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Abstract

We develop a general equilibrium framework to quantify the importance of interme-

diated capital reallocation in affecting macroeconomic fluctuations and asset returns.

In our model, financial intermediaries intermediate capital reallocation between low

productivity firms with excess capital and high productivity firms who need credit.

Because lending contracts cannot be perfectly enforced, capital misallocation lowers

aggregate productivity when intermediaries are financially constrained. As a result,

shocks originated from the financial sector manifest themselves as fluctuations in total

factor productivity and account for most of the business cycle variations in macroeco-

nomic quantities. Our model produces a pro-cyclical capital reallocation and is consis-

tent with the stylized fact that the volatilities of productivity are counter-cyclical at

both the firm and the aggregate level. On the asset pricing side, our model matches

well moments of interest rate spreads in the data and successfully generates a high and

counter-cyclical equity premium.
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I Introduction

The purpose of this paper is to develop a general equilibrium framework to understand

quantitatively the role of financial intermediation in affecting macroeconomic fluctuations

and asset prices through the capital reallocation mechanism. The recent great recession is

not only marked by disruptions of financial intermediation but also by sharp increases in

capital misallocation and sharp decreases in capital utilization. More generally, measured

total factor productivity is highly negatively correlated with measures of capital misallocation

and positively correlated with measures of capital utilization.

In Figure 1, we plot total factor productivity (TFP) (dashed line) against measured

capital misallocation, where both series are HP filtered. We follow a similar procedure as

Hsieh and Klenow (2009) and measure capital misallocation by the variance of the cross-

sectional distribution of log marginal product of capital within narrowly defined industries

(classified by the four-digit standard industry classification code). We use a first order Taylor

approximation as described in Appendix B to translate the dispersion measure into units of

TFP gains.1 The two series track each other remarkably closely, and this pattern is robust

to alternative measures of TFP and misallocation. In Figure 2, we plot the same measure

of capital misallocation and log capital utilization rates for the same period. Clearly, both

series are pro-cyclical and highly correlated with each other.

We develop a model where disruptions of financial intermediation generates endogenous

time variations in capital misallocation and capital utilization. We show that shocks to

agency frictions are capable of generating large recessions and significant asset market fluc-

tuations through the capital misallocation mechanism.

Our model emphasizes the role of financial intermediaries in facilitating capital realloca-

tion among firms with heterogenous productivity. We assume incomplete markets and agency

frictions (limited enforcement of financial contracts) as in Gertler and Kiyotaki (2010). Our

novelty is the introduction of heterogenous productivity and imperfect substitution among

firms’ output. Both features of the model are designed to motivate the need for reallocating

capital and labor across firms with different productivity and to quantify the benefit of such.

In the model, firms are subject to idiosyncratic productivity shocks. It is efficient to

reallocate capital and labor from low productivity firms with excess capacity to high pro-

ductivity firms who need to expand their operation upon the realization of such shocks.

This arrangement requires high productivity firms to borrow through financial intermedi-

1We detail the data construction in Appendix B.
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aries, who finance the investment by borrowing from households and low productivity firms.

However, the debt contract between financial intermediaries and lenders are subject to lim-

ited enforcement. A worsening of the agency frictions impedes banks’ ability to borrow limits

the efficiency of capital reallocation. When this happens, because resource allocation is in-

efficient, the cross-sectional dispersion of marginal product of capital widens and measured

total factor productivity declines. In the extreme case, when all intermediaries in the econ-

omy are constrained, some of the productive capital cannot be utilized and output declines

sharply.

In our quantitative exercises, we consider three specifications of our model: a benchmark

model where shocks originated directly from the financial sector, a model with total factor

productivity shocks, and a model with capital depreciation shocks. Consistent with the

previous literature, we find that in the model with productivity shocks, the amplification

mechanism is present but quantitatively small: on average, the presence of financial frictions

increases the macroeconomic volatility by about 10%. The model with capital depreciation

shocks, when calibrated to match the volatility of aggregate output, also generate fairly small

variations in capital misallocation. Our benchmark model with financial shocks generate

most of the macroeconomic fluctuations through capital misallocation and capital utilization.

Our model makes several contributions. First, it provides a micro-foundation for total

factor productivity shocks and generate macroeconomic fluctuations without resorting to

technology regress. In our model, variations in the efficiency of capital reallocation are

responsible for most of the fluctuations in output and measured total factor productivity.

Our theory features shocks to agency frictions that affect intermediaries’s borrowing capacity

and we use empirical evidence on interest rates to discipline our quantitative exercise.

Second, our model generates endogenous countercyclical volatility in macroeconomic

quantities and asset prices. This is due to the inherit asymmetry in the amplification mech-

anism. On one hand, a worsening of financial frictions lowers total output and bank net

worth, which increases the leverage of the banking sector, making the economy more vul-

nerable to additional shocks to the financing constraint. On the other hand, shocks that

improve banks’ financing constraints lower leverage and reduce macroeconomic volatility. In

the extreme case where banks are unconstrained, aggregate volatility is zero in the absence

of productivity shocks.

Third, our model produces a significantly higher volatility of equity returns than standard

RBC models. The inability of standard RBC model in generating significant fluctuations

in asset prices is well known. To match the high volatility of investment in the data, these
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models typically require a very low curvature of investment adjustment cost function. Low

adjustment cost implies that the variation of Tobin’s Q, which equals the marginal cost

of investment in equilibrium, must be low. For example, the volatility of Tobin’s Q in

our model with exogenous TFP shocks but without financing frictions is about 0.5% per

year. The volatility of Tobin’s Q in our model with financing constraints is about 3.5% per

year. Capital is valuable in our model not only because it delivers future cash flows, but

also because it may relax intermediaries’ borrowing constraints in the future. Variations in

financial market frictions affect the marginal cost of financing constraints and translate into

variations in the price of capital.

Our paper belongs to the literature on macroeconomic models with financial frictions.2

The papers that are most related to our are Gertler and Kiyotaki (2010), Brunnermeier

and Sannikov (2014), He and Krishnamurthy (2014), and Rampini and Viswanathan (2014).

Our model builds directly on Gertler and Kiyotaki (2010) and extends their model in several

dimensions. First, we allow heterogeneity in firms’ productivity and study the role of finan-

cial intermediary in facilitating capital reallocation in the cross section, whereas Gertler and

Kiyotaki (2010) focus on how financial frictions affect intertemporal investment decisions.

As a result, the amplification mechanism in our model is much stronger, because financial

frictions affect current period output directly. Second, we assume that firms’ output are

imperfect substitutes. This allows us to calibrate the elasticity of substitution among vari-

eties as in Hsieh and Klenow (2009) and quantify importance of capital reallocation. Third,

we develop a recursive method to solve the model to account for the occasionally binding

constraints, which is the key mechanism that generates countercyclical volatility and coun-

tercyclical equity premium in our model. Gertler and Kiyotaki (2010) linearize their model

around the deterministic steady-state, where financial constraints are always binding.

Several papers emphasize the importance of capital reallocation in understanding credit

market frictions. For example, Eisfeldt and Rampini (2006), Eisfeldt and Rampini (2008),

Shourideh and Zetlin-Jones (2012), Kurlat (2013), Chen and Song (2013), Fuchs et al. (2013),

and Li and Whited (2014). Our paper falls into this category. Eisfeldt and Rampini (2006)

provide empirical evidence that the amount of capital reallocation is procyclical and the

benefit of capital reallocation is counter-cyclical. They also present a model where the cost

2A partial list of this literature include Bernanke and Gertler (1989), Carlstrom and Fuerst (1997),
Kiyotaki and Moore (1997), Kiyotaki and Moore (2005), Bernanke et al. (1999), Krishnamurthy (2003),
Kiyotaki and Moore (2008), Mendoza (2010), Gertler and Karadi (2011), Jermann and Quadrini (2012), He
and Krishnamurthy (2012), He and Krishnamurthy (2013), and Li (2013). Quadrini (2011) and Brunnermeier
et al. (2012) provide comprehensive reviews of this literature.
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of capital reallocation is correlated with TFP shocks to rationalize these facts. Eisfeldt and

Rampini (2008), Kurlat (2013), Fuchs et al. (2013), and Li and Whited (2014) focus on

adverse selection problems, while this paper focus on limited commitment of financial con-

tracts. In addition, we explicitly allow for a financial intermediary sector in our model and

we use empirical evidence on bank loans and interest rate spreads to discipline our quan-

titative exercise. Finally, different from all of the above models, we study asset prices and

macroeconomic quantities jointly in our model, in particular, the dynamics of macroeconomic

volatilities and expected returns.

The idea that shocks may originate directly from the financial sector and affect eco-

nomic activities follows Jermann and Quadrini (2012). Different from Jermann and Quadrini

(2012), our paper focus on financial intermediation and capital reallocation and their con-

nections with the macroeconomy.

Our paper is also related to the literature on asset pricing in production economies

and recursive preferences.3 The endowment based long-run risks literature emphasizes the

importance of volatility shocks in understanding asset prices (for example, Bansal and Yaron

(2004), Bansal et al. (2010)). However, standard real business cycle models typically produce

very little amount of endogenous time variation in the volatility of macroeconomic quantities,

negligible in terms of its risk premium. Our model endogenously generates coutercyclical

volatility in consumption, stochastic discount factor, and equity returns because of the inherit

asymmetry of the amplification mechanism.

The rest of the paper is organized as follows. We provide a summary of some stylized

facts that motivate the development of our model in Section II. We describe the model setup

in Section III. In Section IV, we characterize the solution to our model in the two-period

case and use this setup to discuss the intuition for the main insights of the fully dynamic

model. In Section V, we develop a recursive method to construct Markov equilibria in the

fully dynamic model and a numerical procedure to solve for such equilibria. We calibrate

our model and evaluate its quantitative implications on macroeconomic quantities and asset

prices in Section VI. Section VII concludes.

