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Abstract

We examine the role of money and monetary policy when competitive banks face
a systemic liquidity shock. Banks cannot provide a deposit contract contingent on
the systemic liquidity shock, and introducing money to the economy allows banks
to provide a nominal deposit contract that leads to state-contingent real
consumption for depositors while resulting in over-competition among banks at
the same time. Monetary authority can always improve the depositors’ welfare
through providing liquidity to the banks with liquidity shortage, however, an
opposite operation of extracting liquidity from the banks with liquidity shortage
can eliminate over-competition among banks ex-ante and thus help the economy

to achieve the social optimal allocation.
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I. Introduction

The role of money in modern theory of finance is largely under-explored.
Standard role of money as a medium of exchange studied by Kiyotaki and Wright
(1989, 1993) seems to have little relevancy to financial activities. He et al. (2005,
2008) assume bank deposits are a safer medium of exchange compared with cash,
and study the substitutability and complementarity between inside money and
outside money while neglecting the other roles of banks. Pioneering work by
Diamond and Rajan (2006) proposes a new role of money in a banking system
that nominal deposits offer banks a hedge against real supply shortage, and in
their model, banks do not have to liquidate long-term real investment as much as
in the economy without money as the price level adjusts to absorb some excess
demand. In this paper, we study a model of competitive banks facing systemic
demand shocks. In our model, equilibrium prices adjustments yield
state-contingent real consumptions for depositors, but banks over-compete for
depositors, and this leads to welfare loss to depositors. To suppress
over-competition among banks ex-ante, the optimal monetary policy might

involve extracting liquidity from banks facing liquidity shortage.

We study the classic model of Diamond and Dybvig (1983) with systemic
liquidity shock, that is, the portion of depositors with liquidity need is uncertain.
Under the social optimal allocation, depositors consume different amount of real
goods contingent on the realization of the systemic demand shock. However, the
usual deposit contract cannot be state-contingent in reality, and banks have to
make the same payment no matter whether the liquidity shock occurs or not.
Therefore, the demand contract cannot achieve the social optimal allocation. At
the same time, we assume banks cannot terminate long-term loan contracts or

long-term real investment, and therefore, banks have to leave enough liquidity in



their balance sheet to be solvent when they face systemic liquidity shocks.! With
the solvency requirement, banks leave enough liquidity in the vault to meet the
demand shock with less long-term investment, but banks make a profit when the
liquidity shock occurs as there are fewer patient depositors whom banks need to
pay more. We can show that competitive banks make non-zero positive profits as
they cannot offer deposit contracts contingent on the liquidity shock. Positive

bank profits further reduce the depositors’ welfare.

When we introduce money in the economy, though the nominal payment of
deposit contract is the same, the real goods consumed by depositors can be
different depending on the realization of the liquidity shock. The price mechanism
can change the goods allocation between depositors and banks, and smooth the
goods allocation between the impatient depositors and the patient depositors. We

call these effects “redistribution effect”.

The separation of money and real goods make the banks less constrained in
competing for depositors. Without money, if banks pay too much to the impatient
depositors, banks have to cut down their real investment. With money, even if
banks pay a large amount of money to the impatient depositors, banks can still get
enough money to pay the patient depositors by selling proceeds from long term
investment. Then introducing money entails over-competition in the economy,
that is, in order to attract depositors, banks pay too much in nominal term to the
impatient depositors who withdraw early. With over-competition, when the
liquidity shock occurs, more impatient depositors compete for a limit amount of
real goods despite that they get a large payment in nominal term while banks and

fewer patient depositors consume the rest. Therefore, over-competition brings

1This liquidity requirement is consistent with the banking system regulation environment nowadays. Basel III introduces
several new liquidity requirements. Among them, the liquidity coverage ratio (LCR) acts as a short-term liquidity
requirement, which requires that banking organizations should maintain sufficient liquid assets to cover the liquidity need
over a 30-day stress period. Other regulation requirements such as net stable funding ratio (NSFR) supplements LCR and
propose other liquidity requirements.



unbalanced real goods consumption between the impatient depositors and the
patient depositors and increases bank profits, thus causes welfare loss to

depositors. Over-competition reduces the positive effect of money.

In general, money may not help the banking system with a systemic liquidity risk
achieve the social optimal allocation, and we find that a marginal monetary policy
operation in the conventional direction can improve the positive effect of money
and thus can always improve the social welfare. Conventional direction means
that the central bank injects liquidity into the economy when banks face liquidity
shock, or extract liquidity from the economy when the liquidity of the banking
system is abundant. However, this conventional monetary policy operation cannot
achieve the social optimal allocation. Nevertheless, an unconventional monetary
policy may promote the economy to the social optimal allocation. That is, the
central bank extracts liquidity through a high interest rate from banks when they
face liquidity shocks. This monetary policy works because the high interest rate
makes banks pay less to the impatient depositors and deposit the extra cash at the

central bank, which suppresses the over-competition problem in the economy.

The key difference between our paper and Diamond and Rajan (2006) is that there
is no competition among banks and prices and interest rates are very much
exogenous in their paper. We show in this paper that competition might kill the
positive welfare effect of money, and the optimal monetary policy may be
counter-factual. Another important difference is that banks in our model are
“monetarized” as they take nominal deposits and only keep cash in the vault, and
banks cannot store real goods or liquidate long-term investment. With this type of
“monetarized” banks, the welfare effect of price mechanism is different from
Diamond and Rajan (2006). In our paper, the price mechanism can adjust the
goods allocation between depositors and banks, and between the impatient

depositors and the patient depositors. In Diamond and Rajan (2006), the price



mechanism can reduce early liquidation of long-term investment, thus improve

economic efficiency.

Our paper is related to three strands of existing literature. The first one is about
the role of money and monetary policy in the economy. Keynesian economists
claim that money influences the economy mainly through affecting interest rate
and real investment, (See Hicks (1937) and Hansen (1949, 1953)). The major
view of later monetarism led by Friedman (1948, 1959, 1970) is that variation in
the money supply has major influences on national output in the short run and the
price level over longer periods. Samuelson (1958) declares that money is a tool to
promote the transactions between generations. New classical economics
pioneered by Lucas (1972, 1975) and Sargent and Wallace (1975, 1976) claims
that the money’s effect on real economy is originated from the wrong cognition
resulted from information asymmetry. Some economists make efforts to
incorporate money into the real business cycle model developed by Kydland and
Prescott (1982), and they focus on the role of money in promoting transactions.
These studies use the money—in-utility model first developed by Sidrauski (1967)
and the cash-in-advance model (See, for example, Clower (1967), Lucas (1980)
and Stockman (1981)). However, the role of money interacting with the financial

system is not well acknowledged in these macro-economic models.

The second strand is the literature on the bank’s role as liquidity intermediaries. In
Diamond and Dybvig (1983), banks offer insurance against idiosyncratic
preference shocks. Qi (1994) extends Diamond and Dybvig’s model into an
overlapping generation model to discover banks’ liquidity creation role under a
dynamic framework. Diamond and Rajan (2001) argue that banks can resolve the
liquidity problems that arise in direct lending by enabling depositors to withdraw
at low cost, as well as buffer firms from the liquidity needs of their investors.

Kashyap et al. (2002) argues that the provision of liquidity on demand may be the



key factor which ties together the commercial banking activities of deposit taking
and lending. In this paper, we analyze the role of money and monetary policy

interacting with the liquidity role of banks.

The third one is the literature of bank competition and the efficiency of banking
system. Some are about the relationship between competition and credit supply.
Peterson and Rajan (1995) shows creditors are more likely to finance
credit-constrained firms when credit markets are concentrated, and competition
may lead to inefficient relationship lending. Shaffer (1998) shows that since the
screening technologies of banks may not be that accurate, the average quality of a
bank’s pool of borrowers declines as the number of competitor increases.
Marquez (2002) argues that more competing banks reduces banks’ screening
ability, leading to an inefficiency as more low-quality borrowers get financed.
Park and Pennacchi (2009) claims that market-extension mergers by large
multi-market banks will promote loan competition while reduce retail deposit
competition, which harms depositors but help borrowers. Acharya et al. (2012)
studies the inefficiency originated by the imperfect competition in the inter-bank
market. There are also debates about the relationship between competition and
financial stability, traditional view is that competition reduces banks’ franchise
values and increases the risk-taking behavior (See, for example, Furlong and
Keeley (1989), Keeley (1990)), while some recent literature claims that
competition promotes borrowers’ incentive to choose safer investments, so
competition may lead to a safer banking system or have a U-shape relation with
financial stability (See, for example, Boyd and De Nicol6o (2005) and
Martinez-Miera and Repullo (2010)). In our study, introducing money into the
banking system exacerbates the competition among banks and reduce the

depositors’ welfare.



The rest of the paper is organized as follows. In section II, we illustrate the
framework of the model. In section III, we characterize the social optimal
allocation and the competitive equilibrium without money as the benchmarks. In
section IV, we introduce money to the economy, and study the properties of
competitive equilibrium. In section V, we examine the role of monetary policy.

Section VI concludes.

I1. The Model Setup

Consider an economy of three dates (0, 1 and 2) with a continuum of depositors
and a continuum of banks. Each depositor is endowed with one unit of real goods
and one unit of money at date 0. Banks have no endowments, and banks take
money deposits from depositors with a promised payoff at date 1 and 2. Banks
have a production technology where investing one unit of real goods at date 0
leads to a payoff of R unit of real goods at date 2 definitely with R > 1, and
banks use the money to buy real goods to make the long-term investment.! If one
unit of project is liquidated prematurely at date 1, then the bank can collect a
residual value of VR, and we assume v is very small, and banks will never
liquidate any projects. Depositors have a saving technology for real goods with
zero return, and they save their money in banks and get money payment when
they withdraw. Banks invest all the goods they purchase, and, therefore, banks are

“monetarized” in the sense that they do not keep any real goods in the vault.

Depositors are homogeneous at date 0, and each depositor faces a risk of being
impatient type or patient type realized at date 1. At date 1, each depositor learns

his type. The impatient depositors only get utility from consumption at date 1,

1This is equivalent to assuming that banks lend cash to firms, and firms make the long-term investment while banks get all
the proceeds. However, to simplify the model setup, we assume the banks make the investment directly, we do not
explicitly have firms in the model.



given by U(C;). The patient depositors only obtain utility from consumption at
date 2, given by U(C,). U(-) is twice continuously differentiable, strictly
increasing and strictly concave function and satisfies Inada conditions, that is,
U'()>0and U"(:) <0, U'(0) =+ and U'(0) = 0. As in Diamond and
Dybvig (1983), we also assume that the relative risk aversion is greater than 1,

cu''(c)

that is, — 00

> 1. However, depostior preference shock has a systemic

component, which is different from Diamond and Dybvig (1983) where there is
only idiosyncratic preference shock to depositors. In our model, the probability of
turning impatient for each depositor may suddenly increase at date 1. At date 0, it
is public information that with probability 1 — 8, there is no systemic liquidity
shock, and the proportion of the impatient depositors is A; at date 1, and with
probability 6, the systemic liquidity shock occurs, and the proportion of the
impatient depositors is Ay > A; at date 1. We assume Ay and A; are not very
large, and this assumption is consistent with what we observe in the data and

simplifies our analysis.

At date 0, depositors save their money endowment as well as the proceeds from
selling some of their real goods endowment in banks.! The impatient depositors
will consume their own un-sold real goods at date 1, and probably buy some
goods from the patient depositors to consume. If the patient depositors own some
goods at date 1, they can either sell them to the impatient depositors at date 1 or

store them until date 2.

Depositors not only obtain utility from real goods consumption, but also they get
utility directly from cash-holding after they consume. One unit of cash provides a
fixed amount of utility of & and the utility obtained from cash is linear. Therefore,

holding M unit of cash can bring Me unit of utility. This residual value of money

1We only look at the equilibrium in which depositors deposit some money in banks, but there does exist some
equilibrium in which depositors keep all their money in hand.



captures the role of money as a store of value, and this assumption is necessary
for the role of money as a medium of exchange in our model of finite horizon,
otherwise, no depositors would hold money ex-ante and trade will not happen.
The linearity assumption on the value of money makes the total utility of the
depositors derived from holding cash a constant, and we will only look at the
welfare of the depositors derived from real goods consumption to compare with
that of the social optimal allocation and in the economy without money. Thus the

role of money is “instrumental” for welfare comparison.

Banks are risk neutral and get utility from real goods consumption, but they do
not get utility from cash-holding. With this assumption, the equilibrium outcome
would be that banks consume some real goods at date 2 with all the cash going
back to the depositors. If a bank doesn’t fulfill his contracts at any date, the bank
will suffer a large welfare loss, and, as a consequence, banks will always prepare

enough liquidity to fulfill all the payment obligations.
The time line of the economic activities is as follows.

Date 0: Banks offer deposit contracts to depositors, and depositors deposit y units
of money in a bank with the best contract. Banks use money buy [ unit of real
goods from depositors at price P, and invest them into projects. At the end of
date 0, each depositor holds 1 + Pyl — y units of cash and 1 — I units of goods.

Each bank has y — Pyl units of money and a project with I unit of investment.

Date 1: Depositors’ preference shocks are realized. The impatient depositors
withdraw their deposits from banks, consume their own real goods 1 — 1, and
buy some real goods from the patient depositors. The impatient depositors get
utility from the remaining money at the end of date 1, and they leave the economy
after date 1. The patient depositors sell some of their real goods to the impatient

depositors in exchange for money at date 1.



