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Abstract

We develop a search-based model of asset trading, in which investors of different hori-
zons can invest in two identical assets. The asset markets are partially segmented:
buyers can search for only one of the assets, but can decide which one. We show that
there exists a “clientele” equilibrium where one market has more buyers and sellers,
lower search times, higher trading volume, higher prices, and short-horizon investors.
This equilibrium dominates the ones where the two markets are identical, implying
that the concentration of liquidity in one asset is socially desirable. At the same time,

too many buyers decide to search for the liquid asset.
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1 Introduction

Financial assets with similar payoffs can often differ substantially in their liquidity. A well-
known example is the on-the-run phenomenon in the US Treasury market. On-the-run (i.e.,
just-issued) bonds are significantly more liquid (and, as a result, more expensive) than off-
the-run bonds with comparable maturities.? Similar phenomena exist in other countries
(e.g., Canada, Germany, Japan), and liquidity can sometimes be concentrated in off-the-
run bonds instead.? The differences in liquidity can also concern broader asset classes: for
example, government bonds are similar in terms of default risk to bonds issued by many
government agencies or AAA-rated corporations, but are substantially more liquid than

these other bonds.

That assets with similar payoffs can differ substantially in their liquidity, raises several
interesting questions. Why do such differences in liquidity exist? Are assets substitutes in
terms of liquidity, i.e., is the concentration of liquidity in one asset at the expense of others?
If so, is this concentration of liquidity desirable from a welfare viewpoint? These are the

questions we study in this paper.

A prerequisite for our analysis is a theory of liquidity. We use a theory which is rela-
tively novel in a financial market context, and is based on search. That is, we assume that
investors do not trade in a centralized marketplace, but have to search for counterparties.
Thus, an asset’s liquidity is related to the ease of locating a counterparty. While many
financial markets do involve a centralized location, they also involve an element of search.
For example, in many bond markets, investors can trade with dealers that they can easily
locate. However, dealers need to rebalance their inventories, and to do so they often need

to search for counterparties. Moreover, dealers’ ability to execute this search efficiently (by

knowing which investors are likely to be interested in a specific transaction), affects the

!For example, a just-issued 10-year bond is more liquid than a 10-year bond issued three months ago, and
much more liquid than a 30-year bond issued 20 years ago. Some evidence on the on-the-run phenomenon
can be found in Sundaresan (1997, pp.16-18), where it is reported that trading volume for on-the-run bonds
is about 10 times as large as for their off-the-run counterparts. Warga (1992) finds that yields of on-the-run
bonds are on average 55 basis points below those of their off-the-run counterparts.

2For example, Boudoukh and Whitelaw (1991) document the benchmark effect in the Japanese gov-
ernment bond market, whereby the vast majority (about 90%) of trading volume is concentrated in one
“benchmark” bond. This bond trades at an average of 60 basis points below other bonds with comparable
maturities, and is not always the one most recently issued.



prices they quote in the market.> We should add that some financial markets are even closer
to the search paradigm, because investors do not trade in a centralized location, but locate

counterparties through brokers.*

Our model is as follows. A constant flow of investors enter into a market, seeking to
buy one of two identical, infinitely-lived assets. After buying an asset, investors become
“inactive” asset owners, until the time when they seek to sell. We model trading motives
in a reduced form, assuming that investors become sellers when their valuation of asset

5

dividends switches to a lower value.” The rate of valuation switch is inversely related to

investors’ horizons, and we assume that horizons are heterogeneous across investors.

The main feature of our model is that buyers and sellers meet through a decentralized
search process, rather than in a centralized market. For simplicity, we assume that the search
process involves no brokers and dealers, but investors search for counterparties themselves.
We also assume that investors seeking to buy one of the two assets must decide which one,
and then can search only in that asset’s market. This market segmentation assumption is
important for our analysis: if investors could execute a simultaneous search in both markets,
the two assets would have the same set of prospective buyers, and the same liquidity and
price. One interpretation of this assumption is that investors search through brokers, and

are constrained to give simple instructions, concerning only one asset.’

We show that there exists an asymmetric equilibrium, where the assets differ in their
liquidity. The market of the more liquid asset has more buyers and sellers, and thus lower
search times and higher trading volume. Moreover, prices are higher in that market, reflecting

the premium that buyers are willing to pay for the lower search times. The tradeoff between

3For example, in describing the US corporate bond market, Garbade (1982, pp.436-437) says: “Liquidity
in the corporate bond market is not derived by knowing what is available and what is being sought in the
form of active bids and offerings... Instead, it is derived by knowing what may be available from, or what
may be sold to, public investors.... A corporate bond dealer will quote some bid price if a customer wants to
sell an issue, but he is likely to quote a better price if he thinks he knows of the existence of another buyer
to whom he can quickly resell the same issue.” (Emphasis in original)

4This is often the case for investors needing to execute large transactions. In several bond markets, for
example, dealers do not take large transactions, but instead act as brokers and search for a counterparty.
Amihud and Mendelson (1991) emphasize the search costs inherent in large transactions, in the context
of off-the-run Treasury notes: “Investors who wish to trade a large quantity of notes have to go through
considerable search in order to arrange the quantity desired, imposing an additional fixed cost of search.”

Such a switch can capture the effect of a liquidity shock or of a hedging need arising from a position in
another market.

SWe further discuss this assumption in Section 2.



prices and search times gives rise to a clientele effect: buyers with high switching rates, who
have a stronger preference for lower search times, prefer the liquid asset, while the opposite
holds for the more patient, low-switching-rate buyers. The clientele effect is, in turn, what
generates the higher trading volume in the liquid asset: high-switching-rate buyers turn

faster into sellers, thus generating more turnover.

The liquidity premium and clientele effect in our model are analogous to those in the
literature on asset pricing with transaction costs.” In that literature, however, transaction
costs are exogenous, while in our model they derive from the search times which are en-
dogenously determined in equilibrium. Deriving transaction costs endogenously allows us to
study their joint determination across multiple assets, and to show that they can differ even
when the assets are otherwise identical. Furthermore, modelling transaction costs through
search generates empirical predictions which are unique to our model. For example, the
higher prices in the more liquid market are sustained because the buyer-seller ratio is higher
in that market. Thus, a unique prediction of our model is that the ratio of sellers’ search

times to those of buyers (which is equal to the buyer-seller ratio) should be higher in more

liquid markets.®

In addition to the asymmetric (“clientele”) equilibrium, there exist symmetric ones,
where the two markets are identical in terms of prices and buyers’ search times. Comparing
the two types of equilibria reveals, in the context of our model, whether the concentration
of liquidity in one asset is socially desirable. As a benchmark for this comparison, we
determine the socially optimal allocation of entering buyers across the two markets. Under
this allocation, the measure of sellers differs across markets, and so do the buyers’ search
times (which are inversely related to the measure of sellers). Such a dispersion is optimal so
that the markets can cater to different clienteles: buyers with high switching rates go to the

market with the lower search times, while the opposite holds for low-switching-rate buyers.

In the symmetric equilibria the buyers’ search times are identical across markets, while

7 See, for example, Amihud and Mendelson (1986), Constantinides (1986), Aiyagari and Gertler (1991),
Heaton and Lucas (1996), Vayanos (1998), Vayanos and Vila (1999), Huang (2002), and Lo, Mamaysky, and
Wang (2003).

8While data on search times might not be easily available, one could use data on dealers’ inventories.
If dealers rebalance their inventories partly through search, the rate at which inventories revert to their
long-run mean from below (above) is a measure of the time it takes to find a seller (buyer).



in the clientele equilibrium some dispersion exists. A sufficient condition for the clientele
equilibrium to dominate the symmetric ones is that this dispersion does not exceed the
socially optimal level. To examine whether this is the case, we consider the social optimality
of buyers’ entry decisions in the clientele equilibrium. We show that despite the higher prices,
buyers do not fully internalize the relatively short supply of sellers in the liquid market, and
enter excessively in that market. This pushes the measure of sellers in the liquid market
below the socially optimal level, and has the same effect on the dispersion in buyers’ search

times. Thus, the clientele equilibrium dominates the symmetric ones.

The notion that liquidity can be concentrated in one market has already been pointed
out in the literature. Pagano (1989) studies a model where investors can trade in one of
two markets to share risk. He shows that the two markets can coexist, but this equilibrium
is generally dominated by the one where all trade is concentrated in one market.” The key
difference between our analysis and Pagano’s is that we consider the concentration of liquidity
across assets, rather than markets. In the case of markets, all investors can migrate in one
market and benefit from the enhanced liquidity. In the case of assets, however, equilibrium
requires that some investors hold each asset. Thus, the concentration of liquidity in one
asset can hurt the investors in the other, and it is not obvious a priori whether this benefits

investors as a whole.

Some papers study the concentration of liquidity in the presence of asymmetric infor-
mation. Admati and Pfleiderer (1988) show that if uninformed traders have discretion over
the timing of their trades, they will all trade at times when the market is more liquid. This
reduces the informational content of order flow at those times, and is precisely what makes
the market more liquid. Chowdhry and Nanda (1991) show that uninformed traders can all
choose to trade in one of multiple locations for similar reasons. As in Pagano (1989), these
papers concern the concentration of liquidity across markets (defined by time or location),
rather than assets. Moreover, the welfare analysis is somewhat complicated because of the

existence of noise traders.!® Finally, asymmetric information models are not very applica-

9See also Ellison and Fudenberg (2003) for a general analysis of the coexistence of two markets, and
Economides and Siow (1988) for a spatial model of market formation.

10 A additional limitation of many asymmetric information models is that they assume risk-neutral market
makers who can hold an asset forever. (See, for example, Glosten and Milgrom (1985), Kyle (1985), and the
papers mentioned in the paragraph above.) These agents set the price of an asset to the expected value of
payoffs, and thus there are no liquidity premia. Some asymmetric information models can, however, generate



ble to the on-the-run phenomenon, because the extent of asymmetric information in the

government bond market is quite limited.