3For example, Tallarini (2000), Kaltenbrunner and Lochstoer (2010), Croce (2010), Papanikolaou (2001),
Ai et al. (2013), Gourio (2012), Kung and Schmid (2013), Kogan and Papanikolaou (2012b), Favilukis and
Lin (2013). For a recent survey of this literature, see Kogan and Papanikolaou (2012a).
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II Stylized Facts

In this section, we provide some stylized facts that motivate the development of our theo-

retical model. The first fact is about the business cycle properties of the total volume of

intermediated loans:

1. The total volume of bank loans is procyclical. It is negatively correlated with measures

of volatility and capital misallocation.

The above fact is what motivates our theory of financial intermediation and its con-

nection with capital reallocation. We calculate the total volume of bank loans of the

non-financial corporate sector in the U.S. from the Flow of Funds Table. Total bank

loans are calculated as the difference between total corporate credits and corporate

bond issuance. The details of the data construction can be found in Appendix B.

We plot the annual changes in the total volume of bank loans and the GDP growth rate

of the U.S. economy in Figure 3. The shaded areas indicate NBER defined recessions.

It is clear that the total volume of bank loans is strongly procyclical. The correlation

between the two series is 0.42 at the annual level.

In Figure 4, we plot the annual changes in the total volume of bank loans and the

measured cross-sectional dispersion in the marginal product of capital from the COM-

PUSTAT dataset. We provide the details of the construction of the dispersion measure

in Appendix B. Clearly, the innovations of the total volume of bank loans are strongly

negatively correlated with our measure of capital misallocation — the correlation of the

two series is −0.43 at the annual frequency. This is consistent with the key mechanism

of our model: when banks are constrained, the total volume of bank loans decreases,

and capital reallocation is less efficient.

We plot the annual changes in the total volume of bank loans and aggregate stock

market volatility in Figure 5. Stock market volatility is calculated by aggregating

realized variance of monthly returns. The correlation between the two time series is

about −0.25 at the annual level. We also plot the cross-sectional dispersion of firm

profit in Figure 6. It is clear that changes in the total volume of bank loans is strongly

negatively correlated with both measures of volatility.

The rest of the stylized facts are well-known. We therefore do not provide detailed

discussion here but refer to the relevant literature. The second fact is about the
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business cycle properties of capital reallocation. This is documented in Eisfeldt and

Rampini (2006).

2. The amount of capital reallocation is procyclical and the cross-sectional dispersion of

marginal product of capital is countercyclical.

The third, fourth and fifth facts are about the cyclical properties of the volatility of

macroeconomic quantities and asset returns and are well-known in the macroeconomics

literature and the asset pricing literature, for example, Bloom (2009), Bansal et al.

(2012) and Campbell et al. (2001).

3. The volatility of macroeconomic quantities, including consumption, investment, and

aggregate output is countercyclical.

4. The volatility of aggregate stock market return is also countercyclical. Equity premium

and interest rate spreads are countercyclical.

5. The volatility of idiosyncratic returns on the stock market is countercyclical.

In the following sections, we setup and analyze a general equilibrium model with financial

intermediation and capital reallocation to provide a theoretical and quantitative framework

to interpret the above facts.

III Model Setup

In this section, we describe a general equilibrium model in order to provide a quantitative

framework to study the link between financial intermediation and capital reallocation. We

begin by summarizing the most important elements or ”frictions” in our model that allow us

to deviate from the ”representative agent” framework and to motivate the need for capital

reallocation and financial intermediation.

First, we allow heterogeneity in firms’ productivity shocks and this motivates the need

for capital reallocation. In particular, we use the production technology of Hsieh and Klenow

(2009) to provide a quantitative discipline on the mapping between the cross-sectional dis-

persion in the marginal product of capital and efficiency losses in total output implied by

the model.
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Second, limited enforcement of financial contracts prevents perfect capital reallocation

among firms and results in under-investment whenever intermediaries or banks are con-

strained.4 In our model, banks borrow from the household and invest in the corporate

equity market. They are exposed to idiosyncratic productivity shocks because the equity of

the firms in their portfolio does. Efficient reallocation of capital requires that banks who

finance for high productivity firms borrow capital from the rest of economy. Because lending

contracts cannot be perfectly enforced, low levels of bank net worth limits their borrowing

capacity and restricts capital reallocation. In the extreme case where all banks in the inter-

mediary sector are constrained, capital under-utilization occurs, and output drops sharply.

Because the lending contract between banks and the household cannot be perfectly enforced,

aggregate saving and investment also drop when banks are constrained.

Third, incomplete market between the household and the banks implies that bank net

worth is more sensitive to aggregate shocks and this is the source of the amplification mecha-

nism in our model. In our model, the household does not have access to the corporate equity

market and must delegate investment decisions to financial intermediaries. If the household

and financial intermediaries can trade a full set of Arrow-Debreu securities, financial interme-

diation is irrelevant and perfect risk sharing can be achieved. We assume that the household

does not have the skill to monitor payoffs in different states of the world. In this case, it can

only deposit on a risk-free account with the banks and receive non-state-contingent payoffs

from its investment. This mechanism creates leverage in the intermediary sector and implies

that intermediary net worth is more sensitive to aggregate productivity shocks than house-

hold net worth. Because intermediary net worth affects the efficiency of capital reallocation,

aggregate shocks are amplified by financial intermediation and create non-trivial variations

in capital misallocation over business cycles. We now turn to the description of the model.

A Non-financial Firms

The specification of non-financial firms in our model follows the standard monopolistic com-

petition setup in the capital misallocation literature, for example, Hsieh and Klenow (2009).

There are three types of non-financial firms, intermediate goods producers, final goods pro-

ducers and investment goods producers. Because non-financial firms do not make intertem-

poral decisions in our model, we suppress the dependence of prices and quantities on state

4We use the term financial intermediary and bank interchangeably in the description of the model. We
think of them as theoretical abstractions of a broadly defined intermediary sector, including commercial
banks, investment banks, mutual funds, hedge funds, venture capital, and private equity funds.
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variables in this subsection.

Final goods are produced by a representative firm on a perfectly competitive market

using a continuum of intermediate inputs. We normalize the price of final goods to one and

write the profit maximization problem of the final goods producer as:

max

{
Y −

∫
[0,1]

pjyjdj

}
Y =

[∫
[0,1]

y
η−1
η

j dj

] η
η−1

, (1)

where pj and yj are the price and quantity of input j produced on island j, respectively. The

parameter η is the elasticity of substitution among varieties. The constant return to scale

technology and the fact that the final goods market is perfectly competitive imply that final

goods producers earn zero profit in equilibrium. In this case, final goods producer’s demand

function for input variety j can be written as:

pj =
[yj
Y

]− 1
η
. (2)

There is continuum of monopolistically competitive intermediate goods producers indexed

by j ∈ [0, 1], each producing a different variety on a separate island.56 We use j as the

index for both the intermediate input and the island on which it is produced. The profit

maximization problem for the producer on island j is given by:

DF (j) = max {pjyj −MPKj · kj −MPL · lj}

subject to : pj = [yj/Y ]−
1
η

y (j) = Aajk
α
j l

1−α
j . (3)

Here, the production of variety j requires two factors, capital kj and labor lj. A is the aggre-

gate productivity common across all firms. aj is island j-specific idiosyncratic productivity

shock, which we assume to be i.i.d. over time. MPKj is the rental price of capital on island

j and MPL is the economy wide wage rate. Because our focus is on capital reallocation

across islands with different idiosyncratic productivity shocks, we allow the rental price of

5In the rest of the paper, we suppress the state space of varieties, [0, 1] to save notation.
6We use the terminology ”island” to emphasize that capital cannot move freely among producers of

different input varieties. The details of capital market frictions is introduced in Section
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capital to be island specific, but assume frictionless labor market across the whole economy.

We use DF (j) to denote the total profit of firm j, which is paid to households as dividend.

We adopt a convenient normalization, ∫
aη−1
j dj = 1. (4)

As will become clear later, the above condition implies that the average idiosyncratic produc-

tivity is one and total output is given by the standard Cobb-Douglas production function,

AKαN1−α in the absence of misallocation.

We assume, for simplicity, that there are only two possible realizations of idiosyncratic

productivity shocks, aH and aL. We denote

Pr ob (a = aH) = π; Pr ob (a = aL) = 1− π. (5)

In this case, assumption (4) can be written as

πa1−η
H + (1− π) a1−η

L = 1. (6)

Finally, the representative investment goods producer produces investment goods with a

constant return to scale and convex cost function. Their profit maximization problem can

be written as:

DI = max {qI −H (I,K)} , (7)

where q denotes the price of investment goods, DI denotes the total profit of the investment

goods producing firm, I denotes the total amount of investment goods produced, and K

denotes the total capital stock of the economy. In equation (7), H
(
I, K̄

)
is the cost of

investment, including adjustment cost. We assume a standard quadratic adjustment cost:

H (I,K) = I +
1

2
h

(
I

K
− i∗

)2

K, (8)

where h is positive constant, and i∗ is the steady-state investment-to-capital ratio.

B Household

There is a representative household with recursive preferences with constant risk aversion γ

and constant IES ψ. As in Gertler and Kiyotaki (2010), market is incomplete and household
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can only invest in a risk-free deposit account with financial intermediaries. We assume (and

later verify) that household’s utility maximization problem can be written in a recursive

fashion:

V (Z,W ) = max
C,Bf

{
(1− β)C1− 1

ψ + β
(
E
[
V (Z′,W ′)

1−γ
∣∣∣Z]) 1−1/ψ

1−γ

} 1
1−1/ψ

C +Bf = W

W ′ = BfRf (Z) +

∫
DF (j) (Z′) dj +DI (Z

′) +

∫
DB (j) (Z′) dj +MPL (Z′)− χq (Z′) K̄ ′.