Date 2: The return of long-term investment is realized. The patient depositors
withdraw their deposits from banks. Banks sell some of their real goods in the
market and use the proceeds to make the nominal payment. The patient depositors
consume the real goods and get utility from the remaining money at the end of
date 2. The real goods left in banks become banks’ profits and are consumed by

banks. Then the economy closes.
Remarks:

(1) At date 0, depositors can get additional money by selling real goods to banks in
the market, and, therefore, the total amount of deposit held by each depositor may

exceed one.

(i1) At date 2, banks do no derive utility from holding money, therefore, they will
sell just enough investment output to pay off their nominal liabilities to the

depositors, and they consume the rest of the real goods.

Before we characterize the competitive equilibrium for the model with money, we
first analyze the social optimal allocation of this economy and the equilibrium
without money for welfare comparison. With our assumptions on money and
banks, we will only compare the utility of depositors derived from the real goods

consumption, and the role of money and banks are instrumental.

II1. Social Optimal Allocation and Real Deposit Contract
A. Social Optimal Allocation

We will first analyze the social optimal allocation. The social planner allocates
different amounts of goods to depositors in the normal state (4;) and the liquidity

shortage state ( Ay ). Denote the depositors’ consumption bundle as

{cH,c¥, ck,cky, where €] denotes the real-goods consumption of the impatient



depositors in A; case, and Czj denotes the real-goods consumption of the patient

depositors in 4; case, with j = {H,L}.
The social planner solves the following maximization problem:

max O, U(C) + (1= 24,)U(CH]+ A= O[AU(CH) +(1=2)U(C))]

(.. cff .o .y By S
st A,Cl<(1-p,)(1-1)
(1-4,)C <RI+ p,(1-1)
A,CH<(1-B)1-1)
(1-2,)Cy <RI+ B,(1-1)

Here, Sy denotes the proportion of real goods saved at date 1 and transferred to
date 2 in liquidity shortage state, and [5; denotes this proportion in the normal

state. Later we will see, in the optimal allocation we have Sy = 0.
The following proposition characterizes the social optimal allocation.

PROPOSITION 1: Let Ip=1—-2)/(AQgR+1-2y) , I, =(1-21)/
(ALR +1—4;), then the social optimal investment Iz is either the optimal
investment in the region [I,I,] or the optimal investment in the region [I,,1],
whichever gives a higher expected utility for depositors. Moreover, (i) if Iy <
I;p < I, the optimal allocation is CH = (1 —I;g)/Ay, C& = RI:z/(1 — Ay),
Ct =RIjg+1—1Iig, Ck=RIljg+1—1Ijg; (ii) if I, <Ijg <1, the optimal
allocation is CH = (1 —1I}g) /Ay, CH =RIL;z/(A—Ay), CE =0 —-1;5)/2,,
C7 = RIip/(1—2y).

PROOF: See Appendix.H



Intuitively, if the investment level at date 0 is too high, then the impatient
depositors will consume too little at date 1 in the liquidity shortage state as
long-term investment cannot be liquidated, but if the investment level at date O is
too low, then the high return investment opportunities are wasted even though we

can save goods for the patient depositors to consume at date 2.

If the investment level is not too high and in the region [Iy,1I;], then allocating
all the real goods to the impatient depositors at date 1 in the normal state cannot
be optimal as the impatient depositors consume more than the patient depositors.
Therefore, it is optimal to save some real goods for the patient depositors to
consume at date 2, and let the consumption of the impatient depositors and the
patient ones be the same in the normal state. In the liquidity shortage state, it is
optimal to allocate all the non-invested real goods to the impatient depositors at

date 1 while allocating all the investment return to the patient depositors at date 2.

If the investment level is high and in the region [I;, 1], then allocating all the real
goods at date 1 directly to the impatient depositors always leads to a smaller C;
than C,, and the optimal allocation is distributing all the resources at date 1 to the
impatient depositors and all the resources at date 2 to the patient depositors in
both the liquidity shortage state and the normal state and no real goods will be

saved from date 1 to date 2.

If the optimal investment is in the region [Iy, I, ], then the gain from consumption
smoothing between two type of depositors (the smoothing effect) is greater than
the gain from investing more and increasing total amount of real goods (the
wealth effect). If the optimal investment is in the region [I;, 1], then the gain

from the wealth effect is greater than the gain from the smoothing effect.

We can show that when the gap between Ay and A; is small, the optimal

investment is always in the region [I;, 1]. The extreme situation is A5 = A,, and



the model degenerates to the case with a single A, which is identical to Diamond
and Dybvig (1983). In their model, all the real goods 1 —1 at date 1 are
allocated to the impatient depositors and all the long-term investment return are
allocated to the patient depositors. In this paper, we will focus on the situation
where Ay and 4, are close and the optimal investment is in the region [I;, 1],
that is, there is no real goods transfer between two dates in social optimal
allocation so that our results can be comparable to previous literature. This
assumption also simplifies our analysis. In addition, the economics and the major

results when Ay and A; are not close are basically the same.
B. Competitive Equilibrium with Real Deposit Contract

Now we begin to discuss the competitive economy without money as another

benchmark case to compare with the economy with money.

Depositors deposit their real goods at banks, and banks directly invest goods in
projects. Banks cannot offer a deposit contract with payments contingent on the
demand shocks, and they have to pay the same amount of real goods in the
liquidity shortage state and the normal state. For each unit of real goods deposits,
depositors can get D unit of real goods payment if they withdraw at date 1, and
get DX unit of real goods payment if they withdraw at date 2. Denoting the real
consumption bundle in this economy as {CIR, CHR CER CLR} where superscript
R represents the economy with “real” deposit contract, we have CfiR = CfR =

DR and CHR = CIR = DE,
The time line is as follows.

Date 0: Banks offer deposit contracts to depositors, depositors choose the bank
that offers the best payoffs. If banks offer the same contracts, depositors randomly

pick one to make deposits. Then banks decide their optimal investment I and



keep the remaining goods 1 — [ in hand to satisfy the possible liquidity need at
date 1.

Date 1: Depositors’ types are realized. The impatient depositors withdraw their

deposits and consume.

Date 2: The patient depositors withdraw their deposits and consume. The
remaining real goods held by banks after all the deposit contracts are paid off

become the banks’ profits.

Since the market is competitive, all the banks will offer the contracts which
provide the highest expected utility at date 0 to depositors under the budget
constraints. Then if some contracts provide the same expected utility to depositors,

banks will choose the one that brings them the highest real-goods profit.

DEFINITION 1 (Competitive Equilibrium without Money): A competitive
equilibrium without money is a deposit contract {DR, DR} such that, (i) the
deposit contract is feasible, that is, banks are solvent in both the normal state and
the liquidity shortage state; and (ii) no banks have incentive to deviate to any

other feasible deposit contract.
Now we characterize the equilibrium deposit contracts in the lemma below.

LEMMA 1: In any symmetric competitive equilibrium, the equilibrium deposit
contract has the following properties:

(1) In the liquidity shortage state, the impatient depositors consume all the real
goods that are not invested at date 1, and we have AyzDR =1 —1.

(ii) The no bank-run condition needs to be satisfied, that is, DR < DX.

PROOF: See Appendix.H

The intuition behind Lemma 1 is quite simple. For part (1), if there are real goods

left in the vault of banks at date 1 in the liquidity shortage state, banks can always



improve the deposit contract by offering higher payoff at date 1 or offering higher
payoff at date 2 and investing more. Part (ii) is the no bank-run constraint, that is,
payment to the impatient depositors cannot be strictly larger than payment to the

patient depositors.

With Lemma 1, we can now simplify the banks’ optimization problem in a

competitive equilibrium as follows:

max  O[4,U(D{")+ (1= A,)U(D))]+ (1 -O)AU(D) +(1-2)U(Dy)]

{1.0{.D5 .}
s.t. A,DF=1-1
(1-4,)DY <RI
A,Df <(1-B)1-1)
(1-2,)D} <RI+ B,(1-1)
D <D}
where f3; is the proportion of real goods transferred from date 1 to date 2 in the

normal state.
Proposition 2 characterizes the competitive equilibrium without money.

PROPOSITION 2: In a symmetric competitive equilibrium without money, (i)

the equilibrium deposit contract is given by:

Il e RI, +(1—I;)—/1LD1R
A P-4, 1-4,

where the equilibrium investment, Iz, is given by the solution of the following
maximization problem:

max g4, U (D) + (1= 2,)U(DH]+ A= O[AU (D) +(1=4,)U(D;)]



R
5012 — 12 , D =1—I,D§ __ R (A-D-A4D
AyR+1-4, Ay 1-2, 1- 4,
and I is lower than the social optimal level, Irg, and (ii) banks make zero

profits in the normal state but make positive profits in the liquidity shortage state.
PROOQOF: See Appendix.ll

The intuition for positive bank profits is as follows. Banks leave abundant real
goods in the vault to provide enough liquidity when there is a systemic liquidity
shock, however, if the liquidity shock does not occur, there are more depositors
withdraw at date 2 and the extra goods saved at date 1 become inefficient ex-post.
It is easy to see that, the amount of total real goods banks pay to depositors in the
liquidity shortage state, AzDR + (1 — Ay)DZX, is strictly smaller than that in the
normal state, A, Df + (1 — A,)DX, as DR < Df and 1, < A4. Therefore, banks

can only make profits in the liquidity shortage state.

Besides under-investment, bank profits further reduce the welfare of depositors.
In the next section, we introduce money into the economy and the price
mechanism makes the real consumptions of depositors contingent on the systemic
liquidity shock, and this can reduce bank profits and change the equilibrium
investment level. However, allowing for nominal deposit contracts also brings

over-competition among banks, which reduces the welfare of depositors.

IV. Competitive Equilibrium with Money
A. Definition and Characterization of Competitive Equilibrium

By saving one unit of money in a bank at date 0, depositors can get DY units of
money if they withdraw at date 1, and they will get DY units of money if they

withdraw at date 2. Superscript N represents the economy with money



“nominal”). Denote the real-goods consumption bundle in the economy with
money as {CfN,CHN,CIN,CIiN} where the consumption of the impatient
depositors in the liquidity shortage state is C{™V, in the normal state is CfV, and
the consumption of the patient depositors in the liquidity shortage state is C4V, in

the normal stateis C:V. Denote the prices of the real goods in the economy as

{P,, PH,PL, PH, PLY where P, denotes the price of real goods at date 0, and P’
denotes the price of real goods in the 4; case at date m with j = {H,L} and
m = {1,2}.

DEFINITION 2 (Competitive Equilibrium with Money): A competitive
equilibrium with money is a collection of nominal deposit contract, {DX, DX},
real-goods consumptions, {CFN, CHEN CEN,CINY, and prices of the real goods,
{Po, P, P, P, P13}, such that, (i) the deposit contract is feasible, that is, given the
set of prices, banks are solvent in both the normal state and the liquidity shortage
state; (ii) no banks have incentive to deviate to any other feasible deposit contract;
(ii1) prices make the goods market clear at each date; (iv) no depositors have

incentive to change the amount of their deposits at date 0.

Before we characterize the equilibrium, we first derive some features of the
competitive equilibrium. We first claim that the price at date 1 will never be lower
than that at date 2. Otherwise, the patient depositors will always hold the real
goods to date 2 and no one will sell real goods at date 1, and cash will be useless
at date 1, which cannot be an equilibrium. We also know that as in Lemma 1 no
bank-run constraint needs to be satisfied in a competitive equilibrium. We

summarize these two results in Lemma 2 below.

LEMMA 2: In any competitive equilibrium, we have (i) the price at date 1 will
never be lower than that at date 2, that is, Plj > sz , j={H,L}; and (ii) DY <

DY,



PROOF: Omitted. W

In this paper, in order to address our main idea more clearly, we focus on the
equilibrium in which Plj > sz and DY < DY . The condition DY < D} is
consistent with the fact that depositors suffer some loss they withdraw
prematurely. The condition P1j > sz is consistent with the fact that the price first
significantly goes up during each recession with liquidity shortage, and then goes

down at the end of recession or after recession. Figure 1 shows the percentage

change of CPI in the U.S. from January, 1970 to November, 2015.
[Insert Figure 1 Here]

Moreover, in any equilibrium with Pf’ > P}’ and Pf > P}, our equilibrium
characterization is much easier, and in any such equilibrium, the patient
depositors will sell all of their goods at date 1 at a higher price, and the impatient
depositors will consume all the real goods that were not invested. We summarize

this result in the lemma below.

LEMMA 3: In any competitive equilibrium with Pl > P and Pf > Pk, the

impatient depositors will consume all the real goods that were not invested.
PROOF: Omitted. ®

Lemma 4 characterizes the equilibrium prices as a function of equilibrium

investment, real consumptions, deposit contract, and date-0 deposit.

LEMMA 4: Given banks’ investment I, date-0 deposit y, deposit contract DY
and DY , and real consumptions {CIN,CHN CIN CINY = define fF(I) =

u'(cN)(a-2p)(1-1)
Ay (1+PyI-y+DNy)

u'(cEN)(1-a)(1-1)
AL(1+PoI-y+DNy) °

and fL(I) =

and the equilibrium prices are

given by:



_ v

(i) At date 1, if s>j§”(1),P1H—T, and if e < fH(), PF =
An(1+pPyI-y+DNy) _ U'(cfN) . u'(ckN) .
oo S if e> fH(), Pt =—7= and if e < f*(D), P{ =
AL (1+Pol=y+DYy) _ U'(ctY)

a-2pa-n  — e

JN

(ii) At date 2, P = @ j={HL);

(i11) At date 0, P, solves the following equation
D' DY 2 o
Q[iHU(@)E+(1—@)U(C?)E]+(l @[&U(Gm)eﬁ(l ﬂz)U(CzLN)PzL]

U™ 1A e LB

1 1 P
P E'E]+(1—49)[ﬂzU(CILN)FO"‘(l—ﬂz)U’(CzLN)FO'E]'

PROOQOF: See Appendix.ll

The economic intuitions for Lemma 4 are as follows. Depositors trade in the
market to balance between the real goods consumption and the cash holding. At
date 1, when the value of money, &, is high, the impatient depositors will not
spend all their money and the marginal utility from real goods consumption is
equal to the marginal utility from cash holding, and price equals the impatient
depositors’ marginal utility of real goods consumption; when the value of money,
&, 1s low, the impatient depositors will spend all their money, and price is given
by the binding cash-in-advance constraint. However, at date 2, the patient
depositors will never spend all their money as banks do not hold cash at the
ending of date 2, and the price always equals the patient depositors’ marginal
utility of consumption goods. Date 0 price is solved from market clearance
condition, and at this price depositors want to sell the amount of real goods that

banks want to buy.

