)
6
Continuing in this manner we have
Tn *x1—y * 1 — o )Y
UZ'(ZL‘, y) _ E[/ 6—(p+§)t ((1 . k‘) ft + kS (-Tt + ( : O-’z)yt) ) dt—i—e_(ﬁa)mvn(w;, yin)]
0 - -

(68)

and

Tn 1—y 1 — 1=y
'Ui(g;,y) > E[/ ef(p+5)t <(1 B k) Cs + k5(xs + ( Oéz)yS) ) ds_i_e*(PJrJ)rnvn(meyTn>].
0 L—n L=n
(69)

We now consider the case v > 1. As in the previous theorem consider strategies which
start with initial position (z+e€,y), but follow a feasible consumption and trading strategy
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for initial position (z,y) and always maintain ee™ in the riskless account. Very similar
arguments to those in Theorem 2.1 of Davis and Norman (1990) lead to the conclusion

00 1=y 1— a7
/UZ‘(ZE + €7y) Z E[/ e—(ﬂ+5)t ((1 . k) Ct + k(g (-7;5 + ( al)yt) ) dt] (70)
0 I—7 L—x
and letting e — 0 we have
00 1=y 1 — a1
vilx,y) > B / e~ (pHo)t ((1 A Gl S0} ) dt] (71)
0 L=~ l—7
for all feasible consumption and trading strategies.
Since v, < 0 from Equation (68) it follows
Tn 1=y 1— 1=y
vi(z,y) < E| / e~(pHo)t <(1 gyl et (L= aiyy) ) dt] (72)
0 L=~ l—n~

and since 7, — oo almost surely as n — oo we have from the monotone convergence
theorem,

vile,y) < B /Ooo e ((1 ) le_v P ai)y:)u) af(13)

Thus from Equation (71) and Equation (73) we have

oo *1—ry * oy Nk 1=
vi(r,y) = E| / e~ (PO <(1 k)t po Wit U = as)yi) > dt] (74)
0 L=y L—v
and - )
o - — -
vilz,y) > E| / e~ (1 — i e L Z0dy) TN
0 L= l—7

for all feasible trading and consumption strategies. We have proved the result for v > 1.
When 0 < v < 1, v, > 0. From Equation (69) we have

vi(z,y) > E] /0 oo ((1 — k) ft__; S ICA, (11‘_0;2')%)“) dt] (76)

for all feasible consumption and trading strategies. To conclude the proof, we need to show
that
lim Ele~ Pty (z* yr )] =0 (77)

Tn ?
n—00 n

since this and Equation (68) would imply

vi(z,y) = E| /OOO e oo ((1 O Sl ai)yi)l_v) af - (18)




Equation (77) follows from the observation that

oo *1—ry * *)\1—
1— gl
lim E[/ e~ (pHo)t <(1 — k) ft + k(s(xt ( I @i)y;) > dt] — 0,
Tn—00 ™ - -y

SO

*1—ry * 1 — )yt 1—
lim E[e_(p+5)7” ((1 — ]{;)fﬂl— + k(;(xm + : @;)yr) )] —0

and

c*l—y (ilf* + (1 _ az)y* )1—'\/

0<wvp(x,y) < K|(1—k)-"—+ki—= u

<ulen) <K (M-BF 4 )

for a suitable constant K which can be derived from the homotheticity properties of v; and
v;j (implied by Parts 2 and 4 in Lemma 5.1).

(79)

PROOF OF PROPOSITION 2.4 We split up the solvency region in these five(see Figure
2). (a) Foraphay, — 1<z < zp,

Ay
L—x

Ap
I—x

Yp(z) = (z+1—ap)'™, y(z) = (z+1—ap) .

(b) For zp <z < zp, 1 satisfies the HJB equation

§(z+1—ap)

5 2 WE(2) + B 2¢p(2) + 85 vs(2) + -

+ Agu(2) = 0,

and 4
B b
wb<2) - 1 B fy

Therefore, by using the method of variation of parameters we can obtain that,

(Z +1-— Oéb)li’y.

@03(2’) = ClBZng + CQBZ§2B + @ZJ%(Z)

(c) For zp < z < z,

A
Ua(e) = T+ 1+ 0)' T, ) = T (e 1)

(d) For z, < z < %,
Bp

l/JB(Z) = 1— 7(2 + 1+ 63)1_7,

and ), satisfies the HJB equation

§(z+1— )t
1=y

S22y (2) + Bhaw(2) + Bis(2) + + \(2) = 0.
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Using the method of variation of parameters yields that, for some constants Cy;,, Cyy,
Up(2) = Crpz®® + Oz + Py (2).

(e) Finally, for 2z, < z < oo,

(z+1+406,) 7.