In the above maximization problem, we assume that there exist a vector of Markov state

variables Z, the law of motion of which will be specified later, that completely summarize the

history of the economy.7 Taking the equilibrium interest rate Rf (Z), the dividend payment

from intermediate goods producers, {DF (j) (Z)}j∈[0,1], that from investment goods produc-

ers, DI (Z), and that from the banks, {DB (j) (Z)}j∈[0,1] as given, the household makes its

optimal consumption and saving decisions given its initial amount of disposable wealth, W .

Household income includes total savings in the bank account, BfRf (Z), total dividends (mo-

nopolistic rents) from intermediate goods producers,
∫
DF (j) (Z′) dj, total dividend payment

from banks,
∫
DB (j) (Z′) dj, and total labor income, MPL (Z). Here we assume that the

household is endowed with one unit of labor in every period, which it supplies inelastically to

firms. Similar to Gertler and Kiyotaki (2010), we assumes that household must involuntarily

inject χ fraction of the total value of capital stock, χq (Z′) K̄ ′ into the banking sector in

every period. This assumption ensures that the net worth of the banking sector will never

be depleted in equilibrium.

In our setup, the representative household owns the ultimate claims of all assets in the

economy but must delegate its investment decisions in capital markets to financial interme-

diaries. The household start the current period with total amount of disposable wealth W ,

and decides the allocation ofW between consumption and invesment in the risk-free account

with banks. To make the intermediation problem non-trivial and prevent the model from

collapsing into a single representative agent setup, as in in Gertler and Kiyotaki (2010), we

assume incomplete market between the household and the intermediary. That is, the only

7In another words, we will focus on Markov equilibria with state space Z, where Z is the set of all possible
realizations of Z. There is no general uniqueness and existence result that can be applied to the Markov
equilibrium in our model. In Section IV, we construct such an equilibrium and our numerical result suggests
such equilibria is unique.
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way for the household to invest intertemporally is through a risk-free account with the in-

termediary. The household cannot buy or sell aggregate state contingent contract with the

intermediary.

C Financial Intermediaries

There is one financial intermediary on each island.8 Financial intermediaries are the only

agents in the economy who have access to the capital markets.

We assume that the representative household is divided into bankers and workers, and

there is perfect consumption insurance between bankers and workers within the household.

Under this assumption, banks evaluate future cash flows using the ”stochastic discount

factor” implied by the marginal utility of the household: 9

M ′ = β

(
C (Z′,W ′)

C (Z,W )

)− 1
ψ

 V (Z′,W ′)(
E
[
V (Z′,W ′)1−γ

∣∣Z]) 1
1−γ

γ− 1
ψ

(9)

A new generation of banks enter into the economy at the end of every period after the

completion of production. As in Gertler and Kiyotaki (2010), we assume that capital and net

worth moves freely across islands at the end of every period after the completion of current-

period production and before the realization of next-period shocks. This is a simplifying

assumption that avoids having to keep track of the cross-sectional distribution of net worth

and capital as a state variable. As will become clear later, because island specific productivity

shocks are i.i.d. over time, the ratio of capital and net worth must equalize across islands at

the end of each period. In addition, there is an economy wide price for capital at the end of

each period, which we denote q (Z).

Consider a bank who enters into a period with initial net worth N . Given the end-

of-period price of capital q (Z), the bank chooses the total amount of borrowing from the

household, Bf , amount of borrowing from peer banks, BI , and the total amount capital

stock for the next period K ′, subject to the following budget constraint:

q (Z)K ′ = N +Bf +BI . (10)

8Because financial intermediaries on each island face competitive capital markets, one should interpret
our model as having a continuum of identical financial intermediaries on each island.

9See Gertler and Kiyotaki (2010) for details.
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As in Gertler and Kiyotaki (2010), we assume incomplete market in that banks can only

borrow from households on a risk-free account.10 In our model, the total amount of capital

for the next period, K ′ is determined at the end of the current period before the realization

of shocks of the next period. That is, we assume one period time to plan as in standard

real business cycle models. However, different from the standard representative firm setup,

capital can be reallocated across firms after idiosyncratic productivity shocks are realized,

which we turn to next.

The market for capital reallocation opens after the realization of aggregate productivity

shock A′, and idiosyncratic productivity shock a′. Let Q (Z′) denote the price of capital on

the capital reallocation market in state Z′, and let Qj (Z
′) denote the price of capital on an

island with idiosyncratic productivity shock aj for j = H,L, in aggregate state Z′. Here,

without loss of generality, we use j = H,L to denote both the realization of the idiosyncratic

productivity shock and the intermediary on the island whose current period idiosyncratic

productivity is aj.
11 We use RAj (Z

′) denote the total amount of capital purchased on the

reallocation market by intermediary j in state Z′. The total net worth of intermediary j at

the end of the next period after the repayment of household loan and interbank borrowing

is:

N ′
j = Qj (Z

′) [K ′ +RAj (Z
′)]−Q (Z′)RAj (Z

′)−Rf (Z)Bf −RI (Z)BI .
12 (11)

Here we allow Q (Z′), QH (Z′) and QL (Z
′) to be potentially different because limited com-

mitment of financial contracts may prevent the marginal product of capital be equalized to

the price of capital on the reallocation market when the constraint is binding. The inter-

pretation of (11) is that at the end of the next period, the total value of capital on island

j, including the capital purchased in the current period, K ′ and the capital obtained on

the reallocation market, RAj (Z
′), is Qj (Z

′) [K ′ +RAj (Z
′)]. The intermediary also needs

to pay back the cost of capital obtained on the reallocation market, Q (Z′)RAj (Z
′), and

one-period risk-free loans borrowed from the household and other banks, Bf , and BI .

Note that capital on the reallocation market can only be purchased by issuing a within

period interbank loan. This is because the purchase of capital on the reallocation market hap-

10With a slight abuse of notation, we use Bf as both the amount of saving of the household and the
amount of borrowing of the bank. We do so to save notation, because market clearing requires that the
demand and supply of bank loans must equal.

11As we show later in the paper, prices and allocation depend only on the aggregate state variable Z, and
the current period idiosyncratic productivity shock a.

12We allow RA (Z′, a′) to be negative. In fact, market clearing implies that the sum of RA (Z′, a′) across
all banks must equal zero.
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pens before production and the receipt of payment from local firms, Qj (Z
′) [K ′ +RAj (Z

′)].

Figure 7 illustrates the time of events in period t and period t + 1. At the end of period t,

the household has total disposable income W and the total net worth of the intermediary

sector is N . The household wealth is allocated between consumption in the current period,

C and a risk-free deposit with the banks, Bf . From the bank’s perspective, the total net

worth and the total consumer loans, Bf are used to purchase capital at price q. At the end

of period t, a typical bank purchased K ′ amount of capital for period t+1 production before

the realization of the productivity shocks in t+ 1.

Period t + 1 is divided into four subperiods. In the first subperiod, the aggregate pro-

ductivity shock A′ and the idiosyncratic productivity shock, a′ are realized and the capital

reallocation market opens. Banks on the high (idiosyncratic) productivity islands have an

incentive to purchase more capital on the reallocation market and banks on the low produc-

tivity islands have an incentive to sell. Note that transactions on the capital reallocation

market must be done by issuing interbank credit, because at this point production has not

begun and banks has not receive payment from firms yet. Production happens in the second

subperiod, and firms pay back the cost of capital to local banks at the end of the second

subperiod.

In the third subperiod, banks payback their interbank loans and household deposit.

Importantly, after banks receive payment from local firms and before they pay back loans to

creditors, banks have an opportunity to default. Upon default, bankers can abscond with a

fraction of their assets, and set up a new bank to operate on some other island. We assume

that the amount of asset bankers can abscond with upon default is:

θQj (Z
′) [K ′ +RAj (Z

′)]− ω [Q (Z)RAj (Z
′) +RI (Z)BI ] . (12)

The total amount of capital on the island is [K ′ +RAj (Z
′)], where RAj (Z

′) is purchase on

the capital reallocation market under within-period interbank loan. Upon default, bankers

take away all of the capital on the island, but they can only sell a fraction θ of them on the

market. Therefore, upon default, the total receipt of bankers on island j is θQj (Z
′) [K ′ +RAj (Z

′)].

The amount θQj (Z
′) [K ′ +RAj (Z

′)] can be viewed as the deadweight loss associated with

bankruptcy. Similar to Gertler and Kiyotaki (2010), we assume that bankers have a better

technology to enforce contracts then households. This captured by the parameter ω ∈ [0, θ].

The interpretation is that in the event of default, a fraction ω of interbank borrowing can

be recovered. The case ω = 0 means banks are no better than households in enforcing con-
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tracts, and ω = 1 corresponds to the case of frictionless interbank market. The possibility

of default implies that the contracting between borrowing and lending banks must respect

the following limited enforcement constraint:

N ′
j ≥ θQj (Z

′) [K ′ +RAj (Z
′)]− ω [Q (Z)RAj (Z

′) +RI (Z)BI ] , ∀ Z′ and ∀ j, (13)

where N ′ is given by (11). Inequality (13) is the incentive compatibility constraint for banks.

It implies that anticipating the possibility of default, lending banks will make sure that the

borrowing bankers do not have the incentive to default on loan in all possible states of the

world.

In the last subperiod, bankers clear their interbank transactions and consumers receive

dividend payment from banks and firms, risk-free return from bank deposit and make their

consumption and saving decisions. At this point, as in Gertler and Kiyotaki (2010), bank

net worth is allowed to move freely across islands. This assumption is made for tractability.

It implies that the expected return on all islands are equalized and the therefore the ratio

of bank net worth to capital must be equalized across all islands. As a result, the decision

problems for banks on all islands are identical at the end of the last subperiod. We can use the

optimal decision problem of the representative bank to construct the equilibrium. Without

this assumption, banks’ decision depends on the history of the realization of idiosyncratic

productivity shocks on the island. In our setup, the heterogeneity in the realization of

idiosyncratic productivity shocks motivates the need for capital reallocation. At the same

time, the possibility of moving bank net worth across islands avoids the need to keep track of

the the distribution of bank net worth across islands, which is an infinite dimensional state

variable, in computing the equilibrium solution.