LEMMA S: Generically, in any competitive equilibrium, depositors either

deposit all of their money in banks or don’t deposit any money in banks at date 0.



PROOF: See Appendix.Hl

By Lemma 5, we know that, for any regular equilibrium in which depositors save
at least some money in the bank, there is no money left in the depositors’ hands at
date 0. At the beginning of date 1, each bank has 1 unit of cash in the vault after
spending some money buying the real goods from depositors for investment, but
each depositor owns more than 1 unit of deposit as he has also deposited the

proceeds from selling the real goods to banks in the market.

To further simplify our equilibrium characterization, we will focus on &’s range
where there is a unique equilibrium with P/ > P/ , j = {H,L}, and D} < DY.
Denote the equilibrium investment in the economy with money as I£, and it is
easy to check that the amount of deposit for each depositor at date 0 is then y =
1 + PyIE. We now characterize the equilibrium deposit contract, real consumption,

investment level and bank profits in Proposition 3.
PROPOSITION 3: There exists two cutoff values of ¢, € and €. For any ¢ in
the range [g, €], there is a unique equilibrium with Plj > sz , j=1{H,L}, P} >

PL and DY < DY, and we have in equilibrium:

. . . YRIE+1-21/2
(i) Banks offer deposit contract with DY = — and DY = M;
Any (1-2p)y

(ii) The equilibrium consumptions satisfy: CHN = (1 —15)/A,,CHN = (1 —
15y/A,, CIN =RIE/(1—21,), and CIN being the solution of following

equation:

V(€ NI A, )CN =12 {U( RI” JRIE +(1—i}9}

l_ﬂ’L 1_/11 H
(iii) There are two exogenous cutoff values, £ and &!, corresponding to

fHIEY and fL(IF) respectively, and we have:
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when & < ¢ < g, equilibrium investment I£ is the solution of the following

equation:

[91_2%(1—9)}13%:{91_% [1—i}1}130;
1-4 1-4

- H

L

when el <e< el [F

{91‘@ +(1—9)}1’2LR={0—1_/1H [1—iJ+9U'(1_—]]i+(1—9)}B>;
-4, 4

is the solution of the following equation:

-4 4, L, JP'e

1

when £ < e <éeh, IF

Hﬂ(l—i)+HU’(l_—lJ 11{ +
[el—ﬁH 1-2, Ay Ay )BE

+(1-6) |P'R = B;

1-2 ’ A (1-1) 1 ) ’
‘ (1-0)| ZLU'| —= |+ 1- 2=
A, \ 4, )P A,

(iv) Banks make zero profits in the normal state, and the banks’ profit in the

is the solution of the following equation:

liquidity shortage state is given by:

1-4, BRI*+1-2,/2,

H E
Ty, =RI™ —
’ 1_/1L PzH

PROOF: See Appendix.H

One of the important results in Proposition 3 is that, the price at date 2 in the
liquidity shortage state is higher than that in the normal case. The reason is that,
the prices at date 2 are proportional to the marginal utility of the patient depositors,
which is negatively related to the patient depositor’s real goods consumption.
There are fewer patient depositors in the liquidity shortage state, which increases
the consumption for each patient depositor. However, banks make positive profits
in the liquidity shortage state, and the total amount of real goods consumed by the
patient depositors is smaller than that in the normal state, which decreases the

consumption of each patient depositor. We show that when the relative risk
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aversion of depositors is greater than 1, the second effect is dominant, and the
consumption for each patient depositor is lower in the liquidity shortage state.
Here the banks’ profits can be understood as an insurance fee paid by depositors
for the preference shock. Therefore, if depositors are more risk averse, the
insurance premium is higher and banks make more profits, which leads to a lower
consumption for each patient depositor in the liquidity shortage state.

As we can see from Proposition 3 that, with money being introduced into the
economy, depositors’ real goods consumption are state-contingent as price adjust
with the liquidity shock, and banks make profits (in real goods) in equilibrium at
the cost of the depositors’ consumptions. However, in the lemma below, we can
actually show that, for any level of investment, we can always find a deposit

contract such that banks make zero profits.

LEMMA 6: Given the equilibrium prices and investment level, there exists a

deposit contract such that banks make zero profits.
PROOF: See appendix.

The zero-profit contract in Lemma 6 will be used as a benchmark to demonstrate

the over-competition problem which is addressed in the next proposition.

PROPOSITION 4 (Over-competition): In a competitive equilibrium, banks pay
all the money in the vault to the impatient depositors at date 1 in the liquidity
shortage state. Compared with the corresponding zero-profit deposit contract, the

equilibrium deposit contract pays too much at date 1 but too little at date 2.
PROOQOF: See Appendix.ll

With a zero profit deposit contract offered by banks, depositors will consume all
the real goods. However, the zero profit deposit contract cannot be the
equilibrium outcome, as with such a contract banks have some extra money left in

the vault after making the payment at date 1 in both the normal state and the
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liquidity shortage state, and a bank can deviate by either paying more at date 1 or
increasing investment at date 0 and offering a higher payment at date 2. Therefore,
competition drives banks to pay all of their cash at date 1 to the impatient
depositors in the liquidity shortage state. However, given the investment level,
paying more money to the impatient depositors at date 1 will not get them
consume more real goods at date 1, while the patient depositors getting paid less
at date 2. Therefore, the over-competition allocates some real goods to banks at
the cost of the patient depositors. If banks could pay less to the impatient
depositors (the early-withdrawal actions), and pay more to the patient depositors,

depositors will be better off ex-ante.

Before compare the nominal-cash economy and real-goods economy in this paper,
we state some comparative statics results regarding the relationship between

equilibrium investment and the value of money.

PROPOSITION 5: In the range of € < ¢ < ¢, the equilibrium investment is
increasing with the value of money, and there is under-investment when the value

of money is low.
PROOF: See Appendix.H

Proposition 5 tells us that with the value of money gets higher, equilibrium
investment also increases. With a low value of money, the impatient depositors’
have little incentive to keep some cash in hand at the end of date 1, and they
demand more money to buy real goods at date 1. As a result, at date 0, banks will

reduce his investment and hold more cash at date 1 to meet this demand.

However, there could be over-investment when the value of money is high. When
the value of money is high, the impatient depositors do not spend all their money

to buy real goods at date 1, and investing more will allow banks to pay more to

23



the patient depositors with a relatively small cut of the payment to the impatient

depositors.
B. Welfare Comparison

We now compare the depositors’ welfare obtained from real goods consumption
in the economy with money with that in the economy without money. Besides
money brings over-competition as we discussed above, similar to Diamond and
Rajan (2006), depositors get state-contingent real goods consumptions with the
price adjustment while their nominal deposit payments are not state-contingent.

However, the welfare effect of the price adjustment is uncertain.

First of all, introducing money into the economy can smooth the consumption of
depositors across preference shocks, and thus improve their welfare. Social
optimal allocation requires that the impatient depositors consume all the real
goods at date 1 both in the liquidity shortage state and the normal state. But in the
economy without money, real deposit contract cannot achieve state-contingent
consumption for depositors, and in the normal state, some un-invested real goods
at date 1 are saved and paid to the patient depositors at date 2. Therefore, in the
normal state, the patient depositors consume too much at date 2 while the
impatient depositors consume too little at date 1. After introducing money,
impatient depositors can consume all the un-invested real goods even in the
normal state, and the consumptions of the patient depositors and the impatient
depositors are more balanced in the economy with money, which increases
depositors’ expected utility at date 0. This is a redistribution effect between

patient and impatient depositors and this effect is positive.

At the same time, introducing money into the economy may change the real goods
allocation between depositors and banks. Banks make zero profits in the normal
state, however, there is possibility that banks’ profits in the liquidity shortage state

may be higher in the economy with money. On the one hand, as the price at date 2
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is higher in the liquidity shortage state than in the normal state, banks can get
higher income from selling investment output, which leads to a higher profit for
banks. With the zero-profit deposit contract, banks always have zero profit, but
with the competition among banks, the zero-profit deposit contract cannot sustain

in a competitive equilibrium, and banks make positive profits.

The redistribution effect has two components, redistribution effect between the
impatient depositors and the patient ones, and that between depositors and banks.
The first component is welfare improving for depositors, but the effect of the
latter one is could be negative for the welfare of depositors due to competition
among banks. The net effect of money on the depositors’ welfare may be positive
or negative depending on the utility function and parameter value, and we will

analyze these effects with some specific form of utility function.

Next we will use a specific utility function form to help us characterize the effect

of money on the depositors’ welfare derived from real goods consumptions.

PROPOSITION 6: When Ay and A, are close enough to each other and the
utility function of the depositors is U(C) =T — C~1, money can improve the
depositors’ welfare obtained from real-goods consumptions if and only if

A, [RA-0)-1[NR 1A, +1]

ek Oc > 0.

PROOQOF: See Appendix.ll

The intuition for the condition in the above proposition is as follows. When the
liquidity shortage state is more likely to appear, that is, 6 is larger, the
probability of banks making positive profits is higher as banks make positive
profits only in the liquidity shortage state, and this leads to a lower expected
payoff to the depositors. When money is more valuable, the equilibrium

investment is higher. Banks have more profits with higher equilibrium investment
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as this leaves more income from investment and thus more profit for banks at date
2 in the liquidity shortage state. Therefore, introducing money is more likely to
increase banks’ profits and lower the depositors’ welfare. When the investment
return, R, is higher, the gap between the impatient depositors’ consumption and
the patient depositors’ consumption is lager, the consumption smoothing effect
across preference shocks of the price mechanism is larger, and money has a

positive welfare effect.

For a clearer welfare comparison, we give a numerical example of our model. Let

14=0.16, 1,=0.155, 6=0.07, R=1.15, £=0.137 and U(C) =1 —C~1.

The social optimal investment, Irg, is 0.83525, and the expected utility of the
depositors is 0.11076. The equilibrium investment in the economy without money,
I, is 0.83055, which is lower than the social optimal investment, and there is an
under-investment problem. Banks’ profit in the liquidity shortage state is 0.0004
units of goods, the expected utility of the depositors is 0.11028, which is worse

than that from the social optimal allocation.

In the economy with money, the equilibrium investment, £, is 0.83530, which is
higher than the social optimal investment, and there is an over-investment
problem. Banks’ profit in the liquidity shortage state is 0.0218 units of real goods,
and the expected utility of the depositors is 0.11016, which is lower than the
expected utility in real goods economy. Therefore, introducing money into the
economy pushes up the investment, but banks’ profit in the liquidity shortage
state goes up significantly, and the welfare of the depositors goes down. The
prices in equilibrium are P,=6.575, Pf=6.991, PL=6.561, P =5.797 and
P2=5.732. The equilibrium contracts are DY¥=0.963 and DY=1.010, and the total
expected nominal payoff E[DN]=1.0025.
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V. Monetary Policy
A. Marginal Operation of Monetary Policy

After discussing money’s positive and negative role, a natural question is whether
we can use monetary policy to improve the welfare of the depositors? Here we
focus on the most common tool of monetary policy, open market operation. We
start the discussion of monetary policy by analyzing marginal operation. Marginal
operation means that the amount and the interest rate of open market operation are
both marginal. Under marginal monetary policy operation, the central bank also
acts as a price taker, and the prices in the economy will not be influenced. The
following proposition illustrates that what kind of marginal operation can improve

depositors’ welfare.

PROPOSITION 7: The central bank can improve the depositors’ welfare derived
from real-goods consumption with either one of the following marginal
operations:

(1) In the liquidity shortage state, the central bank provides liquidity to banks
through reverse repo operation at date 1, and banks pay back the principal and
interest to the central bank at date 2;

(i1) In the normal state, the central bank extracts liquidity from banks through repo
operation at date 1, and pay the principal and interest to banks at date 2.

Moreover, the operation in the liquidity shortage state is more effective.
PROOQOF: See Appendix.ll

The monetary policy in the above proposition is consistent with the usual
monetary policies in reality. In the liquidity shortage state, banks’ liquidity at date
1 improves while their profit at date 2 reduces. In the normal state, banks’

liquidity at date 1 reduces while their liquidity at date 2 increases, which relaxes
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their binding constraint at date 2, and competition will drive banks to offer higher

deposit payments to the depositors, which reduces the banks’ profits.

The marginal monetary policy operation in the liquidity shortage state has two
effects to improve depositors’ welfare. Firstly, banks need to pay off the loan
from the central bank at date 2 in the liquidity shortage state, which reduces banks’
profit. Secondly, banks have more liquidity at date lin the liquidity shortage state,
which allows banks offer a higher date 1 payment to the depositors, and this
increases the bank liquidity in the normal state at date 2 and drives up the date 2
payment to the depositors while driving down the banks’ profits. The marginal
monetary policy operation in the normal state increases banks’ liquidity at date 2

in the normal state so it only has the second effect.