The link between liquidity and search is emphasized in Lippman and McCall (1986).
Duffie, Garleanu, and Pedersen (2001) are the first to integrate search into an equilibrium
model of asset price formation. Our model builds on their framework, extending it to multiple
assets and heterogeneous investors. Independent work by Weill (2003) considers a search
model with multiple assets, and shows how an asset’s liquidity premium is related to the
asset’s free float, defined as the measure of sellers in that asset’s market. This relationship
(which can also be derived in our model) holds because the measure of sellers determines the
buyers’ search times, and thus the buyers’ willingness to enter into an asset’s market. Weill
considers a general number of assets and allows for their supplies to differ, while we consider
only two assets in equal supply. At the same time, we allow for investor heterogeneity, which

leads to multiple equilibria and the associated welfare analysis.

Our welfare analysis of entry decisions in the clientele equilibrium parallels that in Dia-
mond’s (1982) labor market model. Diamond shows that in the presence of search, workers’
wages and marginal products can differ. In our model, investors’ expected utilities and
marginal products can also differ, and we explore how this divergence affects the liquidity of

the two markets.

Finally, Boudoukh and Whitelaw (1993) develop a model in which two identical bonds
differ in their liquidity. In their model, liquidity is determined by the bonds’ issuer, and
allowing it to differ across bonds maximizes the issuer’s revenue. In our model, by contrast,

liquidity is determined by the market.

The rest of this paper is organized as follows. Section 2 presents the model. Section
3 determines investor populations, expected utilities, and prices, taking entry decisions as
given. Section 4 endogenizes entry decisions, and determines the set of market equilibria.
The welfare analysis of the concentration of liquidity is in Section 5. Section 6 considers the
case where investment horizons are private information, and Section 7 concludes. All proofs

are in the Appendix.

liquidity premia. See, for example, Wang (1993, 1994) and Garleanu and Pedersen (2003). See also Admati
and Pfleiderer (1989) for a model where two identical assets differ in their liquidity and price.



2 Model

Time is continuous and goes from 0 to oo. There are two assets, 1 and 2, traded in markets

1 and 2, respectively. Both assets pay a constant flow § of dividends and are in supply S.

Investors are risk-neutral and have a discount rate equal to . Upon entering the economy,
they seek to buy one unit of either asset 1 or asset 2. After buying the asset, they become
“inactive” asset owners, until the time when they seek to sell the asset. Thus, there are
three groups of investors: buyers, inactive owners, and sellers. To model trading motives, we
assume that upon entering the economy investors enjoy the full value ¢ of the dividend flow,
but their valuation can switch to a lower value § — x at a rate x. (The parameter > 0 can
capture, in a reduced-form manner, the effect of a liquidity shock, of a hedging need arising
from a position in another market, etc.) Buyers and inactive owners enjoy the full value ¢ of
the dividend flow. Buyers experiencing a switch to low valuation simply exit the economy.
Inactive owners experiencing the switch become sellers, and upon selling the asset, they also

exit the economy.

We treat investors as infinitesimal, and denote by f the flow of investors entering the
economy. We assume that investors are heterogeneous in their horizons, i.e., some have a
long horizon, and some a shorter one. In our model, horizons are inversely related to the

switching rates s to low valuation. Thus, we can describe the investor heterogeneity by a
function f (k) such that the flow of investors entering the economy with switching rates in

[k, k + dk] is f(k)dk. Denoting the support of f(x) by [k, %], we have fjf(/ﬁ)d/i = f. To

avoid technicalities, we assume that the function f (k) is continuous and strictly positive.

The main feature of our model is that buyers and sellers meet through a decentralized
search process, rather than in a centralized market. As discussed in the Introduction, search
plays an important role in many financial markets. Many markets, in particular, are pure
search markets, where investors employ brokers to locate counterparties. Moreover, even in
dealer markets, where investors trade with dealers that they can easily locate, dealers often
need to search for counterparties to rebalance their inventory. For simplicity, in our model
we abstract from several features of actual markets. In particular, we do not consider brokers

and dealers, but assume that investors must search for counterparties themselves. Moreover,



we assume a continuum of buyers and sellers, rather than a small number as is the case
in many markets where search plays an important role. Needless to say, incorporating the

above features could enrich our model and provide new insights.

In addition to assuming that the asset markets operate through search, we assume that
they are partially segmented. That is, we restrict the investors seeking to buy an asset
to search in only one market, while allowing them to decide which market this is. This
assumption is crucial: if investors could execute a simultaneous search in both markets,
the two assets would have the same set of prospective buyers, and the same liquidity and
price. One interpretation of this assumption is that investors search through brokers, and

are constrained to give simple instructions, covering only one asset.!!

Summarizing, we can describe the two markets by the flow diagram in Figure 1. To
each market are associated three groups of investors: buyers, inactive owners, and sellers.
Investors entering the economy come from the pool of outside investors, and investors exiting

the economy return to that pool.

To describe the search process, we need to specify the rate at which buyers meet with
sellers. We assume that an investor seeking to trade meets investors from the overall popu-
lation according to a Poisson process with a fixed arrival rate. Consequently, meetings with
investors seeking the opposite side of the trade occur at a rate proportional to the measure

of that investor group. Denoting the coefficient of proportionality by A, and the measures
of buyers and sellers in market ¢ by uj and !, respectively, a buyer in market ¢ meets with
sellers at the rate Ay, and a seller meets with buyers at the rate Auj. Moreover, the overall

flow of meetings in market 4 is Apujpl.

When a buyer meets with a seller, the price is determined through bilateral bargaining.

1 Alternatively, if investors’ and brokers’ objectives are not fully aligned, investors might give simple
instructions to limit brokers’ flexibility. For example, given the flexibility to search for one of multiple assets,
a broker would have more opportunities to contact a seller who does not offer the best deal from the buyer’s
viewpoint, but whose business the broker values.

A different interpretation of the market segmentation assumption is that different brokers specialize in
different assets (for example, government vs. corporate bonds). If each investor must trade through only
one broker (because of fixed costs or implicit restrictions), then investors would effectively be restricted to
searching in only one market.

Finally, we should note that our assumption does not preclude investors from searching in one market,
and then switching and searching in the other. The essence of our assumption is that at a given point in
time, investors cannot be searching simultaneously in both markets.
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Figure 1: Flow Diagram for the Two Markets

We assume that the bargaining game takes a simple form, where one party is randomly
selected to make a take-it-or-leave-it offer. The probability of the buyer being selected is

z/(1+ z), where the parameter z > 0 measures the buyer’s bargaining power.

Because buyers differ in their switching rates s, they have different reservation values
in the bargaining game. This can complicate the bargaining game because it can introduce
asymmetric information. For simplicity, we mainly focus on the symmetric information case,
where buyers’ switching rates are observable to the sellers. For example, switching rates can
correspond to buyers’ observable institutional characteristics (e.g., insurance companies have
a long horizon, while hedge funds a shorter one). We consider the asymmetric information

in Section 6, and show that under plausible conditions, our results carry through.



3 Analysis

In this section, we take as given the investors’ decisions as to which market to enter. We then
determine the measures of buyers, inactive owners, and sellers in each market, the expected
utilities of the investors in each group, and the market prices. Throughout, we focus on

steady states, where all of the above are constant over time.

3.1 Demographics

We denote by v/(k) the fraction of investors with switching rate x who decide to enter into
market i. We also denote by ! the measure of inactive owners in market 7, and recall that

the measures of buyers and sellers are denoted by i and p’, respectively.

Because buyers and inactive owners are heterogeneous in their switching rates x, we need
to consider the distribution of switching rates within each population. (This distribution
is not the same as for the investors entering the market, because investors with different
switching rates exit the market at different speeds.) To describe the distribution of switching
rates within the population of buyers in market 4, we introduce the function fi} () such that
the measure of buyers with switching rates in [k, k + dx] is i}(k)dr. We similarly describe
the distribution of switching rates within the population of inactive owners in market ¢ by

the function 4’ (k). These functions satisfy the accounting identities

" pi()ds = (1)
/

and

| i = g, 2)
To determine jii (), we consider the flows in and out of the population of buyers with

switching rates in [x, & + dk]. The inflow is f(k)v(x)dk, coming from the outside investors.

The outflow consists of those buyers whose valuation switches to low and who exit the



economy (kjii(k)dk), and of those who meet with sellers and trade (A (x)uidk). (We are
implicitly assuming that all buyer-seller matches result in a trade, a result that we show in

Proposition 1.) Since in steady state inflow equals outflow, it follows that

f(r)V (%)
K4 Al

i (k) = (3)

To determine /il (), we similarly consider the flows in and out of the population of
inactive owners with switching rates in [k, & + dk]. The inflow is Aji (x)pu’dk, coming from
the buyers who meet with sellers, and the outflow is kil (k)dk, coming from the inactive
owners whose valuation switches to low and who become sellers. Writing that inflow equals

outflow, and using equation (3), we find

oy A f(e)Y (k)
Aolk) = " e at)

(4)

Market equilibrium requires that the measure of asset owners in each market is equal to

the asset supply. Since asset owners are either inactive owners or sellers, we have
po + iy = S. (5)

Combining equations (2), (4), and (5), we find

LS () () i _
/ﬁ L sy = . (6)

Equation (6) determines p’. Equations (1) and (3) then determine p}, and equations (2)

and (4) determine y’.

3.2 Expected Utilities and Prices

We denote by vi(x) and v!(k), respectively, the expected utilities of a buyer and an inactive

owner with switching rate x in market i. We also denote by v’ the expected utility of a seller,

10



and by p'(x) the expected price when a buyer with switching rate x meets a seller. (The

actual price is stochastic, depending on which party makes the take-it-or-leave-it offer.)