We note that no arbitrage on the capital markets within an island implies that

Qj (Z
′) =MPKj (Z

′)−HK (I ′, K ′) + (1− δ) q (Z′) . (14)

The interpretation is that one unit of capital on island j produces an additional current

period outputMPKj (Z
′), lowers the total cost of producing new investment by HK (I ′, K ′),

and depreciates at rate δ per period. In a frictionless market the above condition and the fact

Qj (Z
′) = Q (Z′) for all j guarantees that the marginal product of capital must be equalized

across all islands. In our model, misallocation may happen in equilibrium due to limited

enforcement of financial contracts.

Banks survive to the next period with probability λ, where λ ∈ (0, 1). With probability
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1−λ, banks’ net worth is liquidated and paid back to the household as dividend. As in Gertler

and Kiyotaki (2010), this assumption is a parsimonious way to capture the idea that the

managers of banks have a shorter investment horizon than the representative household. The

difference between the discount rate of bankers and the discount rate of the representative

household implies that banks do not save out of their financing constraints in the long run.

Because banks’ objective function is linear and the constraints (10), (11), and (13) are

homogenous, the value function of banks, taking equilibrium prices as given, must be linear

in bank net worth N . In addition, since bank net worth can be freely moved across islands

at the end of every period, the marginal value of bank networth must be equalized across all

islands at the end of the periods. This feature of the model greatly simplifies our analysis,

because it implies that banks on different island are just a scaled version of each other after

redistribution of bank net worth. We denote the value function of banks as µ (Z)N . A

typical bank maximizes:

µ (Z)N = max
Bf ,K′{RAj(Z′)}Z′,j

E [M ′ {(1− λ (Z′))N ′ + λ (Z′)µ (Z′)N ′}|Z]

by choosing total capital stock for the next period, K ′, total borrowing from households, Rf ,

and a state-contingent plan for capital reallocation, RAj (Z
′) for all possible realizations of

Z′ and j, subject to constraints (10), (11), and (13).

Here we follow the standard practice in dynamic agency models with financing frictions

to assume that the agent is less patient than the principle.13 In our model with financial

shocks, we assume that the discount rate, λ, follows a Markov process. The macro-asset

pricing literature found large discount rate variations in the data, one way of interpreting

our specification of financial shocks is that we explore the implications of discount rate

variations on agency frictions. We show in our calibration that relatively small variations of

the discount rate, λ can be amplified by agency frictions and generate large fluctuations in

measured total factor productivity and output.

We make one more assumption on the productivity A. We assume At = ĀtK
1−α
t , where

Āt is a Markov process of exogenous productivity shocks. This specification follows Frankel

(1962) and Romer (1986) and is a parsimonious way to inject endogenous growth into the

model. From an asset pricing perspective, this allows shocks to affect long-run growth rates

and generate significant risk premium on equity. From a technical point of view, as we will

see in Section V of the paper, this allows us to reduce one state variable in the construction

13See for example,
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of the Markov equilibrium.

D Market Clearing

Because market clearing conditions have to hold in every period, we suppress the dependence

of all variables on time or state variables in this section to save notation.

As in standard neoclassical models, there is one period time to plan in the capital accu-

mulation technology. The total amount of capital used for production in the next period,

denoted K ′ is determined at the end of the current period and equals to the total amount of

capital used in the current period after depreciation plus the total amount of new investment

made in the current period:

K ′ = (1− δ)K + I. (15)

Here we use the fact of the existence of a representative bank, and we use the notation K

and K ′ for both the capital stock of the whole economy and for the capital stock held in a

typical (representative) bank.

The total amount of capital used on any island must equal the amount of capital the bank

purchased in the last period plus the amount of capital purchased on the capital reallocation

market:

kj = K +RAj, for j = H,L. (16)

Here, to save notation, we use the fact that we can without loss of generality assume that

prices and allocations depends only on the aggregate state variable and the realization of the

current period productivity shocks (but not on the history of the realization of idiosyncratic

productivity shocks).

In addition, the total amount of interbank borrowing in the economy must be zero,

BI = 0. (17)

Because banks are ex ante identical before the realization of idiosyncratic productivity

shocks, BI = 0. The possibility of interbank bank borrowing on the intertemporal bank

loan market does not affect allocation but determines the interbank borrowing rate, an ob-

ject that can be measured empirically and used to discipline our quantitative exercise. Also,

the total amount of capital used for production is less than or equal to the total amount of

capital available:

π (K +RAH) + (1− π) (K +RAL) ≤ K. (18)
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The term K+RAH is the total amount capital used in high-productivity firms, and K+RAL

is the total amount of capital used in low productivity firms. It is important to note that

we use the weak inequality in the above resource constraint. In a frictionless economy,

because preferences are monotone, inequality (18) always hold with equality. However, in

our economy with agency frictions, (18) may hold with strictly inequality when banks on all

islands are constrained.

We assume that labor is perfectly mobile and aggregate labor supply is normalized to 1.

The market clearing condition for labor is

πlH + (1− π) lL = 1. (19)

Market clearing for final goods requires that total consumption and cost of investment sum

up to total output:

C +H (I,K) = Y, (20)

where H (I,K) is the adjustment cost function defined in (8), and K is the total amount of

capital in the economy.

Note that market clearing implies that the sum of the household’s disposable wealth, W

and the total net worth of the banking sector, N must equal to the total financial wealth

of the economy. Due to limited enforcement of financial contracts, the division between W

and N affects the efficiency of investment and capital reallocation. When bank net worth is

low, the limited enforcement constraint, (13) is more likely to bind and restrict the efficiency

of capital reallocation. Because of the debt contract between household and intermediaries,

intermediary net worth N is more sensitive to aggregate shocks. Together, the two frictions,

limited enforcement of contracts and incomplete market, imply that aggregate shocks are

amplified by financial intermediation and affect the efficiency of capital reallocation.

E Markov Equilibrium

LetN ′
H denote the total amount of net worth on all high-productivity islands at the beginning

of the next period, and let N ′
L denote the total amount of net worth on all low productivity

islands at the beginning of the next period. Because banks survive to the next period with

probability λ (Z) and a χq (Z)K amount of net worth is injected into the banking section
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in every period, the total amount of net worth in the banking sector in the next period is:

N ′ = λ (Z′) {πN ′
H + (1− π)N ′

L}+ χq (Z′)K ′. (21)

Using the law of motion of bank net worth in equation (11), and banks’ balance sheet

constraint, (10), the law of motion of the total net worth in the banking sector, denoted N

can be written as

N ′ = λ (Z′)

{∫
Qj (Z

′) [K ′ +RAj (Z
′)] dj −Rf (Z) [q (Z)K

′ −N ]

}
+ χq (Z′)K ′. (22)

A Markov equilibrium is a set of prices and quantities and the law of motion of the

state variable Z (to be specified) such that household maximizes utility, non-financial firms

and financial intermediaries maximizes their profit and all markets clear. We provide a

construction of the state variables and the Markov equilibrium in Section IV of the paper.

IV A Two-Period Version of the Model

In this section, we explicitly solve a two-period version of the above model and use this

simple setup to illustrate the main intuition of the fully dynamic model. We make sevel

simplifying assumptions. First, we assume that capital share α = 1, that is, capital is the

only input and the production technology is linear. Second, we also assume that there is

no adjustment cost, h = 0. Third, ω = 0, that is, banks are no better than households in

reinforcing interbank loans. Fourth, the representative agent has log preferences. Finally,

the only source of uncertainty in this economy is aggregate productivity, A1, which can take

on two values, AH and AL, where AH > AL. We will call state AH booms and AL recessions.

Under the above assumptions, the household’s maximization problem is written as:

max lnC0 + βE [lnC1 (A1)]

subject to : C0 +Bf =W0

C1 (A1) = RfBf +DF,1 (A1) +N1 (A1) .

Here, because there are only two periods, total bank net worth in period one, N1 (A1) =

πNH,1 (A1)+ (1− π)NL,1 (A1) is fully paid back to the household. Households’ budget con-

straint is greatly simplified because in the absence of adjustment cost, the profit of investment
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goods producer is zero, and under the assumption of α = 1, there is no labor income. In

addition, there is no injection of net worth from the household to the banking sector in the

two period model. The notation C1 (A1) emphasizes the dependence of quantities (in this

case, consumption) on the realization of the productivity shock in period one, A1.

Note that in a two period model, because capital is valueless at the end of the period, the

price of capital in the second period before production, Qj = MPKj, for j = H,L. Under

these assumptions, the bank’s maximization problem can be written as

max
Bf ,K′,{RAH(A1),RAL(A1)}A1

E [M {πNH,1 (A1) + (1− π)NL,1 (A1)}]

K1 = N0 +Bf (23)

NH,1 (A1) = QH (A1) [K1 +RAH (A1)]−Q (A1)RAH (A1)−RfBf (24)

NL,1 (A1) = QL (A1) [K1 +RAL (A1)]−Q (A1)RAL (A1)−RfBf (25)

NH,1 (A1) ≥ θQH (A1) [K1 +RAH (A1)] for all A1, (26)

NL,1 (A1) ≥ θQL (A1) [K1 +RAL (A1)] for all A1. (27)

In the above optimization problem, M = β C0

C1
is the stochastic discount factor implied by

household consumption. NH,1 is bank net worth in period one in the case a1 = aH , and NL,1

is bank net worth in period one in the case a1 = aL.