If the central bank conducts open market operations only in the liquidity shortage
state, the central bank has a net cash income. If the central bank conducts open
market operations only in the normal state, the central bank has a net cash
payment. Central bank can operate in both states to keep the expected money

growth being zero.
B. Optimal Monetary Policy

Though marginal monetary operation can always improve the depositors’ welfare
derived from real goods consumptions, but it may not result in the social optimal
allocation. In this section, we characterize the optimal monetary policy that leads

to the social optimal policy.

PROPOSITION 8: The optimal monetary policy that leads to the social optimal

allocation must have the following features:

(1) The central bank issues a bond to banks at date 1 and repay the bond at date 2
in the liquidity shortage state, and the central bank does nothing in the normal

state;
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(i) The bond interest rate ip in optimal monetary policyis the solution of the

following equation.

HU'(lRIZB JRJr(l—H)U'(lR]—ZBJR:(1—0)]’;5+9[?’;(]+i3)+/1HiB;~xl}g

;4 L

and x; is the solution of the following equation system.

[Ayx, + (= 2,)%, | =B, (1+iy) + B R—Aiy y-x,

[/1Lx1 +(1_/1L)x2])::_i);+;)22R

where I is the social optimal investment, P, F/’ZT{ , and I/JZT are the equilibrium
prices under the social optimal investment, and ¥ is the total nominal deposit at

date 0, that is, § = 1 + P,l;p.
PROOF: See Appendix.H

Notice that if the central bank wants to implement a monetary policy which can
promote the economy to the social optimal allocation, the direction of monetary
policy operation is different from the usually one in reality. In the competitive
equilibrium without central bank intervention, as banks make positive profits in
the liquidity shortage state and the impatient depositors consume the same amount
of un-invested real goods in total at date 1 in both states, the patient depositors
consume less real goods in total at date 2 in the liquidity shortage state than in the
normal state. At date 2, we must have PH > P} as the patient depositors own
more money with more impatient depositors buying goods at date 1 while the real
goods consumption is smaller in the liquidity shortage state. Under the social
optimal allocation, banks make zero profits. Since the number of patient
depositors is larger in the normal state, then each patient depositor consumes less

real goods and the marginal utility of goods consumption is higher in the normal
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state, then we must have 132’7 < 1/32I . Therefore, under the social optimal allocation,
banks have higher income from selling the investment output at date 2 in the
normal state than in the liquidity shortage state, which is the opposite to the
outcome of a competitive equilibrium. To achieve the social optimal allocation,
the central bank needs to extract liquidity from banks at date 1 and give back
liquidity to banks at date 2 in the liquidity shortage state.

Another important difference between the optimal monetary policy and the
marginal monetary policy is that now the central bank can only operate in the
liquidity shortage state. Operation in the normal state is invalid. If the central
bank lend to banks at date 1 and banks pay back loans at date 2 in the normal state,
banks have more liquidity at date 1 in the normal state, but banks cannot increase
their date-1 payment, DV, to the impatient depositors as the date-1 budget
constraint for the banks will be violated in the liquidity shortage state. So banks

cannot benefit from borrowing from the central bank in the normal state.

The interest rate of central bank intervention is derived from the banks’
no-deviation condition. When the monetary policy operation is marginal, banks
don’t have incentive to deviate to change investment. The optimal monetary
policy is not a marginal operation, and banks may have incentive to deviate. If the
interest rate of bond is too high, banks may want to cut investment and hold more
cash to buy the high interest rate bond at date 1. If the interest rate of bond is too
low, banks may want to increase investment and borrow money from the central
bank at date 1. With the interest rate given by proposition 8, banks have no

incentive to deviate.

We now give a necessary and sufficient condition under which the social optimal
allocation can be achieved with the optimal monetary policy stated in proposition

9.
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PROPOSITION 9: Under the optimal monetary policy, banks will offer a deposit

contract {DT’ ,EZ" } as follows:

A=A 1=, T T
B BRI B R G DS
DIN: — —4 , évzz FB+_AL1y
Ay =2, . ) -4,y
+ A1 L
( 1_ﬁ“L HBJy

where I is the social optimal investment, P, 152’\1 , and 1322 are the equilibrium
prices under the social optimal investment, andyis the total nominal deposit at

A~

date 0, that is, § = 1 + Pyl;z. The social optimal allocation can be achieved if
and only if A4DN9 = PF(1—2,)(1 —Ii5) and A,DV9 > PE(1—2,)(1 -
Izp).

PROOF: See Appendix.H

To achieve the social optimal allocation, the optimal monetary policy needs to

make the impatient depositors consume all the un-invested real goods, 1 —I. If

EZV is too small, the impatient depositors own too little money, and the patient

depositors will not sell all their real goods to the impatient depositors. The two

conditions in the above proposition ensures that 5{\\’ is large enough for the
impatient depositors to consume all the un-invested real goods in both the

liquidity shortage state and the normal state.

The optimal monetary policy suppresses over-competition in the economy by
extracting liquidity from the banking system at an attractive interest rate at date 1
in the liquidity shortage state, and it eliminates banks’ profit and promotes the
economy to the social optimal allocation. Now banks save some money at the
central bank instead of paying all the money to the impatient depositors at date 1,

and banks can pay more to the patient depositors at date 2.
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One implication of the optimal monetary policy is that the aggregate money
supply in the economy is growing. Since the central bank can only operate in the
liquidity state, the expected money growth rate is positive. Another implication is
that, of the yield curve is upward sloping as the interest rate between date 1 and
date 2 is positive due to the central bank intervention in the liquidity shortage

state.

Finally, we will analyze the optimal monetary policy with a numerical example.
Using the same parameters as in the previous section, we can calculate now the

equilibrium interest rate of the bond is 107.9%, which is very high. Banks will
offer a deposit contract with 5? = 0.908 and 5;\’ = 1.019. Depositors will
deposit ¥ =6.493. The equilibrium prices are Py=6.577, Isfl=6.811, @26.559,
PH=5.666 and PF=5.733. With 1,DN9=0.943, 1,DN¥$=0.913 and PJ(1 -
An)(1 — Izg) =0.784, f’;(l —A)(1 —Iz) =0.798, the conditions AH@? >
152?’(1 —Ag)(1 —I5g) and ALD/{\Vﬁ > 1322(1 — A;)(1 — Izp) are satisfied. So the

social optimal allocation is achieved by such a monetary policy.

VI. Conclusion

This paper illustrates the role of money and monetary policy when banks are
competing with each other given a systemic bank liquidity shock. We first show
that depositors’ welfare cannot be social optimal in the economy without money
as the real deposit contract cannot be state-contingent. When we introduce money
into the economy, the real goods consumptions become state-contingent as price
adjusts, but there is also over-competition among banks which reduces the welfare
of depositors. We then show that marginal monetary policy in the conventional
direction can always improve depositors’ welfare but cannot achieve the social

optimal allocation. However, an unconventional monetary policy may be
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implemented to promote the economy to the social optimal allocation.
Implementing the optimal monetary policy requires the central bank completely
knows the parameters of the economy. However, marginal monetary policy can
still always improve the depositors’ welfare. Therefore, if the structure of the
economy is not fully understood, maybe a more conservative marginal monetary

policy in the conventional direction is appropriate.
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Appendix
PROOF OF PROPOSITION 1

Note that all the constraints must bind in the optimal solution. Therefore, we have

crn=4=B,)1=1) C2H:R1+,BH(1—I) CIL:(I—ﬂL)(l—I), CZL:RH,BL(l—I)

: Ay -4, A, 1-4,

Substituting the above equations into the optimization problem, we can derive the

first order conditions with respect to I, Sy and Bj:

For I:
9[—(1 —ﬂH)U'(wj +(R —ﬂH)U'[WH N
Ay 1-4,
(A1)
( —9)[—(1 —ﬂL)U’{w} (R —,BL)U’[WH 0
A 1-4,
For g,:
(A2) 0[—(1 —I)U’(WJ +(1 _I)U'[WH —0
Ay 1-2,
For p,:
(A3) (1—0){—(1 -IU (%) +( —I)U'[Wﬂ =0

With the strict monotonicity of U'(+), (A2) and (A3) imply:

(1=-D(-2)~ARI

(A4 / 1-1

. J=1{H,L}

which is subject to the constraint ; = 0 due to non-transferability from date 2 to

date 1.

As f; is decreasing in 4;, we have By < f, and the following results:
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A. When 0<pB, <pB,,wehave I<(1-24,)/(A,R+1-4,)=1,. With (A4), we
know C'=Cy =RI+1-1 and C'=C; =RI+1-1. At the investment level
I,, C'=C/'=RI+1-1 and C}=C}=RI+1-1.Butsince R>1, C,C/,

C},Cy are all strictly greater than the consumption under all investment level

I<1,.S0any I<I, will never be the optimal investment.

B. When 0=2,<p,, wehave I,<I<(1-1,)/(4,R+1-4,)=1,.Inthe 4,
case, C/' =Cy =RI+1-1 holds. In the A, case, there is no transfer between

two dates'. When 7, <I<1I,, directly allocating all the goods at date 1 to the

impatient depositors and all the goods at date 2 to the patient depositors implies

C/" <CJ . Therefore, transferring goods from date 1 to date 2 will expand the gap

between C and CJ

., which makes the consumptions less smoothed. So we

must have C" =(1-1)/ 4, and CJ=RI/(1-2,).

C. When g, =p, =0, we have TL <1 <1, by analogy, both in the A,, case and
the A, case, any real goods transfer between two dates would make
consumptions less smoothed. So the optimal allocation is C/' =(1-1)/4, ,
Cyl=RI/(1-4,),Cl =(1-1)/2,,Cs =RI/(1-1,).

Therefore, the optimal investment satisfies either 7, <I<1I, or I, <I<I,

whichever gives a higher expected utility of the depositors ex ante.

PROOF OF LEMMA 1

! For simplicity, we also call the liquidity shortage state as “the Ay case” and the normal state as “the A, case” in the
proof hereafter.
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(i) First, A,D <1-1 must be satisfied to make the contract feasible. Now we
consider a contract where there are some remaining goods under the A4, case at
date 1 (4,Df <1-1). As A, <4, , there will also be some goods left under the
A, case (4,Df <1-1I). A bank can increase investment from / to I+Al with
the solvency requirement still satisfied. This bank can keep D[ unchanged but
with a higher DJ. Then the real consumption at date 1, C/ and C/* remain
the same and the real consumption at date 2, C;* and C,* are strictly higher.

Thus any contract with A, D] <1—1 cannot be optimal.

(i) For any contract with D> Df,

a patient depositor can deviate by
withdrawing his deposits at date 1 and hold the real goods to date 2 then consume
them, he will be strictly better off comparing with withdrawing his deposit at date
2. So there is an incentive to deviate and bank run happens. This cannot be an

equilibrium.

PROOF OF PROPOSITION 2

We prove this proposition by two steps. In step 1, we prove banks always make
zero profits in the normal state and characterize the equilibrium investment. In

step 2, we show the equilibrium investment is lower than the social optimal level.

Step 1: from the banks’ optimization problem, we can get the banks’ budget

constraints for date 2’s payment as follows.

R
Dy < R ond Dy < Rt A=D=4D,
-4, -4 14
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in the A, case and in the A, «case, respectively. Combing with
Df =(1-1)/ A, obtained from Lemma 1, we know the second constraint is

equivalent to:

RI_ (=D)(1=4 /4
1-4, 1-4,

IA

(AS) Dy

These two constraints may not hold simultaneously. In the situation where banks’
budget constraint is not binding, banks do not deliver all the goods to depositors
and have profits.

The difference between Df <RI/(1-1,) s right-hand side and (A5)’s

right-hand side is:

Rl(ﬂ’H _ﬁL)_(l_ﬂ’H)(l_I)(l_ﬂ’L /ﬂ’H)
(1_AH)(1_AL)

(A6)

When 1>(1-4,)/(4,R+1-4,), we have (A6)> 0, which means the budget

constraint in the A, case is tighter and payment at date 2 should be

Df = RI + (A=NHA-4 /Ay) . The constraint in the A, case does not bind in
P-4, 1-2, "

general, so banks have profits in the A, case.

When I<(1-4,)/(4,R+1-4,), we have (A6)< 0, which means the budget

RI

constraint in the [, case is tighter. So the payment at date 2 is D =1 o
'

Banks have profits in the A, case.

However, (A6) <0 will never occur in the equilibrium. Because when
I<(1-4,)/(4,R+1-4,) , substituting [ into D =(1-1)/4, and

Dy =RI/(1-4,) leads to D> Dy

,, which contradicts with the no bank-run
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constraint D <D; . So this situation is precluded. Then the only possible
situation in the economy without money is that the budget constraint in the A,
case is tighter. Hence, the optimal investment and contract are determined by
corresponding constraints.

Banks’ profit in the liquidity shortage state is 1-7+RI—A,Df —(1-4,)D5,

which can be further expressed as:

l_/IH *
1-17
7, (1=1)]

1- 4,

(/IH _ﬂ“L)[R‘[; -

Step 2: Now we compare the optimal investment in the economy without money
(1) with the social optimal investment (7}, ). Depositors’ utility in the liquidity

shortage (4,,) state ((A7)) and utility in the normal (4,) state ((A8)) can be

written as:
(A7) 2,U(D)+(1-2,)U(Dy)
(A8) 2,U(DM+(1-2)U(Dy)

Starting from 7, , consider a marginal change of investment Al <0.