To determine v} (x), we note that in a small time interval [t,¢ + dt], a buyer can either
switch to low valuation and exit the economy (probability xdt, utility 0), or meet a seller
and trade (probability \u'dt, utility v’(x) — p‘()), or remain a buyer (utility vj(x)). The
buyer’s expected utility at time ¢ is the expectation of the above utilities, discounted at the

rate r:
vp(k) = (1 = rdt) [kdt0 + Apldt(v(k) — p'(K)) + (1 — Apldt — kdt)vy(r)] - (7)
Rearranging, we find that v} (k) is given by

rvy (k) = —kvy(K) + Mt (v (k) — p'(K) — 3 (K)). (8)

The term rv}(k) can be interpreted as the flow utility of being a buyer. According to
equation (8), this flow utility is equal to the expected flow cost of switching to low valuation

and exiting the economy, plus the expected flow benefit of meeting a seller and trading.

Proceeding similarly, we find that v!(x) and v’ are given by
1) = 6 + k(v — v, (K)), (9)

and
rvg =6 — x4+ My (Ey(p'()) — vl), (10)

respectively, where E! denotes expectation under the probability distribution of  in the
population of buyers in market i. According to equation (9), the flow utility of being an
inactive owner is equal to the dividend flow from owning the asset, plus the expected flow
cost of switching to a low valuation and becoming a seller. Likewise, the flow utility of being
a seller is equal to the seller’s valuation of the dividend flow, plus the expected flow benefit

of meeing a buyer and trading.

The price p(k) is the expectation of the buyer’s and the seller’s take-it-or-leave-it offers.

The buyer is selected to make the offer with probability z/(1 + z), and offers the seller’s

11



revervation value, v’. The seller is selected with probability 1/(1+ z), and offers the buyer’s

reservation value, v,(k) — vy(k). Therefore,

z 1

= v T (0h() — vi(x)), (11)

p'(k)

Proposition 1 Equations (8)-(11) have a unique solution for (vi(k),vi(k), v, p'(k)). This

solution satisfies, in particular, v\ (k) — vi(k) — vt > 0 for all k.

Since v (k) — vi(k) — vl > 0 for all k, any buyer’s reservation value exceeds a seller’s.
Thus, all buyer-seller matches result in a trade, a result that we have implicitly assumed
so far. The intuition is simply that any buyer is a more efficient asset holder than a seller:
the buyer values the dividend flow more highly than the seller, and upon switching to low

valuation, faces the same rate of meeting new buyers as the seller.

4 Equilibrium

In this section, we endogenize investors’ entry decisions, and determine the set of market
equilibria. An investor will enter into the market where the expected utility of being a buyer
is highest. Thus, the fraction v!(k) of investors with switching rate x who enter into market

1 is given by

vik) =1 if ui(k) > vi(k) (12)
0<vi(r) <1 if vi(k)=vi(k) (13)
vik) =0 if vi(k) < vi(k). (14)

Definition 1 A market equilibrium consists of fractions {v'(k)}i=12 of investors entering
in each market, measures {(uy, u’, ut) Yiz12 of each group of investors, and expected utilities

and prices {(vi(k),vi(k),v%, p'(k)) }iz1.2, such that

(a) i, ut, and ut, are given by equations (1)-(4) and (6).

12



(b) vi(k), vi(k), vi, and p'(k), are given by equations (8)-(11).

CX4

(c) V() is given by equations (12)-(14), and v*(k) =1 — vi(k).

To determine the set of market equilibria, we establish a sorting condition. We consider
an investor who is indifferent between the two markets, i.e., a £* such that v} (k*) = vZ(xk*),
and examine which market the investors with different switching rates will prefer.

1

Lemma 1 Suppose that v}(k*) = vi(k*). Then, vi(k) — vZ(k) has the same sign as (u}: —

12k — ).

According to Lemma 1, the measure of sellers serves as a sorting device across the two
markets. If, for example, market 1 has the most sellers, then investors with high switching
rates will have a stronger preference for that market than investors with low switching rates.
The intuition is that high-switching-rate investors have a stronger preference for lower search

times, and in a market with more sellers, buyers’ search times are lower.

Lemma 1 sharply restricts the set of possible equilibria. Equilibria can take one of two
forms. First, one market can have more sellers than the other, in which case it attracts the
investors with high switching rates. We refer to such equilibria as clientele equilibria, to
emphasize that each market attracts a different clientele of investors. Second, both markets
can have the same measure of sellers, in which case all investors are indifferent between the
two markets. We refer to such equilibria as symmetric equilibria, to emphasize that markets

are symmetric from the viewpoint of all investors.

4.1 Clientele Equilibria

We focus on the case where market 1 is the one with the most sellers. This is without loss of

generality, as any equilibrium obtained in this case has a symmetric counterpart, obtained

by switching the indices of the two markets.

Proposition 2 There exists a unique clientele equilibrium in which market 1 is the one with

the most sellers.

13



A clientele equilibrium is characterized by the switching rate x* of the investor who is
indifferent between the two markets. Investors with x > k* enter into market 1, and investors
with k < k* enter into market 2. According to Proposition 2, such a cutoff x* exists and is

unique.

Proposition 3 The clientele equilibrium where market 1 is the one with the most sellers,

has the following properties:

2
g°

(a) More buyers and sellers in market 1: pi > p? and pl > p
(b) Higher buyer-seller ratio in market 1: py/pl > ui/u?.

(c) Higher prices in market 1: p*(k) > p*(k) for all k.

According to Proposition 3, market 1 has not only more sellers than market 2, but also
more buyers, and a higher buyer-seller ratio. Moreover, the price that any given buyer
expects to pay is higher in market 1.1> The intuition is as follows. Since there are more
sellers in market 1, buyers’ search times are lower. Therefore, holding all else constant,
buyers prefer entering into market 1. To restore equilibrium, prices in market 1 must be
higher than in market 2. This is accomplished by a higher buying pressure in market 1, i.e.,

a higher buyer-seller ratio.

In the resulting equilibrium, there is a clientele effect. Investors with high switching
rates, who have a stronger preference for lower search times, prefer market 1 despite the
higher prices. On the other hand, low-switching-rate investors, who are more patient, value
more the lower prices in market 2. The clientele effect is, in turn, what accounts for the
greater measure of sellers in market 1, since the high-switching-rate buyers turn faster into

sellers.

Our model of search provides a natural measure of liquidity. Since investors cannot trade

immediately, but must search for counterparties, they incur a transaction cost of delay. A

12The result that the price any given buyer expects to pay is higher in market 1 (i.e., p*(x) > p?(k) for all &),
does not imply that the price paid by the average buyer is higher in that market (i.e., E} (p' (k) > EZ(p*(k))),
because the buyer populations in the two markets are different. A sufficient condition for the latter is that
the discount rate r is small relative to the switching rates and the rates of meeting counterparties.

14



measure of this transaction cost is the expected time it takes to find a counterparty, and
conversely, a measure of liquidity is the inverse of this expected time. Since a buyer in market
i meets sellers at the rate Au’, the expected time it takes to meet a seller is 7, = 1/(A\u).
Likewise, the expected time it takes for a seller to meet a buyer is 7/ = 1/(Au}). Since the
measures of buyers and sellers are higher in market 1 than in market 2, the expected times

70 and 7! are lower in market 1, and thus market 1 is more liquid.

An additional market characteristic that is sometimes used as a measure of liquidity, is
trading volume. In our model, trading volume is equal to the flow at which matches occur,
and is A\ujp’ for market i. Since the measures of buyers and sellers are higher in market 1
than in market 2, trading volume is higher in market 1, and thus market 1 is more liquid

according to the trading-volume measure as well.

Since market 1 is more liquid than market 2, the price difference between the two markets
can be interpreted as a liquidity premium: buyers are willing to pay a higher price for asset
1 because it has higher liquidity. In generating a liquidity premium, our model is analogous
to the literature on asset pricing with transaction costs. (See Footnote 7 for references.) The
clientele effect that our model generates (short-horizon investors have a stronger preference
for liquid assets) is also as in that literature. The main difference with the transaction
costs literature is that transaction costs in our model are endogenous, i.e., the difference in

liquidity between assets 1 and 2 is not due to any exogenous difference in transaction costs.

The liquidity premium is determined by the condition that the buyer «* is indifferent
between the two markets, trading off the higher prices in market 1 with the lower search
times. Buyers’ search times in a given market are, in turn, determined by the measure of
sellers in that market. This measure can be interpreted as an asset’s free float, since it is
equal to the quantity of the asset which is available for sale. In a model with homogeneous

investors, Weill (2003) derives an affine relationship between an asset’s liquidity premium

and the inverse of its free float. Such a relationship can also be derived in our model.'?

We further illustrate the effect of free float on the liquidity premium in the context of an

example in Section 4.3.

13Using equations (8), (9), (11), and v} (xk*) = vZ(k*), we can show that p'(k*) = A — B/ul, for two
constants A and B > 0 that do not depend on 1.
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4.2 Symmetric Equilibria

In a symmetric equilibrium, the measure of sellers is the same across the two markets.
For investors to be indifferent between markets, the prices must also be the same. These

requirements, however, do not determine a unique symmetric equilibrium.

Proposition 4 There exist a continuum of symmetric equilibria. In any such equilibrium,

p'(k) = p*(k) for all k.

The intuition for the indeterminacy is that there are infinitely many ways to allocate
investors in the two markets so that the measure of sellers, and an index of buying pressure

(which determines prices), are the same across markets. One trivial example is that for any

switching rate, half of the investors go to each market, i.e., v*(k) = 1/2 for all k.

4.3 An Example

To illustrate our results, we consider a simple example. We assume that switching rates can
only take two values, k£ and &.1* We set § = 1, x = 0.3 (low-valuation investors enjoy 70%
of the dividend flow), r = 0.05, S = 8, k = 0.2 and & = 0.5 (expected times of valuation
switch are five and two years, respectively), f(k) = 2 and f(R) = 3 (measure of k-investors
in the economy is f(k)/k = 10, and measure of R-investors is f(%)/% = 6; the sum of the two
measures, which is the total asset demand is equal to the total asset supply, 25), A = 100,

and z = 1.