For simplicity, we also assume that there is no financial friction in period 0, and total

output in this period is given by A0K0, where A0 is the aggregate productivity in the first

period. It is convenient to define

ϕ =
K1 +RAH

K1 +RAL

. (28)

as the ratio of capital on high productivity islands with respect to that on low productivity

islands. We denote ϕ̂ =
(

aH
aL

)η−1

to be the optimal ratio of KH

KL
that equalizes the marginal

product of capital across all islands. We also denote

ρ =
π (K1 +RAH) + (1− π) (K1 +RAL)

K1

to be the capital utilization rate in period 1. In our notation, ϕ and ρ are measures of misal-

location. ϕ measures how efficient capital reallocation is across productive firms, and ρ < 1

indicate an extreme form of capital misallocation: some capital is not used for production

at all. Total output and marginal product of capital can be written as functions of ϕ and ρ,
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which we summarize in the following proposition.

Proposition 1 (Aggregation of the Product Market)

The total output of the economy is given by

Y = Aρf (ϕ) K̄α,

where the function f :
[
1, ϕ̂
]
→ [0, 1] is defined as:

f (ϕ) =

(
πϕ̂

1−ξ
ϕξ + 1− π

)α
ξ

(πϕ+ 1− π)α
(
πϕ̂+ 1− π

)α
ξ
−α

(29)

The marginal product of capital on low productivity islands, denoted MPKL and the

marginal product of capital on high productivity island, denoted MPKH can be written as:

MPKL (A, ϕ) = α

(
1− 1

η

)(
A

K̄

)1−α

f (ϕ)
πϕ+ 1− π

πϕ̂
1−ξ

ϕξ + 1− π
, (30)

MPKH (A, ϕ) = MPKL (A, ϕ)

(
ϕ̂

ϕ

)1−ξ

, (31)

where the parameter ξ ∈ (0, 1) is defined as ξ = αη−α
αθ−α+1

.

Proof. See Appendix B.

Note that the function ρf (ϕ) is a measure of misallocation. It is straightforward to

show that f is strictly increasing with f
(
ϕ̂
)
= 1. The case ρ = 1 and ϕ = ϕ̂ is the first

best scenario with maximum amount of capital reallocation. In general, ρf (ϕ) ≤ 1 and

misallocation happens when strict inequality holds. When ρ = 1 and ϕ = ϕ̂ the aggregate

production function becomes the standard Cobb-Douglas case, and the marginal product of

capital on all islands equalizes according to equations (30) and (31). In general,MPKH (ϕ) >

MPKL (ϕ) for ϕ ∈
(
1, ϕ̂
)
.

Because we have assumed that the technology is AK (α = 1), equilibrium quantities

are homogenous of degree one in K0 and prices are homogenous of degree zero. We define

n = N0

K0
and the equilibriums can be indexed by n.

Proposition 2 (Capital Misallocation)

There exist cut-off values n̄, n̂, and n∗ such that 0 < n̄ < n̂ < n∗ and
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1. For all n ≥ n∗, none of the limited enforcement constraints, (26) or (27) binds. In this

case, there is no misallocation, and the marginal product of capital is equalized across

all islands: QH (A) = QL (A) = Q (A) =MPKH

(
A, ϕ̂

)
.

2. For n ∈ [n̂, n∗), none of the limited enforcement constraints binds in booms when

A1 = AH . In recessions when A1 = AL, (26) binds but (27) does not. In this case,

misallocation happens only in recessions and QH (AL) > Q (AL) = QL (AL).

3. For n ∈ [n̄, n̂), the limited enforcement constraint for banks on high productivity islands,

(26) binds at all times, but the limited enforcement constraint for banks on low produc-

tivity islands, (27) never binds. In this case, misallocation happens for all realizations

of A1 and QH (A1) > Q (A1) = QL (A1).

4. For n ∈ (0, n̄), (26) binds at all times. Condition (27) holds with equality in recessions

but not in booms. In this case, misallocation happens for all realizations of A1 and

QH (A1) > Q (A1) = QL (A1). In addition, under utilization occurs in recessions:

ρ (AL) < 1.

Proof. See Appendix.

By the above proposition, n̄, n̂ and n∗ divide the state space into four regions. For n ≥ n∗,

none of the financing constraints bind, and the marginal product of capital are equalized

across all islands. In this case, there is no misallocation regardless of the realization of the

aggregate productivity shock.

For n̂ ≤ n < n∗, the financing constraint on high productivity islands binds, but only

in recessions. In this case, QH (AH) = Q (AH) = QL (AH) and there is no misallocation in

booms. However, QH (AL) > Q (AL) = QL (AL) and misallocation occurs in recessions. In

this case, banks who finance for high productivity firms are constrained in bad times. In

recessions, it is profitable for banks on high productivity islands to purchase more capital,

as the marginal product of capital on high productivity islands is higher than the price

of capital. However, they are not able to finance the efficient amount capital reallocation

because they do not have enough net worth to collateralize inter-bank loans. On the other

hand, Q (A) = QL (A) for all A and banks on low productivity islands are not constrained.

The marginal product of capital on low productivity islands equals the market price of

capital. In this region, limited enforcement constrains cross-sectional capital reallocation

only in bad times when aggregate productivity is low.

22



For n̄ ≤ n < n̂, banks on high productivity islands are constrained in both booms and

recessions, and QH (A) > QL (A) = Q (A) at all times. However, the limited enforcement

constraint for banks on low productivity island never binds. As before, banks on high

productivity islands are more likely to be constrained. Note that as long as n ≥ n̄, the

constraint (27) never binds and capital utilization is 100%.

In the region, n < n̄, banks on high productivity islands are constrained and misallocation

of capital occurs at all times. In addition, in recessions, constraint (27) for banks on low

productivity islands binds in recessions and this is precisely when capital utilization drops

below 1. To summarize, both constraints (26) and (27) are more likely to bind in recessions.

Misallocation occurs whenever constraint (26) binds, and constraint (27) is associated with

an extreme form of misallocation: capital under utilization.

We illustrate the intuition for the above proposition using Figures 8-11. In Figure 8,

we plot measures of misallocation as a function of bank net worth. In the top panel, we

plot total output in booms (dotted line) and recessions (dashed line) as a function of bank

net worth. Note that total output in general depends on bank net worth. Misallocation

affects output in booms only for values of n less than n̂. However, quantitatively, the effect

of misallocation is small under our parameter values. Misallocation is much more likely to

occur in recessions, and its effect is much stronger. The middle panel plots f (ϕ) as a function

of net worth. It is clear that misallocation is much more pronounced in recessions. In the

bottom panel of Figure 8, we plot the total measure of misallocation, ρf (ϕ) as a function of

bank net worth. Quantitatively, the effect of capital under-utilization is much stronger than

the effect of misallocation across islands. When n < n̄, misallocation occurs in recessions,

and total output drops sharply. We make two observations here. First, under-utilization of

capital never happens in booms. It is never optimal for the economy to accumulate so much

capital that it will be under-utilized in all states of the world. Even if banks net worth is

very low, under-utilization does not occur in booms because it is more efficient to reduce

investment than build overcapacity that will never be utilized. Second, the behavior of the

model is very different in the region where both constraints are binding and under-utilization

occurs. This type of nonlinearity also occurs in the models of Brunnermeier and Sannikov

(2014) and He and Krishnamurthy (2014).

We plot the investment rate(top panel) and bank leverage (bottom panel) as functions of

bank net worth in Figure 9. Note that investment is an increasing function of intermediary

net worth and leverage is a decreasing function. When banks are under-capitalized, invest-

ment drops as a result of the lower financing capacity of the intermediary sector. As the
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same time, borrowing increases and leverage ratio rises. As He and Krishnamurthy (2014),

our model implies countercyclical leverage of the intermediary sector.

Figure 10 plots the average output (top panel) and the volatility of output (bottom

panel) as a function of bank networth. Clearly, average output increases with bank net

worth because lower bank net worth reduces the efficiency of capital reallocation and lowers

output, especially in recessions. The bottom panel shows an important property of the

volatility of output in our model: it is decreasing in bank net worth. Lower levels of bank

net worth is associated with higher leverage and stronger amplification effects in general.

Especially when net worth is lower than n̄, in this region a negative productivity shock is

associated with an extremely form of capital misallocation: capital under-utilization. As a

result, volatility increase sharply. This region can be interpreted as the crisis region, where

the level of output drops sharply and the volatility of the economy increases dramatically

with adverse productivity shocks.

In Figure 11, we plot the total amount of capital reallocation as a function of normalized

bank net worth (top panel) and the cross-sectional dispersion of log marginal product of

capital as a function of normalized bank net worth (bottom panel). The dashed line stands

for booms are the dotted line are recessions. Clearly, the quantity of capital reallocation

is increasing bank net worth and aggregate productivity shocks. In the bottom panel, we

plot the cross-sectional variance of log marginal product of capital. Note here, we do not

account for capital under-utilization. Because the marginal product of unutilized capital

is zero, the cross-sectional variance would be infinite in the region n < n̄ if we account

for under-utilization. Overall, the implications of our model is consistent with evidence in

Eisfeldt and Rampini (2006) that the quantity of capital realllocation is pro-cyclical and the

benefit of capital reallocation is counter-cyclical.

V Construction of the Markov Equilibrium

Because of the financing constraints, the equilibrium does not have a planner representation.

Therefore the standard construction of recursive equilibrium (for example, Stokey and Lucas

(1989), Ljungqvist and Sargent (2004)) does not apply in our model. In this section, we

construct a Markov equilibrium of the economy described in Section III of the paper as the

fixed point of a vector of equilibrium functionals. In particular, we conjecture that a Markov

equilibrium exists with state variable Z =
(
λ, Ā,m, n,K

)
, where λ is banker’s discount rate,

Ā is current period productivity, m = ρf (ϕ) is the current level of the efficiency of capital
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reallocation, K is the current period capital stock, and n is total net worth normalized by

current period total capital stock K. Using the homogeneity property of the equilibrium

relationships, we first construct equilibrium functionals using a reduced space without K.