(a) After the change, the budget constraint in the A, case is still binding, so the

total resources allocated to depositors in the A, case (1,Df +(1—4,)D; ) remain

the same. But at the point of social optimal investment, we have:

*

1_1;‘3 <1_I;B < R]FB < RI;B +(l_1;B)(1_ﬁ’L/2’H)
Ay A, 1= 1-4, 1-4,
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which means the consumption in the A, case is no smoother than the social

optimal case. The decrement of investment increases D and decreases Dy,

which makes the consumption smoother and increase the utility of depositors.

(b) As for the utility change in the A, case in (A7), we know that the profit of

banks in the liquidity shortage state decreases with the decrease of 7, then a higher
portion of the real goods are consumed by the patient depositors at date 2.

Moreover, D increases and DJ decreases in this case, then the consumption
is smoother.

Therefore, at the social optimal level of investment, the decrement of Al has
two positive effects in the economy without money. So in the economy without

money, at the point of social optimal investment, banks have incentive to decrease

investment to attract depositors, and the equilibrium investment is less than the

social optimal investment, that is, 1, <1, .

PROOF OF LEMMA 4

(i) Here we derive the price at date 1 in the liquidity shortage state, and then we

can get prices at date 1 in the normal state by in a similar way.

At date 1, each impatient depositor withdraws DYy unit of cash from bank, buy
some goods and get some residual utility from remaining cash to maximize his

utility. The utility maximization problem is

max Ud+1-1)+(1+PI-y+D"y—-PB"d)e s.t.PlHdS/%
'H

where d denotes the demand for goods of this impatient depositor.

The Kuhn-Tucker conditions for this problem are:
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U'(d+1-I)-P"e—uP" =0
P"d<1+PI-y+D)'y u>0
HIB"d~(1+RI-y+D"y)]=0

(a) First we know there are two cases where P” has different forms according to

the discussion of the Kuhn-Tucker conditions. If B”d <1+ PI—y+ D)y, then

#=0 and P" =U'(d+1-1)/¢. This case corresponds to the situation when

the price of goods is relatively low, so this impatient depositor does not spend all

his cash to buy goods and have some cash left. If x>0 , then

1+PI-y+D)

P"'d=1+PI-y+Dy, and B" = " This case corresponds to

the situation when this depositor uses all of his cash to buy goods. So the budget

constraint of this impatient depositor is binding.

Total demand by all the impatient depositors is A,d . As for supply, the patient
depositors want to sell all of their goods since P” > P, so the total supply of
goods is (1-A4,)1-1). Market clearing condition is A,d=(1-4,)1-1),

which implies d =(1-A4,)(1-1)/4, . Substituting it into P” , we have

1
P"=U ’(1/1_—]) /e=U'(C"™)/& when impatient depositors use part of their cash
H
to buy goods and keep some cash after purchase, and
pH — /1H(1+E)]_y+D1Ny)
1
A=4,)A-1)
buy goods.

when impatient depositors use up all of their cash to

(b) Then we find the ranges of the two cases. The Kuhn-Tucker conditions imply
that, when ¢ is small, the price determined by U'(d+1-1)/¢& is large, and at

this price B”d will exceed 1+ PJI—y+D,"y, which means that the budget
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constraint of the impatient depositors will bind, and B” turns to

Ay (1+RI-y+D"y)
(A=4,)(1A-1)

£(I). When ¢ is greater than this cutoff value, price is relatively low and the

. So there is a cutoff of ¢ given /, which we denote as

impatient depositors have some cash left. Otherwise price is relatively high and

impatient depositors will use up all their cash. At the cutoff point, we have:

_ N
Ul(d_"_l_])/g:/lH(l—i_])O] y+Dl y)
A-4)A-1)

Solving this equation for £, (1) and substituting d into it, we have:

U'(C™) (A=A, )1~ 1)
/1H(1+P0[_y+D1NY)

NOE

Therefore, when &> f"(I), B"=U'(C"™)/e , and when &< f"(I),

pH — /1H(1+E)I—y+DlNy)
1 A-A)0-1)

(c) Finally we compare P” with U'(C/™)/e when &< f7(I). When

e< fI(I), wehave u>0 and U'(d+1-1)-P"¢=uP" >0, and substituting

the value of d, we have P" <U '(:—])/g:U '(C™)/&. At the cutoff point,

H

P" =U'(C"™)/ & .In summary, when &< f/(I), wehave B" <U'(C/™)/¢.

(i) Now we derive the prices at date 2. Since banks sell goods and make payment
of deposit contracts simultaneously, it is equivalent to the case that the patient
depositors get cash corresponding to the amount of real goods sold by banks and
use the cash to buy goods. Since the patient depositors hold some cash at the

beginning of date 2, they will never run out of cash. Take the liquidity shortage
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state as example. Assume that in equilibrium each patient depositor consumes

CJ™ . These goods are sold by banks. The price P/ should clear the market with
no deviation by depositors, and we have P =U’'(C,;)/& . Then by analogy we

know the price at date 2 in the normal state is P/ =U'(C)")/ ¢ .

(ii1) Price at date O is also determined by market clearing condition. F, is such

that depositors just want to sell I amount of goods to banks at date 0.

Consider the benefit from selling more goods to get AM unit of extra cash.
Depositors are either indifferent between saving and not saving or already saving
all of their cash in banks and willing to save even more. With the extra money

AM , depositors will save the cash in banks. Therefore, in the A, case, a patient
depositor can get extra money of AM-D) and use the money to buy
AM -D) / P/ unit of goods, and an impatient depositor gets extra money of
AM -DIN and spends the money at date 1 and gets AM -D/" /B" unit of goods.
In the A, case, a patient depositor gets AM -D)' / B/ goods and an impatient
depositor gets AM -D} / P* goods.

Consider the benefit from selling less goods with the cash income reduced by

AM . Holding AM /P, extra real goods, in the A, case, a patient depositor
wants to sell all the AM /P, goods at date 1 and then buy goods at date 2, so the
benefit is (AM /PB))-(B" /P/"), and an impatient depositor just consumes the
extra goods, so the benefit is (AM /PB)-(R"/B")=AM/PF,. In the A, case,
the benefit for a patient depositor is (AM / B))-(P" / B}), and the benefit for an

impatient depositor is still AM / F,.

48



Price P, is such that depositors are indifferent between selling more and selling

less, and we have:

o1, (U(CIHN AM.-D;' AM Dy j]

— )~ U(CHN)JJr(l—/’iH)(U(CfN I — ) -U(GM) |1+

l 2

AM-Dry U(CLN)}(I—@)(U(CZLN 2 U(CLN)J]

2

1-0)4, (U(CILN

1

AM HN _ HN AME _ HN
P )_U(Cl )]+(1 /?“H)(U(Cz + P PH) U(Cz )j]"'

0 0 2

=04, (U(CIHN +

w  AM _ LN _ LN &i_ LN
(1—9)[/1L(U(C1 =5 -UG ))+(1 /’Q)[U(Cz e UG )J]

0 0 2

Dividing both sides by AM , and taking AM — 0, we have:

O 4, U(CHN)—N+(1 )U'’ (CHN)D—N]

1 2

1¢ LN DN LN DN
(=AU (G +(1=A)U(G )]

1 2
1 P”
—H/IUCHN—+1/1UCHN——+
[ ( )0( DU P B
1 P*
1-9)[L,U'(CY)—+1-2)U'(CY)——-
( )[L(I)PO( DU( )P()Pz]

PROOF OF LEMMA 5§

Consider a depositor’s deviation by saving an extra marginal unit of deposit, Ay .
In the liquidity shortage state, the benefit of deviation is that if a depositor

becomes impatient, he can get AyD' and buy AyD" /P" extra unit of goods at
date 1. If a depositor turns out to be patient, he can get AyD, and buy

AyD) | P extra unit of goods at date 2.
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Consider a depositor’s deviation by reducing his saving by Ay. As he is
indifferent of buying and selling goods at date 0, let’s say he just keeps the cash in

hand. In the liquidity shortage state, if he becomes impatient, he can buy Ay/P"

extra unit of goods at date 1. If he becomes patient, he can buy Ay/P extra

unit of goods at date 2. Combining with the current consumption, we have the
utility gain of saving more and saving less. By analogy we can derive the

corresponding utility gain in the normal state.

Here if both D) and D)’ are smaller than 1, depositors will not save any cash

in banks. If both D and D)’ are greater than 1, depositors will definitely save

all cash in banks because saving is strictly superior to not saving. Otherwise, by

equalizing the marginal gain of increasing and decreasing saving, we have:

Ay-D,

S a0 U(cHN>j+<1—ﬁH>£U<CfN D

1 2

O Ay (U (™ + —— )~ U(C HN)]]

Ay- DIN Ay-D)

—pr UG )j]

2

(1—9)[/1L£U(C1LN ——r )~ U(CLN)J+(1—/1L)[U(C2LN

1

- 94, (U(CIHN +1§—i> —U(c{”)} a —@)(U(Cﬁ” +§—£) —U(Cf”>j] N

1 2

1 2

(-0)4 (U(CKN + 22 —U(CILN)} ( —@)(U(QLN =) —U(ch)j]

Divide both sides by Ay, and take Ay — 0. Combining with some results in

proposition 3, we have y determined by

LU ™2 (1= 2D o1+ (1-0) AU v (1= 2,)D )
A9) A R
=9MHU’<CIHN>P—1H+(1—2H)«9] +(1-0) [ﬁLU'(CfN)%Hl—%)S]

1 1
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u (C1

(a) When Pff = ¢ (C ") and P} = ) , (A9) is equivalent to

(AIO) 0 M'HDlN + (1 - /IH)DzN] + (1_ 9) [/ILDlN + (1 _/IL )DzN] =1

We will see that (A10) is independent of the value of y. If the left hand side of

(A10) is greater than 1, depositors will save all of their cash in banks because
once the contract is given, the left hand side will not change with y and it will
always be greater than 1. If (A10) holds, then depositors will be indifferent
between saving and not saving. Since (A10) is independent of y, increasing y will
not influence the equation. Then by the assumption of depositors will continue to
save when indifferent, depositors will save all the cash in banks and they are still
indifferent at this point. However, if the left hand side of (A10) is smaller than 1,
since decreasing y doesn’t influence (A10), then depositors will not save any cash
in banks. Then the banks are abandoned by the market and it is not an equilibrium

with banks. In summary, only the following equilibrium outcome is possible:
(Al1) 0[4,D) +(1-2,)DX1+(1-6)[A,D} +(1-2,)D)]>1

(b) When either Pf! or P} doesn’t have the simple forms in (a), (A10) no longer
holds and we should come back to (A9). As depositors are price takers, (A9) is
also independent of the value of y . Then in a non-degenerate equilibrium where
banks play some roles, depositors will also save all the cash in banks. Specifically,
given investment /, taking & being smaller than both of ff(I) and fL(I) as

example, and we have (A9) become:

014, U(u)g—N +(1-2,)DYe]+(1- 9)[,1U1 ! DN +(1-4,)DY¢]
(A12) H 1 1
04, U(Z)?+(l A)el+(1-0)[1 U( 7 )F+(1 A )€l
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For depositors, when they choose whether to deposit cash in banks, they take the
deposit contract, prices, and banks’ investment as given, then every variable in
(A12) is fixed when depositors make the deposit decision. Since we have assumed
that when depositors are indifferent between depositing cash and not depositing
cash, they choose to continue to deposit cash in banks, depositors just compare
the left hand side of (A12) and the right hand side of (Al2), and in a
non-degenerate equilibrium, the left hand side should be greater, and depositors

will also save all the cash in banks.

PROOF OF PROPOSITION 3

Generally, there are three possible types of equilibria under the equilibrium prices:
banks have incentive to invest more, banks are indifferent between investing more
and investing less, and banks have incentive to invest less. In the following proof,
we will discuss them respectively under different equilibrium conditions and
show that, (i) there is no equilibrium when banks have incentive to invest less; (ii)
there exits equilibria when banks have incentive to invest less and banks are
indifferent between investing more and less; (iii) there exists a range of & where
there is a unique equilibrium, and banks have incentive to invest more in this
unique equilibrium. We will also derive this range and characterize this unique

equilibrium.
Part A. Equilibrium when banks have incentive to invest less

For the case with OPR+(1-0)P/R < P,, we can show that risk-neutral banks

want to invest less. If a bank deviates by cutting A/ investment, it will get extra
cash of PAI at date 0, and its loss in expectation is [OP" R+ (1—8)P' R]AI

unit of cash at date 2. Then the bank will always deviate as the benefit is strictly

greater than loss. Then this situation will never appear in equilibrium.
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Part B. Equilibrium when banks have incentive to invest more

For the case with OP"R+(1-0)P/R>P,, risk-neutral banks always have

incentive to invest more. However, different from the previous case, banks have a

maximal investment constraint here. That is, a bank has to hold enough money to
pay D). Therefore, if in equilibrium all the banks propose the contract that pay

all the cash to the impatient depositors at date 1, no individual bank can deviate to
invest more as any deviating bank that invests more at date 0 will not have
enough liquidity to pay the impatient depositors at date 1. Therefore, in this case,
the only possible type of equilibria is that banks pay all their 1 unit of cash to the

impatient depositors at date 1.

Next we prove that there indeed exists such an equilibrium of this type, and
characterize the properties of this equilibrium. The proof is divided in three steps.
In step 1, we do some mathematical preparations. In step 2, we show that if there
is such an equilibrium, banks’ budget constraint is binding in the normal state,
and we derive the deposit contract from which banks have no incentive to deviate
under given investment. We also derive depositors’ consumption in equilibrium.
In step 3, we allow banks can deviate by adjusting the investment and deposit
contract simultaneously, and derive the equilibrium investment which banks will
not deviate from. Then any form of deviation will not happen and it is actually an

equilibrium.