Ua(2) = T2+ 14 08)' 7, () = 1o

The smooth pasting conditions(which are twelve) on z; and z; make twelve constants

Zis Ziy Criy, Coy A, and B; (i € {B,b}) determined uniquely.

PrROOF OF PROPOSITION 2.5 Using the argument similar to the proof Proposition 2.4,
we can prove the first two statements. Thus we assume 2z, < z < Zp.
In this region, ¢; (i € {B,b}) satisfies

(z4+ (1 —ay))t™
-7

By (2) + Biani(z) + Byvi(z) + +Ai;(2) = 0. (80)

First we find the homogeneous solutions of (80) with the conjecture of the following ho-
mogeneous solutions

Yh(2) =2V for Yp(2), and ¢(z) =az" for y(2),
for some constants N and a. Then the the system (80) becomes

1 —ap)™
BENN — )28 4 BENZY 4 G2V 4 bapzy 46 E T 08L T
o (81)

(z+1-a)™
I

SON(N — 1)2N + 0NN + 300N + N2V + 6

If we consider only the homogeneous parts of the system (81), we can determine the
constants N and b from the following two equations:

By N + (B0 — 87 )N + By +arg =0 (82)
a(B5N* + (87 = B3)N + fg) + Xy = 0. (83)

After solving bAp from (82) and plugging into (83), we can obtain a 4th order polynomial
equation for NV:

—(BYN? + (B — B2)N + BF) (B3N + (8) — BN + 35) + MAp = 0. (84)

Let N; (j =1,2,3,4) be the four solutions to (84) and accordingly
1
oy = 5 (BN + (3 — BN, + ). )
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Then the homogeneous solution can be represented as

(43)-x0(5,) .

for some constants D;’s (j = 1,2,3,4).
In order to find the particular solution we use the method of variation of parameter.
From (80), we derive the matrix equation

X'(2) = P(2)X(2) + G(2), (87)

where, for the particular solutions % for ¢¥p and ¢} for 1,

V(2) g
X =| B | e =] enams (58)
1@3 (2) 6%\3 ( +(1177);2_
z+1—ayp)t ™Y
b <Z> —ﬂ—gw
and
0 0O -1 0
0 0 0 -1
SHE T 2y o
Db 88 0 B8
B8z 522 52
Also set the fundamental solution ®(z) to be
M ZV2 23 2V
Ny No N3 Ny
az (05Y4 asz asz
@(Z) = leNl—l N22N2—1 N32N3_1 N4ZN4_1 (90)
arN12zM71 aoNoz™N2=b qaNgzNs=1 gy Nzl
Note that the fundamental solution satisfies the equation
O'(2) = P(2)®(z). (91)
Assume ®(z) is invertible for all z, < z < Zp.
The method of variation of parameter is started by letting
X(2) = ©(2)U(2) = ©(2)(wr(2), u2(2), ua(2), ua(2))" (92)
From (87) and (91), we obtain
(2)U'(2) = G(2), (93)

which implies that



Thus the particular solution is

Up(2) ) _ 2?:1 uj(2)z"
(%@)_<Z;%%@%>‘ (95)
Consequently,

() - () () - (Frain ) oo

PROOF OF PROPOSITION 2.6 Note that, in the liquid regime, ¢ (z) must be of the
form
+1D7
L
for some constant Ay. Thus in the NT region of the illiquid regime 1 (z) satisfies the HJB
equation

Yr(z) = A

)l

a2y (2) + 5{2@/)’1(2) +Bor(z) +9(2) =0

where g(z) = ¢ L’;’W + A\ALL ZH ~—. By using the method of variation of parameters

we derive that 17(z) is of the form

tm 28 — ™

Y1) = Cia™ + Coaf = 3] / I (m—g)tm+§+19(t)dt,

I_ gl \/m I_ gl 7\/W
Where m = (BQ ﬁ1)+ (;;25 51) 4ﬁ0/82 > O and é— — (ﬁQ ﬁl) (5522[ Bl) ﬁoﬁg
and ¢ < 0, we must have

< 0. Since z; =0

o= [ et o

The smooth pasting conditions at z; yields

>m £ Bro . 1—y
Ciz7" + Cozp = —V(ZI +1+67) 77, (98)
C’lmz +CQ§ZI == B[(E[—f—l—i-g])_'y, (99)
and
Cym(m — 1)Zn~2 + Cye(€ —1)257° — gﬁ(lzg = —yBr(zZr+1+6;) "1, (100)
271

Solving (98) and (99), we have

(E—14+95+E0 405"

C,=C
Ay —mE - m(1+ 0z

(101)
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. (1= )(m - )3
Zr+1+0)7((m—1+7)zZr+m(1+6;))
Plugging (97), (101), and (102) into (100), we can solve Ay, in terms of z;:

(102)

A= S[zih(z)gr — (m = &z +1 - 04)177], (103)
Ar(m — &) (21 + )17 — 25h(2) g

where . z
g = / I Mt 1 — ) A, ge = / I N+ )
and
n(e) = T = DIE= T )2 + €01 +00)] =1L =) =92/ (41400 (o)

(I —=v—m)z—m(1+6))
In the liquid regime, the HJB must hold at 27 :

(2 + D'

—ApyBy 2 (2 A1) T T AL B 2 (254 1) T+ (ALBy+0) 1—

The optimality of z; implies that

Ap((ue = ro)(2 +1) —y0L) = Az + 1) (2]) — AL(1 =) (2] + 1) ey (27). (105)

We can reduce equations (97)-(105) to two equations in Z; and zj, which can be solved
numerically.

PROOF OF PROPOSITION 3.1 Given the optimal transaction policy, any steady-state
density function ¢ of z; must have the form of (34). In addition, for any C? functions

f(z,B) and f(z,b) such that f'(z5,B) = f'(zB,B) = f'(24,0) = f'(Z,b) = 0, we must
have,

[ GoA B s B) + A () — 12 B2

Zp

[ GBI + ) (5 0) 4 Ml G, B) — F20)onl ) =

Zb

By the property of the continuous time Markov chain, we must have

Ao B
d .
/ (2 = N an / ou(2 =N

Then by integration by parts, we have

/:B [%gé(zwfs(z))" — (p=B(2)¢8(2)) — AquB(z)}f(z, B)dz
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+ /:b [%02(22@,(2))" — (pz(2)P0(2)) — )‘b‘bb('z)} f(z,b)dz

Zp

Sz B)[3ob (a0 (zs) + 2250n(20)) — 1n(zn)n(z5)

- /G B) [%U%(E%(bj?(%) +22pép(2R)) — H-(ZB)PB(ZB) — )\b)\l‘;:\])E\B:|
1 Ao\
T f@h) [502(55%(&1’) +2250(2)) = 1a(20)1(2) + 3 iig}

1 o o
— f(&,b) [503(53%(%) + 2205(2%)) — ,uzb(zb)(bb(zb)}
= 0.
Since f(z,B) and f(z,b) are arbitrary C* functions (only need to satisfy f'(zp, B) =

f'(zg,B) = f'(z,,b) = f'(z,b) = 0), we must have that each bracketed term is equal to
zero, which implies that Proposition 1 holds after some simplification.

PrROOF OF PROPOSITION 3.3 Define W, = x; + y; and 7, = xi’ﬁyt. Direct application
of It&’s lemma to e~ ) C;(zy,y,) yields that

ei(wr)\i)sci(xsa ys)) - Cl(xa y))
s ‘ 1 /(5 —1/v

— / e~ (At (5022292’(@ - ((m — 1)z + (%) > 9i(2) = (v 4+ Ai — m)m(z)) Yyt

0
+t/ﬁ““”@@a—@+¢+@mumw?ﬁ/ew“m@@»—w+1—mwwmwx

0 0
* / 6_(V+Ai)t(gi(zt) - Ztgg(zt))aytdwt

0

= —/ e UPAING,AIT + aidDy + NC(e, v )di] +/ e~ gi(2) — 29l(z))omWedwy,
0 0

(106)
where the second equality follows from (39)-(41). Then we have
AW, = r;Wdt + (i — r3)m,Widt + om,Widw, — cid D} — 0,dI} (107)
We then have
W, < Woeh ritlu=rms)ds (108)

where
N, = 6_% fot(ﬂ'so')2d8+f0t msodws

is a martingale. Thus
0< E[e_(y+)\i)tci($ta yt)] = E[@_(M)\i)tﬁtWt%(ft/yt)]
< E[ef(qu)\i)tMWt]

36



S ME[G_(V+/\i)t€f()t(Ti+(ui_ri)7r5_y_>‘i)d5Nt]
< Me~tHAimri=(uimr)/za ) 0, as t— o0, (109)

where M is a constant, the first inequality follows from the boundedness of the optimal
and ¢(.), the second inequality follows from (108), the third inequality holds because the
optimal 7, is bounded below by 1/(zz + 1) and E[V;] = 1, and the convergence follows
from the first assumption in the proposition.

In addition, (108) also implies that the last term in (106) is a martingale. Therefore,
taking expectation and limit as ¢ — oo and using (106) and (109), we have that

ygi(x/y) = E { / e N0,dI; + c;dD;) + e Ci(2 1y, yry)
0

The expressions in (42) and (42) follow from the fact that in these transaction regions
the investor immediately transacts to the corresponding boundary, incurring the costs
represented by the first terms. This completes the proof.
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