We denote z =
(
λ, Ā,m, n

)
, and let Z = ∗ ⊗ A ⊗ (0,∞) denote the reduced state space,

where Λ is the set of possible realizations of λ, A is the set of possible realizations of Ā, (0, 1)

is the set of possible values of ρf (ϕ), and (0,∞) is set of possible realizations of n. We use

lower cases to denote equilibrium quantities normalized by total capital stock, for example,

c = C
K
, bf =

Bf
K
, n = N

K
stands for household consumption, household investment in the

risk-free bond, and bank net worth normalized by current period capital stock. Finally, to

save notation, we define the marginal product of capital are functions of Ā and ϕ:

MPKL

(
Ā, ϕ

)
= α

(
1− 1

η

)
Āf (ϕ)

πϕ+ 1− π

πϕ̂
1−ξ

ϕξ + 1− π
, (32)

MPKH

(
Ā, ϕ

)
= α

(
1− 1

η

)
Āf (ϕ)

πϕ+ 1− π

πϕ̂
1−ξ

ϕξ + 1− π

(
ϕ̂

ϕ

)1−ξ

. (33)

Our recursive procedure to construct the Markov equilibrium can be interpreted as ap-

proximating the equilibrium in the infinite horizon economy by a sequence of equilibria in

finite horizon economies with increasing number of periods. We start with a list of equilib-

rium functional, {cj (z) , ij (z) ,qj (z) , µj (z)}z∈Z , which can be interpreted as the equilibrium

quantities and prices in the next period, and use optimality conditions and market clearing

conditions to contruct the equilibrium quantities and prices in the current period, which

we denote {cj+1 (z) , ij+1 (z) ,qj+1 (z) , µj+1 (z)}z∈Z . We denote the operator that maps the

next period equilibrium functionals, {cj (z) , ij (z) ,qj (z) , µj (z)}z∈Z into the current period

equilibrium functional, {cj+1 (z) , ij+1 (z) ,qj+1 (z) , µj+1 (z)}z∈Z as T :

{
cj+1 (z) , ij+1 (z) ,qj+1 (z) , µj+1 (z)

}
= T

{
cj (z) , ij (z) ,qj (z) , µj (z)

}
.

We show below, that conceptually, the Markov equilibrium described in Section III can be

constructed as the fixed point of the T operator above. Numerically, starting from some

initial guess of the equilibrium functionals and repeatedly applying the T operator until

convergence provides an interative procedure to solve for the equilibrium. We now turn to

the specification of the T operator. For simplicity, we assume that the household has log

utility, i.e. ψ = γ = 1. Our method can be easily adapted to allow for recursive utility with

general risk aversion and IES.
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Given the intial guess of the equilibrium functional, {cj (z) , ij (z) ,qj (z) , µj (z)}z∈Z , sup-
pose there exist a set of policy functions,

c (z) , i (z) , q (z) , µ (z) , bf (z) , Rf (z) ,
{
ϕ
(
λ′, Ā′, z

)
, ρ
(
λ′, Ā′, z

)
, ξ
(
λ′, Ā′, z

)}
λ′,Ā′ (34)

that satisfy the following conditions.

1. The law of motion of bank net worth. Given any z∈ Z, for each possible realization

of the aggregate schock
(
Ā′, λ′

)
, the policy function for next period net worth satisfies

n′ (λ′, Ā′, z
)
= [λ′ + χ] qj

(
z′
(
λ′, Ā′, z

))
+ (35)

λ′

 α
(
1− 1

η

)
Ā′ρ

(
λ′, Ā′, z

)
f
(
ϕ
(
λ′, Ā′, z

))
− (1− ρ)MPKL

(
Ā′, ϕ

(
λ′, Ā′, z

))
+
[
1
2
h
(
ij
(
z′
(
λ′, Ā′, z

))
− i∗

)2
+ (1− δ) qj

(
z′
(
λ′, Ā′, z

))]
− Rf (z)bf (z)

1−δ−i(z)


where we denote z′

(
λ′, Ā′, z

)
=
(
λ′, Ā′, ρ

(
λ′, Ā′, z

)
· f
(
ϕ
(
λ′, Ā′, z

))
, n′ (λ′, Ā′, z

))
. Note

that given the policy functions, this defines the law of motion of the state variable z.

2. Household’s intertemporal optimality condition. If w construct the stochastic discount

factor as

M
(
λ′, Ā′, z

)
=

β

[1− δ + i (z)]

[
cj
(
z′
(
λ′, Ā′, z

))
c (z)

]−1

,

then the household’s intertemporal optimality implies that the interest rate must sat-

isfy:

Rf (z) = E
[
M
(
λ′, Ā′, z

)∣∣ z]−1
. (36)

3. The envelope condition for banks’ optimization problem. That is,

µ (z) = E
[
M
(
λ′, Ā′, z

) {
(1− λ′) + λ′µj

(
z′
(
λ′, Ā′, z

))} {
1 + ζ

(
λ′, Ā′, z

)}∣∣ z]Rf (z) .

(37)

To save notation, we denote

M̃
(
λ′, Ā′, z

)
=M

(
λ′, Ā′, z

) {
(1− λ′) + λ′µj

(
z′
(
λ′, Ā′, z

))}
4. Banks’ intertemporal optimality condition (??). This requires q (z) to satisfy:

q (z) =
1

µ (z)
E
[
M̃
(
λ′, Ā′, z

) {
1 + (1− ω) ζ

(
λ′, Ā′, z

)}
QL

(
λ′, Ā′, z

)∣∣∣ z] , (38)
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where we define QL

(
λ′, Ā′, z

)
from the no arbitrage condition for capital on the low

productivity islands, that is,

QL

(
λ′, Ā′, z

)
=MPKL

(
Ā′, ϕ

(
λ′, Ā′, z

))
+
1

2
h
(
ij
(
z′
(
λ′, Ā′, z

))
− i∗

)2
+(1− δ) qj

(
z′
(
λ′, Ā′, z

))
.

(39)

Similarly, we define

QH

(
λ′, Ā′, z

)
=MPKH

(
Ā′, ϕ

(
λ′, Ā′, z

))
+
1

2
h
(
ij
(
z′
(
λ′, Ā′, z

))
− i∗

)2
+(1− δ) qj

(
z′
(
λ′, Ā′, z

))
.

(40)

5. Optimality with respect to capital reallocation. This requires that the Largrangian

multiplier ζ
(
λ′, Ā′, z

)
to satisfy:

ζ
(
λ′, Ā′, z

)
=
π
[
MPKH

(
Ā′, ϕ

(
λ′, Ā′, z

))
−MPKL

(
Ā′, ϕ

(
λ′, Ā′, z

))]
O
(
λ′, Ā′, z

) , (41)

where we denote

O
(
λ′, Ā′, z

)
= (1− ω)QL

(
λ′, Ā′, z

)
− (1− θ)QH

(
λ′, Ā′, z

)
.

6. The limited enforcement constraints, (13), written in normalized terms. That is,

(1− θ)QH

(
λ′, Ā′, z

)
− Rf (z)Bf (z)

1− δ + i (z)
≥ (42)

O
(
λ′, Ā′, z

) (1− π)
(
ϕ
(
λ′, Ā′, z

)
− 1
)
−
(
1− ρ

(
λ′, Ā′, z

))
ϕ
(
λ′, Ā′, z

)
πϕ
(
λ′, Ā′, z

)
+ 1− π

,

and ”=” must hold if ζ
(
λ′, Ā′, z

)
> 0. Also,

(1− θ)QL (z
′)− RfBf

1− δ + i (z)
≥ (43)

(ω − θ)QL

(
λ′, Ā′, z

) π (ϕ (λ′, Ā′, z
)
− 1
)
+ 1− ρ

(
λ′, Ā′, z

)
πϕ
(
λ′, Ā′, z

)
+ 1− π

,

and ”=” must hold if ρ
(
λ′, Ā′, z

)
> 0.
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7. The resource constraint:

c (z) + i (z) +
1

2
h (i (z)− i∗)2 = m (44)

8. The budget constraint for banks:

q (z) [1− δ + i (z)] = n+ bf (z) (45)

9. The optimality condition for investment goods producers:

q (z) = 1 + h (i (z)− i∗) . (46)

Then the T operator can be constructed from the policy functions:

Tc (z) = c (z) , T i (z) = i (z) , T q (z) = q (z) , Tµ (z) = µ (z) .

If we use Card (∗ ⊗ A) to denote the cardinality of the set of possible realizations of the

exogenous shocks, ∗ ⊗ A, then there are 5 + 3 × Card (∗ ⊗ A) policy functions in (34) to

be solved by the 5 + 3 × Card (∗ ⊗ A) equations in (36)-(46). Although the existence and

uniqueness of the T operator are difficult to establish in general and are beyond the scope of

the current paper, whenever the fixed point does exist, as shown by the proposition below,

we can construct a Markov equilibrium of our model out of the fixed point of equilibrium

functionals. In practice, the T operator gives us a recursive procedure that if convergent,

can be used to to compute the equilibrium numerically. Our numerical method is based on

the T operator constructed above.

Proposition 3 (Markov Equilibria)

Suppose the T operator has a fixed point in the space of bounded continuous functions,

which we denote as

{c∗ (z) , i∗ (z) , q∗ (z) , µ∗ (z)}z∈Z . (47)

Let

c (z) , i (z) , q (z) , µ (z) , bf (z) , Rf (z) ,
{
ϕ
(
λ′, Ā′, z

)
, ρ
(
λ′, Ā′, z

)
, ξ
(
λ′, Ā′, z

)}
λ′,Ā′ (48)

be the corresponding policy functions that satisfies equations in (36)-(46). For every Z =
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(
λ, Ā,m, n,K

)
, let z =

(
λ, Ā,m, n

)
. We can construct a Markov equilibrium as follows:

1. The law of motion of the state variable Z =
(
λ, Ā,m, n,K

)
can be constructed from the

policy functions. For any Z =
(
λ, Ā,m, n,K

)
, let z =

(
λ, Ā,m, n

)
. The distribution

of
(
λ′, Ā′) is Markov. Given Z, for any realization of

(
λ′, Ā′),

m′ = ρ
(
λ′, Ā′, z

)
f
(
ϕ
(
λ′, Ā′, z

))
,

n′ = n′ (λ′, Ā′, z
)
,

K ′ = K [(1− δ) + i (z)] ,

where the function n′ (λ′, Ā′, z
)
is specified in (35).