Step 1: Before starting the main part of the proof, we first prove some functions’

monotonicity in Lemma Al.
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LEMMA Al: (i) U'(x)x is decreasing with x. (ii) U’( x/i jx is also

l_H

. . (e \l—-x . . . . .
decreasing with x. (ii1)) U (—j— is increasing with x where ¢ is a constant
xX) x

and x = Ay or 4;.

PROOF:
(i) The derivative is U "(x)x+U '(x) . CRRA>1 implies —Z,((x)) x>1 and
X
U"(x)x+U'(x)<0.So U'(x)x isdecreasing with x.
(i) Let t= l—x/l , then x=(1-2,)¢, and U'(l_xﬂ sz(l—/iH)U’(t)t. Since
‘H H

1-2, >0, ¢ is increasing with x, and U'(¢)¢ is decreasing with 7, we know

U ’(1 x/l ]x is decreasing with x.

H

(iii) Taking derivative of this function, we get —%[U”(E)Ea %) —U'(E)} . By
X X X X

U'(x)x<-U'(x), U”(£j£<—U'(£],and x > 0, we have
X)X X

1

——Z[U"(E)ﬁ(l—x) —U'(E)} >
X X X X

{U’(f)a 0+ U'(ﬁ)} - Lu©e-v
X X X X X

Note that x = Ay or 4;, then x <1, and 2 —x > 0. By U'(:)>0, we know

1 __,c . . . .
?U (;)(2—x)>0 and the derivative is greater than 0, which implies
U '[Ejl_—x is increasing with x.ll

x) x
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Step 2: Since there are more impatient depositors in the liquidity shortage state,
and the payment of D) to each depositor is the same in the liquidity shortage
state and the normal state, the total payment at date 1 is higher in the liquidity
shortage state. Then A,D}y=1, and D =1/4,y. The budget constraint of
banks in the liquidity shortage state is:

(A13) [4,DY +(1-2,)D¥ 1y < PRI +1

The budget constraint of banks in the normal state is:

(A14) [4, D) +(1-2,)D) ]y < PYRI +1

(a) We first prove banks’ budget constraint is binding in the normal state. Denote
the total consumption by the patient depositors as G, in the liquidity shortage
state and G, in the normal state. Then G =(1-4,)C;" and
Gy =(1-1)C . We know [4,D"+(1-1,)D)]y=P"'G]+1 and
[4,D} +(1-2,)D)" ]y =P'G, +1 always hold no matter which constraint is
binding.

Firstly, assume that banks’ budget constraint is binding in the liquidity shortage
state, which means (A13) is binding. Substituting y=1/4,D," into (A13), we
have (1-4,)D, /(A,D})=P/RI. Then by A,D)y=21,/2,, we know in the

normal state

_ N
(1 X’L)DZ _(l_i)szGZL

Al5
( : Ay D" Ay
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Solving DY /DY from (1-2,)D) /(4,D})=P’RI and substituting it into

URIIA=2) 1 oy UG (1=2,)
.
& &

(A15), and also substituting B =

into (Al15), we get

L L
(Al6) oG\ G R\ R A,
1-2, J1-24, 1 1 -4, A,

L L
which implies U’ & | S <U R
1-4, J1-4

L L

) Rl . By Lemma Al (i), we

L

have 2>
-4, 1-4,

, and then G, >RI by 1-4, >1-2,, which contradicts

with the budget constraint (A14). That is, at date 2, banks only have R/ real goods,
it’s impossible for the patient depositors to consume more goods than R/ in the
normal state. Therefore, banks’ budget constraint cannot be binding in the

liquidity shortage state.
Then banks’ budget constraint can only bind in the normal state, and we have
(A-2)D) /(2,D")-(1-A,/A,)=P'RI . Then solving D)/D) and

substituting D’ / D

N, B,and P/ into the liquidity shortage state’s constraint,

we get
_ H
(A1) i{yr( [ JRH(M_L)E}U( %ot
1-4, -4 Ay 1-4,
. . J| RI
Subtracting both sides by U (1 jR] , we have
Y4
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(A18)
o BB R\ R 0 A
12, )12, \1=4, )14, 1-4, " 2,
. RI .. ,
Since ) , and by monotonicity of U’(x)x, we know
M Mt

o RV RL [ R RE
1-2, J1-24, 1- 24, J1-2,

Q! —j—L)g > 0, the right hand side of (A18) is greater than 0,

L H

H
u| & G/ >U' RL gy
1- 4, 1-2,

By Lemma Al (ii), now we have G, <RI, which satisfies the budget constraint

1

In addition, as

and

of banks. We know the budget constraint of banks binding in the normal state is

. 1 PIRIE+1-21/2
feasible. Then D{V = — and Dé" — P2RICH1-A1/An
Ay (1-1p)y

(b) The equilibrium consumptions are C/ =(1-1)/4,,, C¥ =(1-1)/A,, and
CN=RI/(1-14,),and by (A17) and G, =(1-1,)Ci™, C" is the solution of
following equation.

U’(CfN)(l—/iH)CfN:I_iH U’ R\ prs 1—’1—L &
1-2, 1-2, Ay

(c) The final thing of this step is to check banks don’t have incentive to deviate

from the contract stated in (a) under a given investment level. To prove this result,
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we first prove Lemma A2 which illustrates the relationship between prices in the

liquidity shortage state and the normal state.

LEMMA A2: The price of goods in date 1 and date 2 are both higher in the

liquidity shortage case. Thatis, B” >P" and P > P'.
PROOF OF LEMMA A2:

(i) We first prove P > P} . Manipulating (A17), we get

H H
(A19) U’( G j G —U’{ RI j RE__1 q_2ys0
1-A, J1-4, -4, )1-4, 1-4, A,

which implies

H H
U,(G_ZJG_2>U,(RIJR]
=4, J1=4, \1=4, J1=4,

H

By Lemma Al(i), we know 1G2/1 <

H

. . Since U"(x) is negative, U’(x)

'L

'H

. . . ’ G;{ ! R‘[ :
is decreasing with x. We know U /e>U / &, which means

L
P> Pt
(i) The comparison between P” and B" is relatively easier. Comparing the

marginal utility of goods or comparing the total cash withdrawn by the impatient

depositors divided by total goods supply by the patient depositors both lead to
P">p'. 1

In (A13) and (A14), since P > P/, the total nominal resources in the liquidity

shortage state is larger (BRI +1> P"RI+1). Due to the market’s competition,

given I, banks should propose the best contracts to depositors subject to the
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budget constraints. Then since 4,, > 4, , only contracts with D) > D)’ can make
(A13) and (A14) hold simultaneously and make banks pay all the real goods to

depositors. As a result, since D;' < D) in equilibrium, under a given investment

level, banks want to continue to increase D" to offer even better contracts to
depositors in a competitive market. However, now banks already pay all of the
cash at date 1 to the impatient depositors and thus D" cannot increase any more.
In other words, given the equilibrium investment, each bank will not deviate to

adjust the deposit contract, because he has no incentive to decrease D)’ and is
incapable of increasing D,'. In summary, given the equilibrium investment,

banks will not deviate from the current deposit contract.

Step 3: In this step, we allow banks can deviate by adjusting the investment and
deposit contract simultaneously. Then after deviating by adjusting the investment
level, a bank will also adjust the deposit contract under the new investment. We
derive the equilibrium investment which banks will not deviate from. Then under
the equilibrium investment and deposit contract, any form of deviation will not

happen and we obtain the equilibrium.

In different ranges of ¢, the equilibrium investment has different functional forms
because the prices at date 1 are different. There will be two cutoff values of &,
which are corresponding to fF(I) and fr(I), we call them & and £f. We
prove fH(D) = fE(I) and we will get € > &l. By Lemma A1 (iii), with 15 >

Ay, we know U’ -1 1_/1H>U' -7 l_lL,thenit’seasytosee,
'H /l'H /1[, L

U'(ﬂJ(l—zH)(l—l)ﬂ;H (1)>ﬁ(1)=U'(12—1](1—/1L)(1—1)i_H

//LH L L
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Now we can divide ¢ into three ranges and discuss the equilibrium investment in
each range respectively. The equilibrium investment is the point where banks are

indifferent between investing more unit of goods and investing less.
(a) When & > & consider a bank’s deviation of increasing investment by Al .

Firstly, we need to characterize how the deposit contract changes along with the

change of investment. This bank’s cash at date 0 reduces by F,Al, and the goods
produced from projects increase by RAI. By no-deviation condition of D' and
D)’ this bank still needs to pay all of his cash (1-BAl) to the impatient

depositors at date 1. Then D decreases by AD) =PAI/(1,y). In the
liquidity shortage state, this bank pays out of all the cash, while in the normal

state, the bank’s total cash payment only decreases by A,AD)y=24, PAI/2,,
which is smaller than F Al . Therefore, the bank’s date 2’s liquidity in the normal
state decreases by PBAI(1-A4,/4,). With the bank’ profits in the liquidity

shortage state denoted as 7, , the constraints for D)’ are as follows:

(A20) (1-4,)AD) y < PYRAI + 7,

(A21) (1-A,)AD)y < P'RAI - PAI(1- 4,/ 2,,)

Since B">P', 7,>0, BAI(1-4,/4,)>0 and 1-1, <1-4,, we know
(A21) is binding, which implies

PYRAI - PAI(1- jl)

ADY = z
(I- j’L)y
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Secondly, we compare the gain and loss of this deviation. In the liquidity shortage
state, the consumption of the patient depositors from this bank can be increased

by

L
N P—ZRAI—L?{A](I—Q)
ACHY — AD, y _ P B, Ay
’ PzH l_ﬂ“L

In the normal state, the budget constraint of the deviating is still binding, and this

bank still pay out all his cash and the patient depositors’ consumption can be

increased by AC," =RAI/(1-1,).
The expected welfare gain from the change of real goods consumption at date 2
1s,

0(1-2,)[U(C" +aC™)-U (™) ]+

(1-0)1-2)[U(Ci +acy)-U ()]

Taking Al — 0, and substituting B’ =U'(Ci")/¢ and P}/ =U'(Cy")/¢ into

the above expression, we have the welfare gain

{9%[@%—g(l—j—L)}(l—e)gLR}Mg

M H
Now the impatient depositors keep cash after purchasing goods at date 1 in both
the liquidity shortage state and the normal state, the expected welfare loss by cash
is FAls. The welfare gain and loss by reducing marginal unit of investment is
symmetric. Therefore, the equilibrium investment can be obtained by equalizing

the gain and the loss calculated above, and we get the equilibrium investment as

the solution to the equation below.
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1- 4, el ot A
(A22) {91 (1 0)}1) { -2 )+1}D0

L L H

We claim that under the equilibrium investment, P/R>P, and P/R>P,,

which corresponds to the situation PR+ (1-60)P'R > P,. By (A22) we know,

. 6’1_/1”+1 49 TR
PR 1-4 1-2, 4,
£ 0 =t 110
M
. 1_)ﬁ{ /1L
With 1-4,<1-4, and 4, <4,, we have —*—<1. Then we know
A

P/R/P,>1 and P'R>P,.Dueto P/ >P',weknow P/R> P, also holds.

(b) When &! < & < ef, the welfare gain from goods consumption increase at
date 2 has exactly the same function form as in (a). However, the welfare loss
from cash reduction is different, because now in the liquidity shortage state, the
impatient depositors’ utility of purchasing an extra unit of goods is larger than

keeping cash. So in the liquidity shortage state, date 1’s cash reduction entails a

consumption goods loss of AD/y/P". In the normal state, the utility loss stays

the same, which is P Al¢, while the expected utility loss is

9{/1 U(I_I_ADN)’} U{lﬁ]ﬂ+(l O)PAls

j“H PIH H

With Al — 0, the welfare loss now is

{eﬁ, U(l [] PH +(1- 9)P5}
Ay ) AuP
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By equalizing the welfare gain and loss, the equilibrium investment solves the

equation below:

P O DS L P A § & AR B
(A23)[01 /1L+(1 9)}13213 { T 4l /1) eU(ﬂH JPng+(1 0)}130

H

Since now U’ (1 ]J > P" ¢, the coefficient of the right hand side of (A23) is

H

greater than that of (A22), then PR is greater than P,. Therefore, we have

P/R>P, and P'R>P,.

(c) When ¢ < &k, the welfare loss now is,

1-1) P, Ao f1=1\B . . A
{0{](1 jp +(1-0)2L U(/1 jPL+(1 OR(1-~ )g}AI

H 1 H L 1 ‘H

The equilibrium investment decision equation is
oIl A | g 2L 111 +
1-4, /1H /1H P’
- R
a-o)| v | L)Ly A
ﬂ'H ﬂ’L R 2 ZH

U’ (1/1 Ij > P"¢, thus the coefficient of the right hand side of (A24) is larger than

L

(A24) {9%+ (1- 9)}13;13

that of (A23). As P/R is larger than P,, we also have P”R>P, when ¢ <

ek,

Since P'R>P, and PR > P, both hold in all three ranges of &, we have

P'RI*+1>y=PI°+1 and PRI*+1>y=PRI"+1 , which implies
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A,D) +(1-2,)D) >1 and A,D"+(1-4,)D) >1, and (All) holds and
depositors want to save all their cash in banks.
At the end of step 3, we characterize the expression of cutoff values £ and &t,
which can be obtained by substituting the equilibrium investment in the
corresponding parameter region in f(I) and fL(I). Specifically, & is the

solution of ¢ in following equation system in (A25).

91_’7‘H+(1—9) P'R= ol Ay P,
1- 1-4 Y]

L L H

(A25)
e=ﬁH(1)=U'(7—IJ(l—zH><l—l>

'H

and &l is the solution of & in following equation system in (A26).