In the clientele equilibrium, all the F-investors enter into market 1, as well as 20% of the
r-investors. The measure of sellers in market 1 is ! = 0.181 and in market 2 is p? = 0.127.
The corresponding measures of buyers are yj = 0.183 and p? = 0.124, and the buyer-seller
ratios are 1.015 and 0.978, respectively. The price in market 2 is p?(x) = 16.921. The prices
paid by the two types of buyers in market 1 are approximately equal: p'(x) = p*(K) = 16.947.

14We consider a discrete distribution, rather than a continuous one as in the rest of the paper, in order to
perform the simple comparative statics exercise in the end of this section.
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Thus, consistent with our results, market 1 has more sellers, more buyers, a higher buyer-

seller ratio, and higher prices.

Using this example, we can investigate how changes in investors’ horizons affect asset
prices. Suppose, for example, that the x-investors become more patient, and their switching
rate decreases to 0.1. Suppose also that f(k) decreases to 1, so that the measure of k-
investors in the economy stays fixed. This change decreases substantially the measure of
sellers in market 2 (where most of the s-investors enter) to p? = 0.091, and has a smaller
impact on the measure of sellers in market 1, decreasing it to pu! = 0.175. Because of
the substantial decrease in the free float of asset 2, its price decreases to p*(k) = 16.913.
This result is consistent with the intuition that when trading volume in a bond decreases
(perhaps because investors with longer horizons start investing in the bond), the bond’s

liquidity decreases, and so does its price.

5 Welfare Analysis

In this section, we perform a welfare analysis of the allocation of liquidity across assets.
We examine, in particular, whether it is socially desirable that liquidity is concentrated in
one asset, possibly at the expense of others. In the context of our model, this amounts
to comparing the clientele equilibrium, where such concentration of liquidity occurs, to the
symmetric equilibria. Prior to performing this comparison, we examine the social optimality
of investors’ entry decisions in the clientele equilibrium. This gives some insights on the
welfare properties of the clientele equilibrium, and is a useful first step for comparing this

equilibrium to the symmetric ones.

We use a simple welfare criterion which gives the utilities of all investors present in the
market equal weight, and discounts those of the future entrants at the common discount rate
r. This discounting is consistent with equal weighting, since future entrants can be viewed as
outside investors, whose utility is the discounted value of entering the market. Our welfare

criterion thus is
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where the last term reflects the welfare of the stream of future entrants. In Lemma 2, we

show that welfare takes a simple and intuitive form.

Lemma 2

20 x
W=-—5- ;(Mi +413). (15)

The first term in equation (15) is the present value of the dividends paid by the two
assets. Welfare would coincide with this present value if all asset owners enjoyed the full
value 0 of the dividends. Some owners, however, enjoy only the value § — x. These are

the sellers in the two markets, and welfare needs to be adjusted downwards by their total
measure.

5.1 Entry in the Clientele Equilibrium

We begin our welfare analysis with the entry decisions of investors in the clientele equilibrium.
These decisions are characterized by a cutoff * such that investors above £* enter into market
1 and investors below x* into market 2. To examine whether investors’ private decisions are
socially optimal, we consider the change in welfare if some investors close to k* enter into a
different market than the one prescribed in equilibrium. More specifically, we assume that
at time 0, some buyers with switching rates in [£*, k* 4 dk| are reallocated from market 1 to
market 2 (but from then on entry decisions are according to the cutoff £*). This reallocation
causes the markets to be temporarily out of steady state, and to converge over time to the

original steady state.

To compute the change in welfare, we need to evaluate welfare out of steady state. We
first consider the non-steady state that results when the measure of buyers with switching
rates in [k, k + dk| in market ¢, is increased by €, relative to the steady state. Denoting
welfare in this non-steady state by W(e), we set

dW(e)
de

Vy (k) =

e=0

The variable V(x) measures the increase in social welfare by adding buyers with switching

rate x in market 7. It thus represents the social value of these buyers. Proceeding similarly,
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we can define the social value V!(k) of owners with switching rate x, and the social value V!

of sellers.

Proposition 5 The social values Vi (k), Vi (k), and V!, are given by

rVy (k) = —kVy (k) + Ay (Vo (k) = Vi (k) = V), (16)
Vo (k) =0+ (V] = Vi (k) (17)
Ve =0 — x4+ My (B (Vo (k) = Vi(k)) = V). (18)

Equations (16)-(18) are analogous to equations (8)-(10) that determine investors’ ex-
pected utilities. To compare the two sets of equations, we reproduce equations (8)-(10)

below, using equation (11) to eliminate the price:

roj() = —wv} () + At (v ) — vi(s) — ). (19)
rvi(k) = 6 + k(v — v (K)), (20)
b = 8 — &+ Mk (B () = i) — o). 21)

The key difference between expected utilities and social values concerns the flow benefit of
meeting a counterparty. Consider, for example, the flow benefit associated to a buyer. In
computing the buyer’s expected utility, we multiply the buyer’s rate of meeting a seller, A’
times the surplus realized by the buyer-seller pair, v!(x) — vj(k) — v%, times the fraction
of that surplus that the buyer appropriates, z/(1 + z). In computing the buyer’s social
value, however, we need to attribute the full surplus to the buyer. This is because the social
value measures an investor’s marginal contribution to social welfare. Since a trade involving
a specific buyer is realized only because that buyer is added into the market, the buyer’s
marginal contribution is the full surplus associated to the trade. (The same is obviously true

for the seller involved in the trade.)!® '6

15 Additionally, in computing the buyer’s social value, we need to consider not the buyer’s rate of meeting
a seller, but the marginal increase in the rate of buyer-seller meetings achieved by adding the buyer in the
market. The two coincide, however, because the search technology is linear in the measures of buyers and
sellers.

16Tt is worth explaining why our search model generates discrepancies between expected utilities and social
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Proposition 6 In the clientele equilibrium where market 1 is the one with the most sellers,

the social value of the buyer k* is higher in market 2, i.e., V;'(k*) < V2(K*).

Since the social value of the buyer «* is higher in market 2, welfare can be improved
by reallocating some buyers close to k* from market 1 to market 2. Thus, in the clientele
equilibrium, there is excessive entry into market 1, i.e., the more liquid market. The intuition
is as follows. Since the buyer x* is indifferent between the two markets, the buyer’s flow
benefit of meeting a seller is the same across markets. A seller’s flow benefit of meeting a
buyer, however, is higher in market 1. This is because the seller’s rate of meeting a buyer
involves the measure of buyers rather than that of sellers, and the buyer-seller ratio is higher
in market 1. Since a seller’s flow benefit is higher in market 1, the discrepancy between the
seller’s social value and expected utility is larger in that market. (Recall that social value
attributes the full benefit of a meeting to each party, while expected utility attributes only
a fraction.) Conversely, since buyers bargain on the basis of a seller’s expected utility rather
than social value, the discrepancy between their own social value and expected utility is
smaller in market 1. Given that for the indifferent buyer, expected utility is the same across
the two markets, social value is greater in market 2. Intuitively, sellers are more socially
valuable in market 1 because they are in relatively short supply in that market. Buyers
internalize this through the higher prices, but only partially, and thus they enter excessively

into market 1.

While Proposition 6 implies that there is excessive entry into the more liquid market,
it does not imply that the concentration of liquidity in that market is excessive. Excessive
entry into market 1 implies that the ratio of buyers p /u? is too high. Thus, when liquidity
is measured from a seller’s viewpoint, the concentration of liquidity in market 1 is indeed
excessive.!” At the same time, having too many buyers in one market, reduces the number
of sellers. Thus, the ratio of sellers u!/u? is too low, which implies that when liquidity is

measured from a buyer’s viewpoint, the concentration of liquidity in market 1 is not high

values, while the standard Walrasian model does not. In the Walrasian model, the surplus that a buyer-
seller pair bargain over is zero, since either party can leave the pair and obtain immediately the market price
from another counterparty. In the search model, by contrast, the surplus is non-zero, since finding another
counterparty is costly. It is because each party gets only a fraction of this non-zero surplus that discrepancies
between expected utilities and social values arise.

1"Recall that liquidity is measured by the inverse of the expected time it takes to find a counterparty. When
the expected time is from a seller’s viewpoint, the relative liquidity of the two markets is (1/71)/(1/72) =
ui/pi, ie., equal to the ratio of buyers in the two markets.
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enough. We next examine whether the concentration of liquidity is desirable in the first

place, by comparing the clientele equilibrium to the symmetric ones.

5.2 Clientele vs. Symmetric Equilibria

We start with a methodological observation. Both the clientele and the symmetric equilibria
are dynamic steady states, and comparing these can be misleading. Indeed, an action aiming
to take the market from an inferior steady state to a superior one, must involve non-steady-
state dynamics. For such an action to be evaluated based only on a comparison between
steady states, these dynamics must be unimportant relative to the long-run limit. This is

the case when the discount rate r is small, which we assume in some of our results below.

Both the clientele and the symmetric equilibria are fully characterized by the decisions
of investors as to which market to enter. We next determine, and use as a benchmark, the

socially optimal entry decisions in steady state. These are the solution to the problem

max W,
vi(k)

where W is given by Lemma 2, ui by equation (6), and v*(xk) = 1 — v!(x). We solve this
problem, (P), in Proposition 7.

Proposition 7 The problem (P) has two symmetric solutions. The first solution satisfies

pl > p? v (k) =1 for k > k%, and v (k) = 0 for k < k5, for a cutoff k%,. The second

w??

solution is obtained from the first by switching the indices of the two markets.

Proposition 7 implies that it is socially optimal to create two markets with different

measures of sellers. This is because the two markets can cater to different clienteles of

investors: buyers with switching rates above a cutoft «;,, who have a greater preference for
lower search times, are allocated to the market with the most sellers, while the opposite

holds for buyers below &7 .

*
w?