2. All equilibrium prices depend on Z =
(
λ, Ā,m, n,K

)
only through the first four el-

ements, z =
(
λ, Ā,m, n

)
. In particular, the equilibrium interest rate Rf (z) can be

constructed from the policy function (48). For any z ∈ Z, the equilibrium prices of

capital are given by:

QH

(
λ′, Ā′, ρ

(
λ′, Ā′, z

)
f
(
ϕ
(
λ′, Ā′, z

))
, n′ (λ′, Ā′, z

))
= QH

(
λ′, Ā′, z

)
,

QL

(
λ′, Ā′, ρ

(
λ′, Ā′, z

)
f
(
ϕ
(
λ′, Ā′, z

))
, n′ (λ′, Ā′, z

))
= QL

(
λ′, Ā′, z

)
,

where QH

(
λ′, Ā′, z

)
and QL

(
λ′, Ā′, z

)
are defined in (32) and (33).

3. The household consumption and saving policies are given by:

C (Z) = c (z)K, Bf = bf (z)K

4. The banks’ optimal choice of capital reallocation is given by: for any z ∈ Z,

RAH

(
λ′, Ā′, ρ

(
λ′, Ā′, z

)
f
(
ϕ
(
λ′, Ā′, z

))
, n′ (λ′, Ā′, z

)
, K ′)

=
(1− π)

(
ϕ
(
λ′, Ā′, z

)
− 1
)
−
(
1− ρ

(
λ′, Ā′, z

))
ϕ
(
λ′, Ā′, z

)
πϕ
(
λ′, Ā′, z

)
+ 1− π

K ′,

RAL

(
λ′, Ā′, ρ

(
λ′, Ā′, z

)
f
(
ϕ
(
λ′, Ā′, z

))
, n′ (λ′, Ā′, z

)
, K ′)

= −
π
(
ϕ
(
λ′, Ā′, z

)
− 1
)
+ 1− ρ

(
λ′, Ā′, z

)
πϕ
(
λ′, Ā′, z

)
+ 1− π

K ′.

Intuitively, all equilibrium prices are only a function of z =
(
λ, Ā,m, n

)
, and all equi-
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librium quantities are homogenous of degree one in K. Once we found a fixed point of the

equilibrium functionals, we can use that to construct the price and quantities of the Markov

equilibrium. The T operator also provides interative procedure to numerically compute the

solution to the model, which allows us to account for the occasionally binding constraints.

The proof of the above equilibrium conditions can be found in the Appendix. We now turn

to the calibration of the model.

VI Quantitative Results

In this section, we calibrate our model and evaluate its quantitative performance. Our choice

of the preference parameters follows the standard long-run risks literature: we choose the risk

aversion to be 10, and IES to be 2. Several parameters for the production technology are also

standard in the real business cycle literature, for example, capital share and depreciate rate of

capital. We choose π = 0.1 so that half of the output are produced by high productivity firms

in the first best allocation. We choose the two key parameters that governs the gain from

capital reallocation from the estimates of Hsieh and Klenow (2009). We choose the elasticity

of substitution among varieties to be η = 4, and aH/aL = 2.08 to match the interquartile

range of the estimated distribution of productivity in Hsieh and Klenow (2009). We choose

the productivity parameter Ā = 0.71 to match the average growth in the U.S. of 1.8% per

year in the post war period. We choose β = 0.977 to match an average risk-free interest rate

(the three-month T Bill rate) of 0.86%. In the quantitative exercise, we use an adjustment

cost similar to Gertler and Kiyotaki (2010):

H (It, It−1) = It +
1

2
h

(
It
It−1

− (1− δ + i∗)

)2

,

where 1− δ + i∗ is the steady-state growth rate of the economy. We set h = 0.65.

The specification of banks’ outside option is important for the quantitative magnitude

of the amplification mechanism. We choose the long-run mean of θ, θ̄ = 0.35, and ω = 0.35.

These choices allow us to match the spread between interbank loan and household loan in

our model, RI (Z)−Rf (Z) with the average TED spread (the spread between LIBOR and

U.S. treasury bills rate) of 0.64% during our sample period of 1986-2011. In addition, it

implies that in steady state, 90% of total investment are financed by capital reallocation.

The amount of capital reallocation in our calibration is quite large. Empirical evidence

suggests that for publicly traded firms, about 25% of total investment are financed from
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external funds, for example Eisfeldt and Rampini (2006). Using UK data for privately

held firms, Shourideh and Zetlin-Jones (2012) find roughly 95% of investment are externally

financed. We choose to match a moment that is closer to the evidence for private firms.

Note that a smaller amount of capital reallocation implies that firms are more constrained

in the steady-state. This implies that total output is more sensitive to capital misallocation.

From this point of view, our calibration may understate the effect of capital reallocation. 14

We choose the autocorrelation of θ to be 0.95, so that the equilibrium consumption

dynamics are consistent with that in the long-run risks literature. We do not have much

guidance in choosing the volatility of innovations in θt, we set it to be 8% per year, this

produces a volatility of total output of 2.5% per year, comparable to the volatility of total

output in the data. Even if the volatility of θ is not directly observable, the volatility of the

inter-bank risk-free interest rate can be used to discipline this moment. Large volatility in

innovations in θ will produce excessive volatility in inter-bank lending rates. The volatility

of interbank interest rate in our model is 2.08% per year, matching closely the volatility of

annualized three-month LIBOR in the data, 2.16% per year.

We display the moments of macroeconomic quantities generated by our model in Ta-

ble 2. These moments are comparable to standard real business cycle models in that our

model produces a low volatility in consumption and a much higher volatility in investment.

However, the correlation between consumption and investment is considerable lower than

their data counterpart and than that in standard RBC models. Note our model does not

have productivity shocks, but behave like a model with TFP shocks in terms of macroeco-

nomic fluctuations. Most of the volatility in output are generated from misallocation. The

volatility of of the efficiency measure, f (ϕ) is 2.05% per year, accounting for almost all of

the variations in total output, the rest of the volatility originating from variations in capital

accumulation. The cross-sectional variance of measured marginal product of capital in our

model is quite volatile (2.8% per year), and is highly countercyclical: its correlation with

measure TFP is −62% at the annual level.

Financial shocks in our model generate a significant amount of fluctuations in macroe-

conomic quantities despite the small amount of volatility in shocks to θ. Two features are

responsible for the significant impact of agency frictions on aggregate output in our model.

First, the total amount of capital are predetermined as in neoclassical models; however, cap-

14At the same time, because financial friction is the only friction that affects capital reallocation, our
model would produce too high an interest rate on the interbank market if calibrated to match lower levels
of capital reallocation. This is why we do not entertain this possibility here.
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ital reallocation happens immediately after the realization of productivity shocks and affect

current period output directly. This aspect of our model captures the idea that transfer of

ownership of capital happens at a higher frequency than the formation of capital. Quanti-

tatively, it allows shocks to translate into misallocation immediately, generating significant

impact on total output. Kocherlakota (2000) points out that credit market frictions are

unlikely to have a large impact on real output in models where these frictions restrict in-

tertemporal capital accumulation. The basic reason is that investment account for about

10% of capital and capital income account for about 1/3 of total income. Roughly speaking,

a one dollar reduction in investment will translate into a decrease in next period output by

about three cents, a fairly small number. Similar to us, in a model where financial constraints

affect current period output directly, Jermann and Quadrini (2012) also find credit market

frictions to have a quantitatively large impact on real quantities.15

The second reason for the significant impact of financial frictions is the equilibrium am-

plification mechanism. To understand this point, note that whenever O (Z′) > 0, the limited

commitment constraint on low islands does not bind, and Q (Z′) = QL (Z
′).16 In this case,

the term O (Z′) can be written as: (1− ω)MPKL (ϕ
′)+ [θ − ω (1− δ)] q (Z′) and constraint

(42) becomes

(1− δ − θ′) q (Z′)− bf (Z)Rf (Z)

1− δ + i (Z)
≥

[
(1− ω)MPKL (ϕ

′)+

[θ − ω (1− δ)] q (Z′)

]
(1− π) [ϕ (Z, θ′)− 1]

πϕ (Z, θ′) + 1− π
. (49)

The left hand side of the above constraint is the net benefit of continuation, and the

right hand side is the net benefit of default. An additional unit of capital increases the

net benefit of continuation by (1− δ − θ′) q (Z′), because it increases bank net worth by

(1− δ) q (Z′) and raises the value of default by θ′q (Z′). The term
bf (Z)Rf (Z)

1−δ+i(Z)
is bankers’ debt

liability normalized by the size of capital. The term (1−π)[ϕ(Z,θ′)−1]
πϕ(Z,θ′)+1−π

is the amount of capi-

tal reallocated to high productivity islands (normalized by the size of capital stock), and

O (Z′)=(1− ω)MPKL (ϕ
′)+ [θ − ω (1− δ)] q (Z′) is the marginal benefit of default per unit

of capital purchased on the reallocation market. The parameter ω > 0 captures the idea

that banks are better than households in enforcing lending contracts.

An increase in θ′ tightens banks’ borrowing constraint for two reasons. The first is a

15In a similar model where limited enforcement affect capital reallocation in the next period, but not
current period, we found that capital market frictions affect mainly intertemporal investment, and their
impact on misallocation is typically negligible.