01_’1H+(1—9) P'R= eﬂa—iyrw' =7 ,1, +(1-0) |P,
1-1, -4, A, A, )P

H 1

(A26)

PO O £ A PREUROREY
g:j;(l)_ZJ(/1 ](1 A)(1=1)7

L L

Till now, we have fully characterized this equilibrium  with
OP/R+(1-0)P} R > P,, and prove that banks will not deviate. In this equilibrium
banks’ profits in the liquidity shortage state is given by:

pye V=g PIRIT41-2, 12,
1_/1L PzH

Part C. Equilibrium when banks are indifferent between investing more and

investing less

For the case with OP"R+(1-0)P/R = P,, banks have no incentive to either

increase investment or decrease investment. Increasing investment does not affect

the total cash-holding of a bank. At this point, deposit contracts where banks
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don’t pay all their 1 unit of cash to impatient depositors at date 1 can sustain as an
equilibrium outcome. Different from the previous case when banks have incentive
to invest more, now banks have no incentive to increase the investment. Then
under the equilibrium investment, if there is a feasible contract which makes
banks have zero profit, all the banks must choose this contract and have zero

profit.

The following proof will proceed in three steps. In step 1, we derive the deposit
contract when banks have zero profit. In step 2, we illustrate at what situation

there is a unique equilibrium. In step 3, we specifically characterize the range of

¢ where there is unique equilibrium with P/ > P/, j = {H,L}, and D} < DY

Step 1: Zero profit means that the budget constraints (A13) and (A14) hold

simultaneously
(A27) [4,D +(1~2,)D¥ 1y =PRI +1
(A28) (4, D) +(1-4,)D} 1y =PRI +1

which implies

_ (A =A)+ (1= )P RI—~(1- A, PRI

A29 DIN
( ) (A =AY

Step 2: We claim that in this case any range of ¢ which leads to P" =P and

P" =P} cannot be equilibrium outcome.
With PR+ (1-6)P/R = P,, we have

P, =0P'R+(1-0)P/R=0P"R+(1-0)P'R>6P" +(1-0)P"
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However, P, >0P" +(1-0)R" will not be equilibrium outcome as selling goods

I(~HN I(~LN
at date 0 is always desirable. See P} = %1) and P} = %1) as an example,

by Lemma 4 (iii), depositors are indifferent between selling more goods and less
goods at date 0 when P =[0P"+(1-0)B']/E[D] , with
E[D]=0[1,D) +(1-4,)D)1+ (1-0)[A4,D} +(1-4,)D,)"]. We know E[D]> 1
by the proof of Lemma 5, then P, >0BR"+(1-0)B" means

P, >[0P" +(1-0)P"]/ E[D] and depositors want to sell all of their real goods to

banks for investment and there will be no goods being consumed at date 1, which

cannot be an equilibrium outcome.

Step 3: Next we characterize the range of & in which we have P” =P and

B" = P". Denote the investment solved by @PR+(1-0)P'R=P, as I,where

N
PZH:U'( Rl j/g : PZL=U'( R j/e R LT A
I I (I_AH)(I_I)
L A,D"y . . N - .
P"=—-""1-—_ P is determined by Lemma 4, and D" is determined by
(1-4,)A~1)
(A29).

Then, the cash amount withdrawn at date 1 in the liquidity shortage state is

(A —A,)+ (=2, PRI —(1— A, )P RI
/111 _/1L

ﬂ’HDlNy =

If the cash amount is just enough to buy 1—7 unit of goods, P =P/ gives

( RI PR
i U(l_ﬁHj(/IH AA=24,)(A-1)

* Ayl(Ay = A)+ (1= A,) PRI = (1= 4, )P RI]
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Similar, calculation in the normal state gives

[} Ri _ _ _~
U(H j(zH A)=2)1-1)

~L ‘H
&t =

A l(Ay = 2,)+(=2,)P/RI - (1- 4,)P/RI]

Therefore, when &<min(¢”,&"), the constraints P” =P and B' =P/ are
both binding, and there is no equilibrium with PR +(1-60)P/R=P,. Then
there only exists one equilibrium with OP”R+(1-0)P'R > P, as we stated in

Part B. When & >min(£”,&"), there are two equilibria in the economy, which
we will not discuss in detail in this paper. In summary, when there is a unique
equilibrium, this equilibrium must be the equilibrium we stated in Part B.

Finally, we calculate the range of ¢ where there is a unique equilibrium with
Plj > sz , j={H,L}, and DY < DY . The condition of unique equilibrium
provides one upper bound of &. Denote this upper limit as &', then
g'=min(g",&") . The point where D just equals D) in the unique
equilibrium provides the other upper bound. Denote the second upper limit as £°.

Since at the point of &, D' is smaller than D,’, we know £’ is greater than

g",and Z7 is the solution of & in following equation system

oio-alraloilb)

- -2, 2
(A30) L L H
I _P'RI+1-,/),

Ay 1- 4,

The final upper bound is the smaller one of the two upper bounds, that is,

g =min(g',87%).
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The lower bound & is the point at which either B” =B or B"=P' in the
unique equilibrium stated in Part B, whichever larger, and is lower than &". We
will solve the cutoff & which leads to B” =R and P" =P/ respectively in

the unique equilibrium and choose the larger one of these two cutoffs. Denote the

solution of & in equation system (A31) as &' and the solution of & in equation

system (A32) as &°,then &=max(g',&%).

H—ll:iH (l—j—LJ+9U’(—1;1)PII{g +
{9—11_’} +(1—9)}PZLR - : " o P,
(A31) - (1—6’){1—LU’(EJ ! +(1—ﬁﬂ
4, 4, JBe | 4,
1 _uc™y
-2)1-1) ¢
O R Pl
{e—ll_iff +(1—6)}PZLR - ’ " o P,
(A32) ' (l—H){i—LU’(—l_]] ! +[1—iﬂ
Ay A, )B¢e Ay
Lyl A,
(- 4)1-1) -4,
PROOF OF LEMMA 6

At the equilibrium investment [”, banks have zero profits, which implies
[4,D) +(1-A,)D) 1y =P"RI* +1 and [A4,D) +(1-1,)D) 1y =P'RI* +1

!
We can solve for D
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DN’ _ (//i’H — ﬁ‘L) + (1 - ﬂ‘L )PzH,RIE - (1 - /IH )PzL!R[E
: (ﬂ’H - /IL )y

The prices now are the prices when all the real goods are consumed by depositors

L

. RI® RI®
and banks have no profits. That is, P’ =U'( 2 J/g and pY =U'( ]/5-
'H
PYRI* +1-4,D'y
(1-4,)y

Then D) =

PROOF OF PROPOSITION 4
First we prove D" <D,". From proposition 3, we know D) =1/(4,y). We

_ H' prE (1 L' pTE
A=A)R R -(U=A)B R iy L Since
/?“H_ﬂ’L /111

only need to compare 1+

(1-A)P"RI* —(1-2A,)P"RI*
/111 - /1L

L>1,aslongas <0, we will have D" <D}.

H

It is equivalent to prove (1—A,)P/RI* <(1-A4,)P/RI*, which is equivalent to

E E £ £
U'( RI ] RI <U’( RI ] R with P?" and P" being substituted.

1_/7’H (1_111) 1_21 (1_2L)
E E
Since U'(x)x is decreasing with x and R > Rl , we have
-4, 1-4
E E E E
U’ Rl Rl <U' RI RI , which indicates that
1_/7’H (1_111) 1_21 (1_2L)

(-A)P"RI* —(1-A,)P"RI*
//i’H - /IL

<0. Therefore, we have D' < D).

Next we prove D) > D). Since D' <D’ and P" =P}, we know
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_P"RI*+1-2,D"y y PRI* +1-4,D"y _ oY

D," )
(1_/1L)y (l_ﬂ“L)y

However, with D) banks pay all of 1 unit of cash at date 1, then if banks pay

D', they will have some cash left. Under equilibrium investment 7*, every

bank has an incentive to deviate by investing more and reducing the cash left at

date 1. Then D" and D)’ cannot be equilibrium outcome.

PROOF OF PROPOSITION 5

Denote the equilibrium investment with & >¢&f as If, the equilibrium
investment with €& < & < &l as If and the equilibrium investment with & <
gk as I¥. Weneed to prove I£ < If < IE.

IF is solved from (A22), I is solved from (A23) and I is from (A24). The
left hand sides of (A22), (A23) and (A24) are the same, and in order to compare

the solution we only need to compare the right hand sides. Since
U'(1-1/2,)/(B"€)>1, the coefficient of F, at (A23)’s right hand side is
greater than that of (A22). If (A22) holds, then the left hand side of (A23) is
smaller than the right hand side. In order to make (A23) satisfied, we need to
increase PR or decrease P,. We know that P/ increases and P, decreases

as the equilibrium / decreases. Therefore the solution of (A23) is smaller than the

solution of (A22). Thatis, IF < IE.
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At the same time, as U’ =7 i >1 we know
A, )B¢

iU’ =7 IL + 1—i >1, which means the coefficient of F, at (A24)’s
ﬂ’ Z'L Pl 2 ‘H

H

right hand side is greater than that of (A23). By analogy, we have I < I£.

PROOF OF PROPOSITION 6

Step 1 of this proof compares depositors’ expected utility in the economy without
money with that in the economy with money by Taylor expansions and derive the
conditions under which money can improve the depositors’ welfare. Step 2 gives

some comparative statics when money is desirable.

Step 1: The consumptions in the economy without money (real-goods economy)

arc

Ay 1-4, 1-4,
CLR:1—] CHF = RI +(1—])(1—1L/],H)
1 5

P-4 1-4,

Under this specific utility function, by proposition 3, we can derive the patient
depositors’ consumption in the liquidity shortage state in the economy with
money (nominal economy) as
1
CHN —
2 1-4, N Ay =4, .
RI  A4,(-2)

Other consumptions in nominal economy are
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When Ay — A;, denote Ay = A, + AA and AA — 0. The equilibrium investment
in real-goods economy and nominal economy are both approaching the social
optimal investment. That is, IZ - [;5 and I} — I;5. Comparing the expected
utility in the economy with money with that in the real-goods economy, we get
sufficient and necessary condition under which introducing money improves
depositors’ expected utility obtained from real-goods consumption (we call it

money is desirable hereafter).

O{A,[U(C™) =U(CI)]+ (1= 4,)[U(G™) - UG 2

(1-0) {4, [U(C") - U(CI)]+ A=)V -UCN)]
We eliminate the first term of the left hand side as C/™'=C/™. After we take the
limit of A5 — A, the sufficient and necessary condition will turn to a sufficient

condition by eliminating equality.

01— 2, - ADIU(C™) -U(C)]+

(A33) LN LR LN LR
(A=A [UCT) -UC)]+ (A= A)IU(ET) - U] >0

With Taylor expansion for C/*=(1-1)/2, at the point of C/"=(1-1)/2,, we

get

U(CILR):U(I_IJ+U’(1_I]{ ad-1) }+O(A/12)
A, A, )| A, (A, +AA)

With Taylor expansion for Ci* =C,* at the point of C;"=RI/(1-1,), we get

U(CZHR):U(CZLR):U( R j+U'(1RI j{(l_])AMML+Al)}+O(A22)

1-1 ' 1-4,

L
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With Taylor expansion C," at the point of C,"=RI/(1-14,), we get

RI AA )
vy v R o R 1 =d G d=2)” | e
-2, =4 )| =% AL
&
RI (A +A)(1-4))
Then (A33) turns to
(A34)
RI 1Rf1 A Ajﬂl e (l_l)zMM
0| (1-4, - AU’ _ 1A (A HANAA) L
=4 )| T4, AL Y

RI (A4, +AA)(1-4,)

-0 4u| 212D g g R AHAL L oAa?) >0
A A0, +A0) 1-4,) 1-4

Since AA >0, dividing both side of (A34) by AA and then taking A1 — 0, we
have (A34) equivalent to

RI 1R;, P 11 e (l_[)zl
0 (l_ﬁL)Ur _ M L( — L) _ L
1_ﬂ“L 1_/1L l_ﬂ’L
RI
(A35)
1-1
+(1-6)| LU’ =7 1_21—(1—/1L)U' RE )V A4 1oy
ﬂ’L ﬂ’L l_ﬂ'L Y

Since Ay — A, we know asymptotically,

(A36) U'(lg—ll—)RU’( Rl J

L
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with which, (A35) is equivalent to

(1-4,)
(A37) [(I-OR-1](1-1)—F—>0b¢
(RT)
1-4, . .
By (A36), we have I - —————— and substitute this into (A37), we can get
1-4, ++RA,

the sufficient condition for money is desirable.

A, [RA-O)-1J[(VR-DA, +1]
R3/2

(A38) s >0

By analogy, we can get the sufficient condition for money is not desirable,

A [RA-O)-[(VR-DA, +1]
R3/2

(A39) s <0

Step 2: We next calculate the left hand side of (A38) and (A39)’s derivatives with

respectto @, & and R.

(1424, —~R(e+21,%)
JR

is smaller than zero and thus the left hand side of (A38) and (A39) is decreasing

The derivative with respect to € is

. Since 4, <1, it

with 6. We know money is desirable when left hand side is larger than O,

therefore a larger & make money less desirable.

The derivative with respect to ¢ is —@. Since @ >0, it is smaller than zero and
thus the left hand side is decreasing with ¢. Therefore a larger ¢ makes money

less desirable.

A, {[G=RA-0)](1-4,)+24rA}

SR . Then when

The derivative with respect to R is

3—-R(1-60)>0, it is greater than zero and thus the left hand side is increasing
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with R. Therefore a larger R expands the parameter space in which money is

desirable.