The cutoft x; determines the heterogeneity of the two markets. Increasing x;,, reduces
the entry into the more liquid market, say market 1. This increases the ratio of sellers p! /12,

and makes the markets more heterogeneous from a buyer’s viewpoint.
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We next treat the cutoff above which buyers enter into market 1 as a free variable, and

denote it by &. Social welfare is maximized for £ = k. As K decreases below &}, the

w
two markets become more homogenous from a buyer’s viewpoint, and welfare decreases.
Consider now two values of &: the cutoff k* corresponding to the clientele equilibrium, and

the cutoff k' for which the measure of sellers is the same across the two markets. Since in the
clientele equilibrium there is excessive entry into market 1, markets are not heterogeneous

enough from a buyer’s viewpoint, and thus x* < k. At the same time, since there is some
heterogeneity, k* > k’. Therefore, welfare under the clientele equilibrium exceeds that under

the allocation corresponding to &'

Interestingly, welfare under the latter allocation is the same as under any of the sym-
metric equilibria. To see why, note that both types of allocations have the property that
the measure of sellers is the same across the two markets. Consider now an arbitrary allo-
cation with this property, and denote by us = pu! = p? the common measure of sellers. The
aggregate measure of inactive owners (i.e., the sum across both markets) depends on this
allocation only through pus, since pg is the only determinant of the buyers’ matching rate.
Since the aggregate measure of inactive owners, plus that of sellers, must equal the aggre-
gate asset supply, jis is uniquely determined regardless of the specific allocation.'® Since,
in addition, welfare depends only on u,, it is also independent of the specific allocation.

Summarizing, we can show the following proposition:

Proposition 8 All symmetric equilibria achieve the same welfare. Moreover, for small r,

they are dominated by the clientele equilibrium.

6 Asymmetric Information

In this section, we extend our analysis to the case where buyers’ switching rates are not

observable to the sellers. Since switching rates affect buyers’ reservation values (high-

18 To show this formally, we add equation (6) for market 1 to the same equation for market 2, and find

B s f (k)
LA s = 25.
/»s H(Aus+n)dﬁ+ He =25

This equation determines us uniquely, regardless of the specific allocation.
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switching-rate buyers have to re-enter the search market as sellers sooner, and thus have
lower reservation values), the bargaining game between a buyer and a seller involves asym-

metric information.

We begin our analysis by examining whether a clientele equilibrium exists. Such an
equilibrium is characterized by the cutoff * of the indifferent investor. Without loss of
generality, we assume that investors above the cutoff enter into market 1. We denote by

1 — % and k% = k*. Since

' the maximum switching rate of an investor in market i, i.e., &
reservation values decrease in switching rates, the buyer with switching rate x* has the lowest

reservation value in market 7.

For simplicity, we restrict the clientele equilibrium to be in pure strategies, i.e., all sellers
in a given market make the same offer. In a pure-strategy equilibrium, the sellers’ offer must
be accepted by all buyers entering a market. Indeed, suppose that the buyers with switching
rates above a cutoff ' < k' reject the sellers’ offer in market i. Then, the density function
wi(k) of buyers in market ¢ would increase discontinuously at #’, as the buyers above &'
would exit the buyer pool at lower rates.!® This discontinuity would induce the sellers to

slightly lower their offer, as to trade with buyers above &°.

Since all buyer-seller matches result in a trade, the equations for the measures of buyers,
inactive owners, and sellers in each market are as in the symmetric information case. The
equations for the expected utilities and prices are, however, somewhat different, because the
price is now the same for all buyers entering a market. More specifically, the sellers’ offer
in market 7 is v’ (k') — vi(k), i.e., the reservation value of the highest-switching-rate buyer,
and the buyers’ offer is v?, i.e., the reservation value of a seller. Since buyers are selected to
make the offer with probability z/(14 z), and sellers with probability 1/(1+ z), the expected
price in market ¢ is

z

A

— (03 () = i), (22

1+2

The expected utility of a buyer in market ¢ is given by

rop(r) = —kvy (k) + At (v () — p' — v (k) (23)

9More specifically, i () would be given by equation (3) for k < &%, and u} (k) = f(r)Vi(k)/k for k > &l
as the buyers above #* would exit the buyer pool only because of a switch to low valuation.
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the expected utility of a seller is given by
rvy =6 — & + My (p' — vl), (24)

and the expected utility of an inactive owner is given by equation (9) as in the symmetric

information case.

For a clientele equilibrium to exist, each seller must find it optimal to make an offer
which is accepted by all buyers. Suppose that upon meeting a buyer, a seller decides to
make an offer which is accepted only when the buyer’s switching rate is up to k. Then, the

offer is v’ (k) — vi (), and if it is rejected the seller re-enters the search process with expected

utility v’. Thus, the seller finds it optimal to trade with all buyers if
k' € argmax, [P (k) (v, (k) — vy(k)) + (1 = P(r))vy] (25)

where P}(r) denotes the probability that a buyer in market i has switching rate up to .

Additionally, in a clientele equilibrium, the buyer £* must be indifferent between the two
markets. In the asymmetric information case, an indifferent buyer might not exist. Indeed,
suppose that the seller has all the bargaining power (z = 0). Then, the buyer k* receives
zero surplus in market 2 (because the price is equal to his reservation value), but a positive
surplus in market 1. To formulate a sufficient condition for the existence of an indifferent
buyer, we treat the cutoff above which investors enter into market 1 as a free variable, and
consider population measures and expected utilities as functions of that variable. We also
consider the value ' of the cutoff for which the measures of sellers are equal in the two
markets. Then, the sufficient condition is that when the cutoff takes the value «’, the buyer

K prefers entering into market 2. We refer to this condition as Condition (C).

Proposition 9 If Conditions (25) and (C) hold, a clientele equilibrium exists and has the

following properties:

(a) More buyers and sellers in market 1: pi > p2 and pl > p?.

(b) Higher buyer-seller ratio in market 1: py/pl > ui/u?.
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(c) Higher prices in market 1: p* > p?.

According to Proposition 9, the conditions which ensure the existence of a clientele
equilibrium also ensure that this equilibrium has the same properties as in the symmetric
information case. In particular, the market with the high-switching-rate investors has more

sellers, more buyers, a higher buyer-seller ratio, and higher prices.?°

Conditions (25) and (C) hold in the natural case where the rates of meeting counterpar-
ties are high relative to the switching rates and the discount rate. (In other words, the search
times are small relative to the times of valuation switch and the inverse of the discount rate.)
One way to obtain this case is to assume that asset supply and demand are large, so that

the measures of buyers and sellers are large. In particular, we assume that the supply S of

each asset grows large, and the flow of investors into the economy is f(x) = SF(x), where

A

F(k) is held fixed. We further assume that

/H@dm =2, (26)

K

a condition ensuring that asset supply and demand grow at the same rate.?!

Proposition 10 Suppose that z € (0,00), and f(r) = SF(k) for F(r) satisfying Condition
(26). Then, for S large enough, Conditions (25) and (C) hold.

Having established the existence of a clientele equilibrium, we next examine its welfare
properties. As shown in Section 5, a sufficient condition for the clientele equilibrium to dom-
inate the symmetric ones is that entry into market 1 is at or above the socially optimal level.
To examine whether this condition holds in the asymmetric information case, we compare en-

try decisions with the symmetric information case. Under asymmetric information, the buyer

20TIn fact, some properties of a clientele equilibrium can be proven more generally, without using the
sufficient conditions for existence. These are that the market with the high-switching-rate investors has
more buyers and higher trading volume, and has a higher buyer-seller ratio and higher prices if it has more
sellers.

21The two assets are in total supply 25. The total demand is the measure of high-valuation investors, i.e.,

buyers and inactive owners, across the two markets. From equations (1)-(4), this is ff @d/ﬁ.
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K* receives a positive surplus from the seller’s offer when entering into market 1, because the
same offer must also be accepted by the buyer . This induces more entry into market 1. At
the same time, a seller’s outside option is reduced by his inability to price-discriminate, and
this lowers the offer a buyer can make, thus raising the buyer’s utility. Whether this induces
more or less entry into market 1 depends on the relative heterogeneity of investors in the
two markets. When, for example, k* is close to kK, market 1 is more homogeneous. Thus, the

inability to price-discriminate hurts more the sellers in market 2, inducing more entry into

that market. The overall effect is ambiguous. Suppose, for example, that F (k) = ck®, where
a € R measures the tilt of the distribution towards high switching rates, ¢ is a normalizing
constant (so that equation (26) holds), and %/k = 2. Then, entry into market 1 is greater

in the asymmetric information case, as long as « is smaller than 0.51.

Even when entry into market 1 is lower in the asymmetric information case, it can still

be socially excessive, because it is so under symmetric information. For example, when

F(k) = ek, entry into market 1 is socially excessive for all values of o and 7/s.22

7 Conclusion

We develop an asset-market model in which assets with identical payoffs differ in their
liquidity. Our theory of liquidity is based on search: investors locate counterparties through
search, and an asset’s liquidity is related to the ease of locating a counterparty. We argue that
search is a realistic friction in many asset markets, and one that has intuitive implications,

linking, for example, an asset’s liquidity to the asset’s free float.

We consider an economy with two identical assets, and a continuous inflow and outflow
of investors. Investors entering the economy seek to buy one of the two assets, and are
facing the constraint that they cannot search simultaneously in both markets. Upon buying
an asset, investors become inactive asset owners, and they next turn into sellers when their
valuation for the asset switches to a lower value. Switching rates differ across investors,

implying different investment horizons.

We show that there exists an equilibrium where one market has more buyers and sellers,

22There might, perhaps, be counterexamples for more complicated distributions.
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lower search times, higher trading volume, higher prices, and short-horizon investors. Thus,
our model generates endogenous differences in liquidity across identical assets, and it also
generates liquidity premia and clientele effects. Our analysis can shed light on the on-the-run
phenomenon in the US Treasury market, by providing one set of assumptions under which
this phenomenon can arise. Modelling liquidity through search also generates empirical
predictions which are unique to our model. One prediction is that the ratio of sellers’ search

times to those of buyers should be higher in more liquid markets.

Coming to the welfare analysis, we show that the asymmetric equilibrium dominates the
symmetric ones where the two markets are identical. At the same time, in the asymmetric
equilibrium there is excessive entry into the more liquid market, implying that the two
markets are not heterogeneous enough from the buyers’ point of view. Our analysis suggests
that the concentration of liquidity in the on-the-run bond is a desirable outcome. Of course,
measures aimed at integrating the on- and off-the-run markets could lead to further increases

in welfare.?

23Bennett, Garbade, and Kambhu (2000) describe such measures. They argue, in particular, that issuance
dates should be chosen so that bonds with different maturities at issuance can mature on the same date,
and can be assigned the same CUSIP number as a result. In the context of our model, making such bonds
strictly identical securities would correspond to allowing for simultaneous search in the two markets.
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Appendix

Proof of Proposition 1: Plugging equation (11) into (8) and (10), we find

. . .z . . .
roy(k) = —rvy(K) + A T z(vé(f-@) — vy(K) — vy), (27)
and
i ;1 i i i i
ok =6 =+ A (B (eh() = vi(w) — 0}, (28)

Subtracting equation (27) from (9), we find

r(vg (k) — vp(K)) = 0 + K(v] — v () + vy (K)) — Mg (v5(k) — vy(k) — v3)

1+ 2

_5+(m+)\,ui 2 )0l

i i 1tz
= v (k) —v (k)= : 29
) i) = (20)
Plugging equation (29) into (28), we find
) + A\l (0 NE; !
rv. =0 —2x —Tv -
s 'ubl—i—z s/ b TR+ AT
) 1
= i=2 2 —— 1 . (30)
" " 1+ )‘,u%) 142 Elz) [r+n+/\u§ liz]

Given v!, the variables v!(k), vi(k), and p'(k), are uniquely determined from equations (9),
(27), and (11), respectively. In the rest of the proof, we compute vi(x) and p’(k), because

we use them in our subsequent analysis. Plugging equation (30) into (29), we find

R 5 o | K+ )\;ui'lj-z ' . (31)
R /\Méﬁ) [1 + /\uéﬁlei [WH

142

Subtracting equation (30) from (31), we find

Vi(k) — vi(k) — v = ’ >0, (32)

i . . i1 i 1
(r 4+ m Apiz) (1 M= B [tz

142
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Plugging equation (32) into (27), we can compute v} ():

roj(s) = —svh() + Mk - —
(T TR+ )‘/‘ém) |:1 + )\'u'bl-i-zEb |:r+ri+/\,u§ 1erz:|:|
, A\l 2=z
= uj(m) = —hEe (33)
(T + /€) (T + K+ /\'uél+z) [1 + A'u;?lJrzElZ? [Wi”
Plugging equations (30) and (31) into (11), we can compute p’(k):
5 1 1
i T 1+z rrt+Apl 5
p(li):;—; i 1 i 11+ ' (34)
L+ My iz By [m]
|

Proof of Lemma 1: Since v} (k*) = v}(k*) > 0, the difference v} (x) — vZ(k) has the same

sign as

Equation (33) implies that

G A G I o e e A ey e
vi(k*)  vE(K*) r+k T+/~i+)\u§1jz r—l—f@—ir)\ugliz

_ rHE )\(Ni - Nz)liz(’f — K")
r+ s (r+/<;+)\ugljz) (r+/<;+)\u§ﬁ)’

which proves the lemma. [

To prove Proposition 2, we first prove the following lemma:

Lemma 3 Suppose that investors’ entry decisions are given by v' (k) = 1 for k > k*, and
vi(k) = 0 for k < k*, for some cutoff k*. Then, pt and u? are uniquely determined, p! is

increasing in k%, and p? is decreasing in K*.
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Proof: Using equation (6), and setting i = 1, v!(k) = 1 for k > x*, and v'(k) = 0 for
Kk < Kk*, we find

" A/@f(“) 1_
/R* /f(/f+)\u§)dﬁ+us_s' (35)

The LHS of this equation is strictly increasing in ul, is zero for pu! = 0, and is infinite
for p! = oo. Therefore, equation (35) has a unique solution pu!. Moreover, differentiating

implicitly w.r.t. k*, we find

At f (k%)
L v B
dr* K) '
K 1+f*(,$+w)d/£

Proceeding similarly, we find that p? is uniquely determined by

o Ausf( ) _

Differentiating implicitly w.r.t. *, we find

A2 f(5*)
dl‘bz _ *( *+/\N2) < 0.

dr* 1+f H/\M L dk

|
Proof of Proposition 2: The cutoff x* is determined by the indifference condition v} (£*) =
vi(k*). Using equation (33), we can write this condition as
r R A s BN R A2 Mg B
where
: i P YT
E'=E} PoTiz ||
T+ K AT =
Multiplying by the denominators, we find
(r+ 1) (il — 1) + A (2 B® — p2ubEY) = 0. (38)

1+2z
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Since

Elzi nT—f-f{*—l—)\Milizﬂg(K)dK:i/ﬁ f(H)(T+/<;*+)\Ni1jz) p
te S TR AT wi J (li—l-/\ui)(T—l-Fd—i-)\,uélJ%z) ’
and
o L “f(R) (r R A2 )
M Jw o (R NE) (P v M)
equation (38) can be written as
PRI Wy ((TS33
s r+r)(1+2) ) (k4 AE2) (r+ s+ M)
e 1 /w M) (r4w+ ol (39)
SR )L+ 2) e (5 M) (1 + 6+ Al

To prove the proposition, we consider equation (39) as a function of the single unknown
k*, i.e., we assume that p! and p? are implicitly defined, given x*, from Lemma 3. To
show that an equilibrium exists, it suffices to show that equation (39) has a solution k*,
for which p! > p?. For k* = k, the LHS is negative, since equation (36) implies that
p? =S > pl. Conversely, for k* = &, the LHS is positive. Therefore, equation (39) has a

solution k* € (k,%). To show that pi > p2, we first note that

/n M(k) (r+ 5"+ Aulez) / Ms)s
KR — 5 anr
o (K4 Aul) (r+r+ i) o (K + Ak

S142z

M (R) (r+ ApbZ) (k= w*
_ g/‘ 1(8) (r + Mt ) € ) >0 (40)
o (64 Ak (r+ 5+ k)
Similarly,
5ONF(R) (1 + K*+ A\u2=2 " (1)
/ f(r)( ) H_/ AMEE o (41)
s (WMD) (P At M) e (B A)s

Combining equations (40) and (41) with (39), we find

RO > [T M(K)
L Gt m“}”

*

(r+r*)(1+2)

[y — p2+
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Combining this equation with (35) and (36), we find

1 2 K" 1 S 2 S
— A T 0
Hs %+Xr+ﬂﬂﬂ+z)P5Q@ ) ‘%(@ )}>

K" [S(ui 1)
r+ k) (14 z)

= (uy — 12) {H(

Since the term in brackets is positive, we have ul > p2.

To show that the equilibrium is unique, it suffices to show that for any x* that solves

equation (39), the derivative of the LHS w.r.t. k* is strictly positive. Denoting the LHS by
F (K", pig, 15), we have

dF (K p, 1) _ OF (K" gy i) | OF (K™ po, 1) dpty | OF (K7, pry, 413) dits
dK* OK* ol dr* op? dr*’

We will show that the partial derivatives w.r.t. x* and p! are strictly positive, while that
w.r.t. p? is strictly negative. Since dul/dk* > 0 and du?/dk* < 0, this will imply that
dF(k*, ul, u?)/dk* > 0. Setting
i )\f (k)
9'(k) = z‘L)’

(k4 Aui) ('r’+fi+>\,u51+z

we have

OF (W, us 112) Al f (k%) M2 f(K7)
OK* (r+ &)1+ 2)(k*+ Ap2)  (r+r*)(1+ 2)(k* + Aub)

*

Aty —=2— K K
Hols 1z {/www—/gqu,

(r+r*)2%(1+2) .

3F(/€*7M§a/¢§) — 1+T+H*+)‘U§1j—z /H*gz(lﬁ)d,‘i—uz( )\liz /Hgl(/i)dlﬁ

opl (r+r*)(1+2) r+ )14 2) /o
* 1 =z " Z
+Iu2r—|—f<a +)‘Nsm/ 1(’1) A N )\l-i—z
(r+r)(1+2) Ju K+ A TR+ AT
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and

OF (k*, pl, 2 T R D Y el P K
(’inus?:us) _ H 1+z/ 1+2 )/ g2(f<u')d/{/

_ 1 1
op? n (r+r)(1+2) /.- g (R)dr + i, (r+r*)(1+z

* 2
(TR AL

BANGETTE +1Z+)Z/ﬂ 9"

A AZ
+ Ltz dk.
K+ Ap? 7‘+/{+)\,u§1frz

Consider first the equation for OF (k*, u}, u?)/0k*. To show that the RHS is positive, it
suffices to show that the term in brackets is positive. The latter follows by writing equation
(39) as

*

1 2 K* * 1 =z " K
1 2, Ms — M 2 o TR +)\/”L51+z / 1 / 2
— == dr — dr — de| =0
Hs = Hs + = /ﬁ 9" (k)dK — pg rEr)dte) H*g(%)f’v i 9" (k)dk 7

and recalling that p} > p2. Consider next the equation for OF (k*, ul, u2)/0ut. To show that
the RHS is positive, it suffices to show that the sum of the first three terms is positive. The
latter follows by writing equation (39) as

1 T+I€*+/\M§liz /H* 2 2 /\1iz /H 1
1 dk — d
fs |1+ TR (k)dK ey v s ) B (k)dK

K

1
2 1
pe |1+ de| = 0.
o 142 H*g(/{) KJ]

Consider finally the equation for OF (k*, ul, u?)/0u?. To show that the RHS is negative, it
suffices to show that the sum of the first three terms is negative. The latter follows in the

same way as for OF (k*, ul, u?)/0pt. 1

Proof of Proposition 3: Property (a) follows from p! > p? and property (b). To prove
property (b), we note that since x > k* in market 1 and x < x* in market 2, E' < 1 and
E? > 1. Equation (38) then implies that
. 1
(r o+ 17) (g = 1) + A (i = pip) <0

1 *
= AH—Z(uiué — papi) > (14 K (py — p2) >0,
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which, in turn, implies property (b).