PROOF OF PROPOSITION 7

(1) First consider the open market operation in the liquidity shortage state. Denote
the marginal interest rate as Ai and the marginal amount of loan (or amount of
reverse repo operation) as AM . Since the operation is marginal, equilibrium

investment will not change. Then in the liquidity shortage state, date 1’s nominal

. AM .
payment increases to D' +AD,", where AD = In the normal state, since
nY

in the original equilibrium, banks don’t pay all of their cash at date 1, but they are

still able to pay D" +AD," at date 1 with the marginal operation. As prices don’t

change, the banks’ budget constraint in the normal state is still binding. So the
(A ADAM

, and the contract
(I=-2)y

change of date 2’ nominal payment is AD) =

paymentis D) +AD,’, which is smaller.

In the liquidity shortage state, banks also need to pay the interest of the loan.
Since in the original equilibrium banks make profit in the liquidity shortage state
and the operation is marginal, banks have enough liquidity to fulfill the payments
in the liquidity shortage case. The change of total payment of banks at date 2 in
1-2, 2

L AM + AM (1+ Ai), which is strictly
1-4, 4,

the liquidity shortage state is —
positive as 1-4,, <1-4, and A, <4, . That is, banks have to pay more in the
liquidity =~ shortage  state, and the profit will decrease by

[——I_EH iAM +AM (1+Ai)}/ P/". As the central bank only allows banks to

1-4, 4,
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pay back the loan by cash, banks need to sell more goods to the patient depositors
to collect more cash. The real goods consumed by every patient depositor in the

ﬂ’H _ﬂ’L

liquidity shortage increases by [AM —_—
A, A=2,)

+AM-Ai}/[(1—/1H)PzH] while

the consumption in the normal state stays the same. This monetary policy makes
depositors’ expected utility obtained from real goods consumption strictly

increase.

(i1) Next consider the case in which the central bank implements open market
operation at date 1 in the normal state. The central bank implements a repo
operation or issue a bond to extract liquidity from economy. Now banks can use
the remaining cash to buy the bond because the operation is marginal and the

remaining cash is always enough with AD)' not changed. We know the banks’

budget constraint is still binding at date 2 as the operation is marginal. The change

of D) is AD) :M. In the liquidity shortage state, banks have to pay
(1-4)y
extra 1= 4, (AM -Ai) nominal resources to fulfill the deposit contracts and the

L
real goods consumed by every patient depositor in the liquidity shortage state

1 AM-Ai

l_j'L PzH

increases by and the consumption in the normal state stays the

same. Then this monetary policy also makes depositors’ expected utility obtained

from goods consumption strictly higher.

(i11) Finally, compare the two types of monetary policies in (i) and (ii), we know

M.,.AM.A,'
Ay (1=4,) AM - Ai AM - Ai
> >
(1= 2,)P (-2)B" ~ (1=2,)F
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We can see that the operation in the liquidity shortage state increases each patient
depositor’s consumption more than operation in the normal state does. For the
two types of operations, utility improvement both occurs in the liquidity shortage
state, thus the probability of operation taking effect is the same. Then reverse repo

operation in the liquidity shortage state is more effective.

PROOF OF PROPOSITION 8

The proof proceeds in three steps. In step 1, we prove that the only feasible
monetary policy to achieve the social optimal allocation is to issue a bond at date
1 in the liquidity shortage state and repay the bond at date 2. In step 2, we derive
the deposit contract under a given interest rate of the bond. In step 3, we
characterize the interest rate of the central bank bond which can leads to the social

optimal allocation in equilibrium.

Step 1: If the social optimal allocation can be achieved, banks make no profits and
all the real goods at date 2 are allocated to depositors. From now on, every

A
(13 2

variable with denotes corresponding variables under social optimal

* *

investment, and we have 1/321\{:U’ Ry /& and 1/322=U’ Rl /e. We
1-4, -4,

have P <P/ as 1-1,<1-4,, which implies that there are more total

liquidity in the normal state, that is, f/’zﬁ RI+1< I/JER[ +1.

From the proof of proposition 3, we know when &< ¢, any zero-profit contract

will lead to B” =P and P"=P", which means the banks’ payment for

impatient depositors is insufficient to buy all the 1—/ unit of goods at date 1. !

1Ac'fually, P, = P, occurs because there are not enough cash at date 1. If impatient depositors can buy all the 1 — I unit

of goods, P; will be too low and P; < P,. Then in equilibrium, patient depositors will sell less goods at date 1 (only part
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Therefore, if the impatient depositors are able to buy all the 1—/ unit of goods

at date 1, banks must provide a higher D/, which leads to a higher total payment

in the liquidity shortage state as A, > A, . Therefore, given the zero-profit prices

at date 2, P = U'( )/5, P = U'{l 7 j/g, if impatient depositors can

H L
buy all the 1—7 unit of goods at date 1, the banks’ liquidity at date 2 in the
liquidity shortage state is not enough to fulfill the contract. So at such prices, the
central bank must provide liquidity to banks in the liquidity shortage state to
implement the zero-profit deposit contracts with which the impatient depositors

are able to buy all the goods at date 1.

The feasible monetary policy is that the central bank issues a bond at date 1 in the

liquidity shortage state, banks lower their D' to have some cash left after

payment and save the remaining cash in central bank, then at date 2 the central
bank repay the principal and interest of the bond and banks get more cash to pay

the patient depositors.

The social optimal allocation cannot be achieved if the central bank intervenes in
the normal state. If the central bank wants to reduce the banks’ total liquidity in

the normal state, for example, providing a central bank loan to banks at date 1,

banks cannot increase D, since the budget constraint will be violated in the

liquidity shortage state. Therefore, banks will not buy the central bank loan even
they have some cash left after payment at date 1 in the normal state, and the
monetary policy is invalid. In summary, the only feasible monetary policy is to

issue a bond at date 1 in the liquidity shortage state and repay the bond at date 2.

of 1 —1 unit of goods), and P; will increase and finally we have P; = P,. In summary, P; = P, means impatient
depositors can’t buy all the 1 — I unit of goods.
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Step 2: We characterize the deposit contract under a given interest rate of the bond

in this step.

(a) Given an interest rate of the bond (i, ), since the market is competitive, with

the central bank’ monetary intervention, banks must offer the deposit contract that

implements the social optimal allocation.

Now banks’ budget constraint in the liquidity shortage state is:

(A40) [ D) + (1= 2,)D} 19 < PRI}, +1+4 (1= 4, D' D),
Banks’ budget constraint in the normal state is:

(Ad1) [4, D) +(1-2,)D}1y < PIRI}, +1

In the social optimal allocation, banks make zero profit, which means that (A40)

and (A41) should both be equality, that is,

[A, D) +(=A4,)DY 1y =PRI, +1+(1- A, D" »)i,
[4,D +(1-4,)D} 1y = PRI, +1

We cansolve D' and D) as:

gt lH—/iL_l_zH ]JZLR[FB+I)2HR[FB . I/DIRI ) l/)WA
DY = L L , DY ="2"m et WA
)*H_;LL .| (I-4)y
L4 L
[ 1_ﬂ“L ngy

where )A/ =1+ ﬁOI;B .

(b) Now we prove that banks have no incentive to deviate from this deposit

contract under the social optimal investment.
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Assume that a bank deviates by cutting D by AD) . In the liquidity shortage

state, D) can increase by A,AD(1+i,)/(1-4,), and in the normal state,

/1H(1+iB)> A
1-4, 1-4,

BZV can increase by /ILAI/)? /1-=4,). We know since

A, <A, and i, >0, and this implies that D, increase less in the normal state.

So the increase of D, is determined by A,AD,"/(1-4,). Since there is no

operation in the normal state, depositors still get residual utility from 1 unit of

cash altogether. While in the liquidity shortage state, the impatient depositors’

cash decreases by A,AD/ )A/ at date 1, and patient depositors’ cash increases by

A,AD )A/(l +i,) atdate 2. However, now banks make non-zero profits. The total

real goods allocated to the patient depositors decreases by

ADY )A/[/lH (1+i,)— 4,1/ P/ . We need to compare the utility gain of net increase
of cash A,AD}i B)A/ and the utility loss from real-goods decrease. The utility gain

of net increase of cash is A,AD,"i, )A/e. The utility loss from real-goods decrease

1S:

* N . .
(l—ﬂH)U’( RIFB ]ADI y/[gH(l—i_lB) ﬂ«L] =ADlNy[/1H(1+iB)_2«L]g~
1= B (1= 2y)

Since A, (1+i,)—A4, > 4,i,, the utility loss from real-goods decrease is larger,

which means starting from the social optimal allocation point, banks will not

deviate by decreasing D).

Increasing DY will decrease the real goods allocated to the impatient depositors

and lower the total amount of cash held by depositors at the end of the economy,
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thus is always harmful to depositors and will never be optimal. In summary,

starting from the social optimal point, banks will not deviate by changing the

deposit contract D' and D)’ .

The liquidity provided to banks can be expressed as

*

ﬂH_ﬂ'LBW_’lH_ﬂL_'_l_ H}/)IRI

_ PRI’
l—ﬂ,L 1 l—/IL 1_/1L 2 FB 2 FB

Step 3: Finally we characterize the interest rate of the central bank bond in

equilibrium.

Now the operation is not marginal thus banks may have an incentive to deviate by
increasing or decreasing investment at the social optimal investment. When the
interest rate of bond is too high, banks may want to cut investment to hold more
cash and invest more in the central bank bond with a high interest rate. When the
interest rate of bond is too low, banks may want to increase investment and invest
less in the central bank bond with a low interest rate. So the interest rate should

balance these two concerns and banks have no incentive to deviate.

Consider a bank deviates by increasing A/ unit of investment. We first

characterize how the deposit contract will change with the change of investment.
Total liquidity of this bank at date 1 decreases by I/’ZAI . Then at date 2, in the

liquidity  shortage state, the bank’s total liquidity decreases by

f’;AI (1+iB)—}/’;E RAI attributed to the adjustment of investment, while the total
liquidity of the bank at date 2 increases by }/’}RA] —}?OAI in the normal state.
Since there is no monetary policy operation in the normal state, if BITV stays
constant, then 5? has to be lowered, which is not desirable. Therefore, subject

to the market competition, this bank will adjust D and D)’ to ensure that its
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depositors can still get all the real goods. Denote the change of DY and D} as
Aﬁf\v and AB? . The following equation system can ensure that this bank still
has zero profit.

| 4 ADY +(1=2,)ADY |3 =~BAI+i,)+ B RAT = 2,1, 3AD]
(A42)

o~

[ZLADIN +(1=4,)AD” }} — _PAI+PLRAI

The last term in the first equation, —/IHiB)A/ADIN means that this bank’s total

liquidity will also change with D" since more D,' means this bank saves less

cash in the central bank at date 1 thus get less interest income.

Then we derive the equilibrium interest rate of bond. In terms of the real goods, at
date 2, since the social optimal allocation can be achieved with the central bank’s
intervention, and the deviating bank makes zero profit and all the real goods are
allocated to depositors. Each patient depositor’s real goods consumption increases

by RAI/(1-4,) in the liquidity shortage state and RA//(1-4,) in the normal
state. With respect to cash, the total cash held by impatient depositors and patient

depositors together decreases by j’\OAI(1+iB)+/1HiB)A/A5? in the liquidity

shortage state, and decreases by /P;A] in the normal state. In order to make

banks have no incentive to deviate, the total welfare change should be no greater
than 0. Deviation by decreasing one unit of investment is a symmetric situation
and the welfare change of decreasing one unit of investment should also be no
greater than 0. Then the equilibrium interest rate is given by equalizing the gain
from the increase in real goods consumption and the loss due to the decrease of

residual value of cash. That is,
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9(1_1,1{Ur(&+ RAI jy[ﬂ_ﬂ
-4, 1-4, 1- 4,

oo o Ry RAL) o Ry
-4, 1-4 -4,
—(1-0)PAIs+ .9[130&(1 £i,)+ A, i, YAD) } p

Dividing both sides by A/ and taking A/ — 0, we get

* * N R ~ /ﬁ
(A43)HU'(f]—F;]RwL(l—H)U’(—IRI;B jR=(l—9)Po8+9 PO(1+1'B)+/1HiByAfll ]g

H 7

Dividing both sides of (A42) by Al, we can solve Al/)f\v /A,

- ADY ADY |~ o~ _~AD"
ﬂ’H A]l +(1_ﬂ’H) A;}y:_e)(l"'lg)"'f)zHR_ﬂ'HlBy A]l
(A44) - o o
N N o~
A, AZI +(1—,1L)Af; }y:—PO+P2LR

o~ P

N N
Substituting Af]l =x, and AAD; =x, 1n (A43) and (A44), we get the result in

proposition 8 and the equilibrium interest rate of the bond issued by the central

bank.

PROOF OF PROPOSITION 9

We have already characterized the expressions of D' and D, under the

equilibrium interest rate of the bond in the proof of proposition 8. Whether social

optimal allocation can be achieved by monetary policy is equivalent to whether
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e~ e~

under the contract D;' and D, the impatient depositors can buy 1—7 unit of

real goods at date 1. When l/)lj\v is small, if the impatient depositors are still able
to buy all the 1-7 unit of real goods, B would be too low and could not be
greater than P,. In equilibrium, we would have B =P, and the patient

depositors will not sell all of 1—/ unit of real goods, and the impatient
depositors’ consumption at date 1 will be smaller than 1—7 unit of goods, which
cannot be social optimal. Therefore, we can get the conditions in proposition 9 by

making the price at date 1, P, which is equal to the amount of cash withdrawn

by the impatient depositors under l/)f\v divided by 1—7 unit of goods, larger

than the date 2 price P,.

84