We finally prove property (c). Substituting the price from equation (34), we have to
prove that

12 1 12 1
Itz r+rt+Aug 155 - Itz r+rt+Aud 15

11 1 2. 1 12 1 '
1+2 Eb [r—i—n—f—)\u% T :| 1+ )\lub 142 Eb |:r+n+)\u§ T :|

1+ Mg

Dividing both sides by equation (37), we can write this inequality as G(u!) < G(u?), where
the function G(u) is defined by

L= s | [+ 47+ A

G = 142z
(1) .

Given that p! > p?, the inequality G(ul) < G(u?) will follow if we show that G(u) is

decreasing. Simple calculations show that

e L r g (R )
— z 2 \2 N
2 (1+2) (r+ 5+ M) (1+2) (r+ 5+ )" (r+w)

The term in brackets in increasing in both x and k*, and is equal to z/(1 + z) > 0 for

k = k* = 0. Therefore, it is positive, and thus G(u) is decreasing. (]
Proof of Proposition 4: In a symmetric equilibrium, equation (37) must hold for all x*.

This is equivalent to u! = u? = p, (from Lemma 1), and

1y By

! ] . (42)

T4 K4 Aus=

1 2 2
= E
r—l—/<;+)\usz] Ho Ly T

1+2

It is easy to check that there is a continuum of functions v!(k) such that the two scalar
equations pu! = p? = ug and (42) hold. Additionally, plugging these equations in equation
(34), we find p'(k) = p?(k) for all . 1

Instead of proving Lemma 2, we prove a more general lemma that (i) covers non-steady

states (where population measures, expected utilities, and prices, vary on time), and (ii)
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does not require that the measures of inactive owners and sellers add up to the asset supply,

as must be the case in equilibrium. We extend our welfare criterion to non-steady states as

We = Z {/ [Ué,t(“)ﬂz,t(“) + Ué,t("{;)ﬂé,t("{)]d"{ + Ui,tﬂi,t

i /t h [ / Efug,t,(ﬁ) f(f@')l/"(/i)d/i} er(t/t)dt/} :

using the second subscript to denote time, and considering, for generality, welfare at any

time ¢.

Lemma 4

2 00
Wy = Z/ [(5(/;20775/ + o) — xu;t,] e tay. (43)
i=1 Yt

Proof: To prove the lemma, it suffices to show that

d(Wee™™) - i i i1 -
T = - Z [5(/Lo,t + Ms,t) - x/jls,t:| € t? (44)

=1

since we can integrate this equation to equation (43). Using the definition of W, we find

d(Wte_Tt) i_—rt
— T AT

i=1,2

* [ dvj, (k) Cdig (k) duly(k) o di (k)
/ﬁ [ *’C’;t i (1) + vy, () ‘;;t + jt fio, (k) + v5,(K) jt dr
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To simplify equation (45), we compute the derivatives of the population measures and of the
expected utilities. The derivative of a population measure is equal to the difference between

the inflow and the outflow associated to that population. Proceeding as in section 3.1, we
find

bc’ll;f = f(R)V' (k) — Ky, (k) = Mg o (R)pg (46)
G
C;t = )\/Lb,t('%):us,t - KMO,I‘Z(F‘;)? (47)
and
d T L
dt,t - / [’i“o,t(’f) - )\Mb,t(’f)ﬂs,t} dk. (48)

To compute the derivatives of the expected utilities, consider, for example, v,;(k). For

non-steady states, equation (7) generalizes to
vg7t(/<) = (1 —rdt) [KdtO + )\uidt(v;t(m) - pﬁ(/ﬁ)) +(1-— )\uidt — Iidt)vé7t+dt(lﬁ)} . (49)

Rearranging, we find

) = S () 4 M (0 (0) = 8GR0 — () (50)
We similarly find
rol () — d"’i’;t(ﬁ) — 5+ R(vl, — vl (K)), (51)
and
v, — d;it —d—a+ / "N () (B () — v, )d. (52)

Plugging equations (46)-(48) and (50)-(52) into (45), and canceling terms, we find
A= _5M2,t - (5 - x):ui,ta
which proves equation (44). ]

Proof of Proposition 5: We only derive equation (16), as equations (17) and (18) can

be derived using the same procedure. Suppose that at time ¢, the measure of buyers with
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switching rates in [k, k + dk| in market 7, is increased by ¢, while all other measures remain

as in the steady state. That is,

€

() = () + =, (53

fiy,, (') = [y (') for " & [k, k+dk], i, ,(5') = [} (k') for all &', and pl, , = p?, where measures

without the time subscript refer to the steady state.

We will determine the change in population measures at time ¢ + dt. Consider first the

buyers with switching rates in [k, xk + dk]. Equation (46) implies that

fibesar(R) = (1) + | f(R)V' () = R (k) — Aﬂi,t(fﬂ)ui,t] dt. (54)

Plugging equations (53) and pf, = pu} into (54), and using the steady-state version of (54),
ie.,

F(R)V (K) = wfi(K) = Mg () = 0,

we find

~i ~i € i
() = () + (1 it — N,

Thus, the measure of buyers with switching rates in [k, k + dk], increases by €(1 — kdt —
Mtdt) = €Al(k). In a similar manner, equation (47) implies that the measure of inactive
owners with switching rates in [k, k + dk] increases by eAuidt = eA!(k), and equation (48)
implies that the measure of sellers decreases by e \uidt = eA’. Finally, the measures of

buyers and inactive owners with &’ ¢ [k, k + dk] do not change in order dt.

Equation (43) implies that

2

We= 3 [0k, + i) — apid] dt + (1= rdt) Wi

i=1
The derivative of W, w.r.t. € at € = 0 is V{(k). The derivative of the term in brackets is zero,
since p1f,, = pfy and pf,, = . Finally, the derivative of Wyyar is Aj(k)Vy (k) + AL(k) Vi (k) —
ALV Thus,

Vo (k) = (1= rdt) [Ay(r)Vy (5) + A (k) V5 () — AJVLT
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Rearranging this equation, we find equation (16). ]

Proof of Proposition 6: Equations (16)-(18) are the same as equations (19)-(21), except
that 2/(1 4+ z) and 1/(1 + z) are both replaced by 1. Therefore, to compute Vj'(k), we can
follow the same steps as when computing v}() in the proof of Proposition 1. Instead of

equation (33), we now find

A\l
(r+ &) (r + K + At [1 FNEE [—Wim H

Using this equation, the inequality V;'(k*) < V;2(k*) is equivalent to

1 2
e rd4r*4Apl < e rr A2 | <55)
r+m+A%+A%Eﬂ———b} T+W+A@+A@Eﬂ——4ﬁ

r+r+Apl r+r+Au2

Dividing both sides by equation (37), we obtain the equivalent inequality

reb R AT+ M B r+ R ME S+ M B
r+r*+Apl < rrF A2 | <56)
r+mﬁ+M¢+A%Egk$;ﬁﬂ r+nﬁ+Mé+A£E§hmméﬂ

Since for kK > K*,

T4 K+ Al T+/€*+>\u;1j—z

>
r+r+Al T or+ R+ Al

S1+42z
we have
E} L% > EL
L7+ R A ]
We similarly have
E? M < E2.
|7+ K+ A

Therefore, to show equation (56), it suffices to show that

r R A M s B r R s+ M B

T4 K Al A+ A B T4 K* 4 A2 + A\uiE?

)
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which is equivalent to

1
* lEl E2 )\ 2 1E1 E2 )
(r+ &%) | (e us)1+ + (1 )1+ + Ay TN )1—I—z >0. (57)
Equation (38) implies that
M z(u?uiEl — pia B?) = (r+ &%) (ut — p12). (58)

Using this equation to substitute p2uj E* — plp? E* in equation (57), we find the equivalent

equation

2

1E Ez— 0.
1+Z+(M — Hp )1+ >

(ne — 1)

This equation holds because (i) p! > p?, and (ii) pi E' > pZE? (which follows from equation
(58) and ul > p?). i

Proof of Proposition 7: From Lemma 2, maximizing WV is equivalent to minimizing
pl 4+ p2. We will first minimize p! + p? through the choice of a “trigger” allocation, i.e.,
through the choice of a cutoff % such that v'(k) = 1 for k > k¥, and v' (k) = 0 for k < k.
We will show that this constrained problem, (P.), has a unique solution. We will next show
that this solution, together with the symmetric solution obtained by switching the indices

of the two assets, are the only solutions to the unconstrained problem (P).

Lemma 3 implies that the derivative of p! + p? w.r.t. k¥ is

Af(KS) T Il

[ I T v L

(59)

Multiplying by the denominators, we find that the term in brackets has the same sign as

i L / MR+ M) 2 L

(s + M)

w

/“ M) (5 + Md)

F=ul— 2

Proceeding as in the existence proof of Proposition 2, we can show that there exists &} €

(k,%) such that F' = 0, and moreover, that for any «}, solving F = 0, we have u! > p2.
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Proceeding as in the uniqueness proof of Proposition 2, we can show that for any & solving
F =0, the derivative of F' w.r.t. x, is positive. This implies that £} is unique. It also implies

that F is negative and then positive, and thus s, corresponds to a minimum of u! + p?2.

To show that the solution to (P.), together with its symmetric solution, are the only
solutions to (P), we proceed by contradiction, and assume that there is a third allocation
v! (k) for which p! + 12 is weakly lower. Since assets 1 and 2 are symmetric, we can assume
that v'(k) satisfies ! > p2. Given the first part of the proof, we can also assume that v!(k)

is not a trigger allocation. Define k' by

/:/ f(k + Ai2) Aus / fm + )\[1,5 (60)

and consider the corresponding trigger allocation. From the definition of «’, the measure
p? of sellers in market 2 under the allocation v!(k), solves also equation (6) under the new

allocation. Therefore, this measure is the same under both allocations. We next show that

/: (F&+>\us / f/<;+)\us (61)

and that the inequality is strict if u} > p2. This will imply that the measure p} of sellers in
market 1 under v!(x) is greater than the solution to equation (6) under the new allocation,
and strictly so if u! > p2. This will contradict the fact that v*(k) is a solution to (P). (The
contradiction for pu! = p? is because v!(k) will be equivalent to a trigger allocation with

pl = p2, but such an allocation is not optimal from the first part of the proof.)

Equation (60) implies that

RPN
/ RO+ )" -/ PR VR (62)

Equation (62), together with the fact that v'(k) gives non-zero weight to values below &’
(since it is not a trigger allocation), and the fact that the function 1/(x + Aul) is decreasing
in x, imply that

/: (k) 1)d/€</: ( A —— (63)

o k(K4 Aud) (k4 A Rk A+ Ag) (K + Apg)
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Multiplying equation (63) by A(ul — u?), and subtracting it from equation (62), we obtain
equation (61). |

Proof of Proposition 8: Consider the trigger allocation with cutoff #, and denote by W(&)
the welfare under this allocation. From Proposition 7, W(&) is increasing for # < &}, and

: P *
decreasing for & > k7.

We next show that the cutoff * in the clientele equilibrium satisfies k* < &J,. For this,
it suffices to show that the function F' of Proposition 7 is negative for x*. Using equation

(59), and noting that

, 1 1[5 f ,
Eli - | = — Mﬂz(ﬁ)dﬁ,
KAL) oy Je K+ A

equation F' < 0 is equivalent to

s _ s
K* 1 K* 2 .
K* A Apk 4 A By [ H:;}H KA A2 4 g B [ ijljg]

For small r, this equation is equivalent to (55), which holds from Proposition 6.

The cutoff £’ for which the measure of sellers is the same across the two markets obviously

*

satisfies k' < k*. Since k' < k* < k), and the function W(k) is increasing for &£ < &,

we
have W(k') < W(r*). Since, in addition, W(x') is equal to the welfare W; in any symmetric

equilibrium (by the argument in Footnote 18), we have W, < W(k"). ]

Proof of Proposition 9: To show that a clientele equilibrium exists, it suffices to show
that there exists k* such that when (a) entry decisions are given by v!'(k) = 1 for k > K*,
and v'(k) = 0 for k < k*, (b) population measures are given as in Section 3.1, and (c)
expected utilities and prices are given by equations (9) and (22)-(24), v} (k) — vZ(k) has the
same sign as kK — k*. Simple algebra shows that the solution to the system of equations (9)

and (22)-(24) is

r(r+ K+ Aul) (T—i—lii +)\uéliz —I—)\,ugljz)’

vy (k) = (64)
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Ui (l‘{,) — é _ (T’ + I{i + >\/‘L’Ls lj-z) (65)
) T R e ks )

_ 90 (T+’ii+)‘“§1iz)x
roor(r A M M)

é_ ( 1+z + K +>\M51+z) (67)
r T(T+RZ+)\N’IJ1+Z+)\'MSI+Z)'

We next show that there exists £* such that v} (k*) = vZ(k*). For this, we treat £* as a

free variable, k%, ui, and pi, as functions of k*, and look for a solution to equation
vp(K*) — vg (k%) = 0. (68)

The LHS of this equation is negative for k* = &', from condition (C). To show that it is

positive for k* = K, we write it as

H(’ilv M; H’l%) - H(I{2a /'Lia /‘Ll%)a

where the function H is defined by

)\MS[ (T+£+>\'usl+z)_liz]
(r+w* +Aus) (r+ 04+ Moz + Mas5)

H(éa s, /vbb) =

)

and is increasing in ¢ and ju,, and decreasing in y,. For k* = &, we have k! = k> =&, pul = S,
2 < S, pp =0, and p? > 0. Therefore, the LHS of equation (68) is positive, and thus this
equation has a solution k* € (k/,%). Since £* > &', and since p! is increasing in x* and p? is

decreasing in x*, we have p! > p2.
We next consider the sign of v} (x) — vZ(x). This sign is the same as that of

v (k) (k)
v (%) vp(R)

and from equation (64) it is the same as that of

<T+E+)\N;1—T—z_l+z) (T+/{ +)\,LLS) <T+K’*+/\M§1—T—z_1+z) (T—f_,i +)\MS>
(Rl — 5) (R ) (A — ) (o Ad)
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Multiplying by the denominators, this has the same sign as

z
1+2

z r+ K
1+2 14z

(r+ K"+ Ai2) Kr—l—ﬁ—l—)\ui )(7’4—&*4—)\;@) (r+ K+ Au)

z r+ K z r+K
—<T+E+/\,Ué1+z— 1—|—z> (r+ K+ Aup) <r+/<;*+)\u§m— 1—|—z>]’

Simple algebra shows that the term in brackets is equal to

z

- e LEOVHIR

(= )[R = Rt )+ 0t =

and has the same sign as k — £*, since p! > p2. Therefore, a clientele equilibrium exists.

We next prove properties (a)-(c). Property (a) follows from p! > p? and property (b).

To prove property (b), we note that since the function H is increasing in /,

H(’%*’ui’ﬂ;) < H(F, Mi:/’%) = Ug(l-{*) = U?(H*) = H(’%*ﬂuiﬂﬂg)'

Since

r__z
)\MS r+k* 14z

r 4 K* —|—)\ubﬁ —|—)\u51i—z’

H(H*a Hs, Mb) -

we can write the above inequality as

[ [

<
r RS M A R A At

Multiplying by the denominators, and using the property p! > u?, we find property (b).

We finally prove property (c). Substituting the price from equation (67), we have to

prove that
rljz+/<cl+>\péljz lez+/i2+)\ugljz
r+/£1+)\u,§1iz+>\u§1iz T+ﬁ2+)\u§1iz+/\,u§1j ’

Dividing both sides by equation v} (k*) = vZ(xk*), we can write this inequality as G(x', ul) <

G(r?, 4?), where the function G(¢, 1) is defined by

(Tliz +EjL/\'ul—T-z) (T—I—KJ* +/\'u>

(r €+ Mgz = 555) M

G, p) =
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Since G(¢, ) is decreasing in ¢ and yu, and since k' > x? and p! > p?, inequality G(k!, ul) <
G(k?, %) holds.

Proof of Proposition 10: We first show Condition (25). This condition can be written as

vo(K') = vy (k") = [Py (k) (v5 (k) — vy(r)) + (1 = Py(k))vy]

& (L= B(r)(vo(k) — vy(k) — v5) = vy (k) — vy(k) — (v (w") —vy(K")).  (69)

To show that this equation holds, we use equations (64)-(66). Combining equations (64) and
(65), we find

() — vy = O LA M) (4 i) — ] @ (7o)
O T (e ) (R A M)

4
z

which for x = ' simplifies into

i i il i d (’ii + Au Zz) X
UO(K’ ) - vb(K/ ) = - = 4 7 11+ iz ° (71)
ror(r+s +)\,ubl+z+)\,usm)

Equations (66) and (70) imply that

(r+ K"+ \ul)
r ko Ad) (74 R A+ i)

v, (K) — (k) — 0§ = (

)

and equations (70) and (71) imply that

r(k' — k)
r(r+ K+ Aub) (r—i—/fi—i-/\uiﬁ—i—/\,uglj )

vo(1) = (k) — (v (k") — vj (k")) =

Equation (69) is thus equivalent to

1 — P(k)

- (r+s"+ ) > 1. (72)

To show that equation (72) holds for S large enough, we determine the asymptotic behavior
of pi. Equations (1) and (3) imply that

[ SE(k)
= ——d 73
= [ s (73)
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and equation (6) implies that

# LS F (k) :
s27 AV L=, 74
/e' wlw ) )

where ¢ denotes the minimum switching rate of a buyer in market i (i.e., £! = x* and £ = k).

Adding equation (74) for i = 1 to the same equation for i = 2, and using equation (26), we
find

" SE(k) ~ SF(k) L
- dk — d = (. 75
/wﬂug " / PV R (7)

Suppose now that ! goes to a finite limit when S goes to co. Equation (75) implies that u? is
of order S, and equation (73) implies that g is of order S and p? is of order 1. Equation (23)
then implies that v} (k*) goes to zero and vZ(k*) goes to x/(r+£*) > 0, which is inconsistent

with vi (k*) = v2(k*). Therefore, u’ must go to oo when S goes to oo, and

K Sﬁ(y)d Kk £
) i Ay L F(y)d
Pg(m) _Je oyt - fg (y) ?/.

Kl SF Kt o~
w2y [ Fy)dy

Equation (72) thus holds for S large enough if the function

1 f:l a (y)dy

K=k [T F(y)dy

Li(k) =

is bounded away from zero for k € [(*,x']. This follows because L' is continuous in the

compact set [¢%, k'] (it can be extended by continuity for x = '), and is strictly positive

since F'(k) > 0.
2 _

We next show Condition (C). From the definition of x’, we have u! = p? = p,. Using

equation (64), we can then write inequality vi(r') < vZ(k') as

PR+ M — S r bR A — S

Itz 4z _ Itz 1tz
r+%+ )\uéliz—{—)\usliz T+/€/+)\/L§1iz+)\usﬁ
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Simple algebra shows that this equation is equivalent to

Mpy = pip) = (r + & + Ag) > (R = &) (r + &' + M. (76)

z
1+=2
To show that equation (76) holds for S large enough, we determine the asymptotic behavior

of ps and pj. For pl = p? = pg, equation (75) becomes

" SF(k)
- d 2 s — U,
/}i P K+ 20 0

and it implies that

S [T F(k)dk
ps ~ | —E—.

Equation (73) then implies that

[ [ Pl
AT F(k)dk Je

Therefore, the LHS of equation (76) is of order

S j - ( / iF(/ﬁ)d/—i . / . ﬁ(ﬁ)dﬁ) , (77)

while the RHS is of order v/S. Equation (76) thus holds if the term in parenthesis in equation

(77) is strictly positive. Since ps goes to oo when S goes to oo, equation (74) implies that

k' goes to a limit such that

Therefore,
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