16See Appendix D
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direct effect because it increases bankers’ outside option. This is captured by the fact that

the left hand side of (49) is decreasing and the right hand side is increasing in θ′, keep all

else constant. The second effect is an equilibrium mechanism. High values of θ′ implies

that banks are more constrained and are under pressure to sell their assets. In addition, the

persistence of θ′ implies future production will be less efficient and the marginal product of

capital is likely to be low. Both forces tend to lower the value of capital q (Z′). This further

decreases the value of continuation on the left hand side of (49).17 Furthermore, both effects

are amplified by leverage: a small percentage change in in the term (1− δ − θ′) q (Z′) may

result in a large percentage in the left hand side of (49) if bank debt is large. We choose

a conservative calibration where the steady-state bank leverage in our model is about 1.67.

The amplification effect in our model will be stronger if we target a bank leverage of four as

in Gertler and Kiyotaki (2010).18 Whenever constraint (49) is binding, variations in θ′ and

q (Z′) must the absorbed by interbank borrowing, (1−π)[ϕ(Z,θ′)−1]
πϕ(Z,θ′)+1−π

, resulting in large variations

in capital reallocation and aggregate output.

To better under understand the amplification mechanism in our model, we display cal-

ibrated moments for two other models in Table 2. We consider a model with TFP shocks

only (column ”TFP shocks”) and shocks to capital depreciation rates only (column ”Dep

Shocks”). As in many papers that emphasize the amplification mechanism, credit market

frictions amplify the impact of productivity shocks on the real economy in the model with

TFP shocks only. In the model with capital depreciation shocks, we follow Gertler and Kiy-

otaki (2010) and inject exogenous shocks to the capital depreciation rate, δt. The volatility

of exogenous shocks and the adjustment cost parameters in both calibrations are chosen to

match the volatility of consumption and investment with those in the benchmark model with

θ shocks. All other parameters are the same as those in the benchmark calibration.

We note that the volatility of the efficiency of capital reallocation, f (ϕ) in both calibra-

tions is an order of magnitude smaller than the model with financial shocks (shocks to θ).

The reason for this is that these models generate very small volatility in Tobin’s q. This

highlights another difficulty for credit market frictions to generate a large impact on the real

17Note that decreases in q (Z′) may also lower banker’s outside options, which is the right-hand side of
(49). However, when ω is large, the coefficient θ − ω (1− δ) is small or even negative. Intuitively, upon
default, bankers take all of the current period profit, MPKL

(
ϕ′), and a fraction θ′ of the capital stock. If

frictions on interbanking borrowing is relatively small most of the capital stock borrowed from the interbank
market must be returned to the lending bank. This makes default less attractive when market valuation
q (Z′) is high.

18However, a leverage ratio of four implies an unreasonably high inter-bank interest rate in our model. We
therefore chose not to target the same moment in our calibration.
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economy in general equilibrium models with financial intermediaries. In most models with

financial intermediaries, credit market frictions affect the real economy because changes in

intermediary net worth affect their borrowing capacity. However, it is a well known difficulty

that standard general equilibrium production economies produce very little variation in the

price of capital (unless one is willing to entertain the possibility of large fluctuations in dis-

count rates or extraordinarily low levels of investment volatility). As a result, although many

endowment based models with financial intermediary are able to generate large financial cri-

sis, it is not clear whether one can generalize those results and conclude a large impact on

the real economy. The amplification effect in the model with TFP shocks are fairly small for

exactly this reason. In the model with depreciation shocks, the amplification effect could be

potentially large if one is willing to specify a large volatility of capital depreciation. However,

this will have to be associated with large variations in the capital stock and counterfactually

high levels of volatility in total output that comes from changes in capital stock.

We now turn to the asset pricing implications of the model, which we report in Table

3. Our model produces a low and smooth risk-free interest rate as in standard long-run

risks models due to the high intertemporal elasticity of substitution. Our model improves

significantly upon standard long-run risks production models in several dimensions. First,

our model generates a significant risk premium of the market return, 3.63% per year without

accounting for financial leverage. Part of the equity premium is due to liquidity premium,

in the sense that when banks are constrained they cannot purchase more capital despite the

high expected return. The liquidity premium account for roughly 0.9% of the equity premium

in our calibration. The rest of the equity premium is compensation for risks. Thanks to the

persistence of the finance shocks and the linear technology, our model endogenously generates

long-run risks as in Ai (2010) and Kung and Schmid (2013), and therefore features a very

volatile pricing kernel as in standard long-run risks models. Second, our mode generates

significant volatility on the return on equity. The volatility of the unlevered equity return is

3.59%, significantly higher than standard production economies. In addition, the level and

volatility of the risk-free interbank lending rate in our model is quite in line with the data.

Note also that our model endogenously generates persistent and countercyclical volatil-

ity in aggregate consumption. In our model, both idiosyncratic and aggregate volatility

are counter-cyclical. In periods with tightened financial constraints, capital reallocation is

limited. This implies that most of the idiosyncratic productivity shocks must be absorbed

by prices. As a result, the cross-sectional dispersion of price of capital and return on eq-

uity widens. In our model, the correlation between the cross-sectional variance of return on
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capital and GDP growth is −63%. At the same time, our model features counter-cyclical

volatility of aggregate consumption, as in standard endowment based long-run risk mod-

els. The correlation of consumption volatility and GDP growth in our simulated model is

about −13% at the annual level, and increases to −47% at a five-year horizon. Variations

of aggregate volatility is determined by the joint dynamics of net worth and θ. Within a

period for a fixed level of debt, small values θ improves capital reallocation. As θ becomes

smaller, output becomes less sensitive to capital reallocation. In fact, when constraint (49)

stops binding, output is independent of θ. Therefore, growth and volatility is negatively

correlated within a period. Over longer horizons, continued negative shocks depletes bank

net worth and increases leverage. This makes the economy more vulnerable to shocks on the

financial market, and increases the volatility level at lower frequencies.

VII Conclusion

We presented a general equilibrium model with financial intermediary and capital realloca-

tion. Our model emphasize the role of financial intermediary in reallocating capital across

firms with heterogenous productivity. We show that shocks to financial frictions alone may

account for a large fraction in the fluctuations of measured TFP and aggregate output. Our

calibrated model is consistent with the salient features of business cycle variations in macroe-

conomic quantities and asset prices. It improves substantially over stand RBC models in

terms of asset pricing implications.

An important next step is to infer or impute shocks to financial frictions from the data

and investigate whether our model can account for the realized variations in macroeconomic

quantities and asset prices once these shocks are fed into the model. One possible way is to

infer financial frictions from the dispersion in the marginal product of capital in the data.

The close link between the dispersion measure and TFP in Figure 1 suggests that our model

hold promises. A stronger discipline may be imposed on the model if we can infer shocks to

θ directly from banks’ balance sheet variables. We leave this for future research.
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VIII Appendix

A Misallocation and Aggregation on the Product Market

Aggregation

We first derive an aggregation result that is similar to Hsieh and Klenow (2009) and

Hopenhayn and Neumeyer (2008). In fact, the product market of our model is a special case

of Hsieh and Klenow (2009) and Hopenhayn and Neumeyer (2008) without labor market

distortions.

Consider the maximization problem in (3), first order conditions with respect to k (j)

and l (j) imply:

(1− α)

(
1− 1

η

)
pjyj = MPL · lj (50)

α

(
1− 1

η

)
pjyj = MPKj · kj (51)

Together, the above imply:
kj
lj

=
MPL

MPKj

α

1− α
(52)

To save notation, we denote Aj = Aa (j) in this section. Note also, total output of firm

j can be written as:

yj = Ajk
α
j l

1−α
j = Aj

[
kj
lj

]α
lj (53)

= Aj

[
lj
kj

]1−α

kj. (54)

Using (52) and (53), we can write lj as a function of yj:

lj =
yj
Aj

[
αMPL

(1− α)MPKj

]−α

. (55)

Similarly, (52) and (54) together implies

kj =
yj
Aj

[
αMPL

(1− α)MPKj

]1−α

. (56)

Using the demand function pj =
[yj
Y

]− 1
η , we can replace yj in the above equations by p−η

j Y ,
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and integrate across all j, we have:

K̄ =

∫
p−η
j

Aj

[
1

MPKj

]1−α

dj

[
αMPL

1− α

]1−α

Y (57)

L̄ =

∫
p−η
j

Aj

[
1

MPKj

]−α

dj

[
αMPL

1− α

]−α

Y, (58)

where K̄ and L̄ stands for the total capital and total labor employed for production, respec-

tively. Together, (57) and (58) imply

Y =
K̄αL̄1−α[∫ p−ηj

Aj

[
1

MPKj

]1−α

dj

]α [∫ p−ηj
Aj

[
1

MPKj

]−α

dj

]1−α . (59)

We can express pj in (59) by functions of productivity and prices. Note that (50) and

(51) imply

MPKj · kj +MPL · lj =
(
1− 1

η

)
pjyj. (60)

Using (55) and (56), we have:

MPKj · kj +MPL · lj =
yj
Aj

[
MPL

(1− α)

]1−α [
MPKj

α

]α
. (61)

Combining (60) and (61), we have:

pj =
η

η − 1

1

Aj

[
MPL

(1− α)

]1−α [
MPKj

α

]α
. (62)

Note that the normalization of price we choose in (2) implies
∫
pjdj = 1. Integrating (62)

over j, we have:
η

η − 1

[
MPL

(1− α)

]1−α

=

{∫
1

Aj

[
MPKj

α

]α
dj

}−1

. (63)

Together, (62) and (63) imply

pj =

1
Aj

[
MPKj

α

]α
∫

1
Aj

[
MPKj

α

]α
dj
. (64)

Replacing pj in equation (59) with (64), and using Aj = A1−αa (j), we can write Y =
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TFPK̄αL̄1−α, where

TFP = A

{∫ ( aj
MPKα

j

)η−1

di

} η
η−1

+α−1

{∫ ( aj
MPKα

j

)η−1
1

MPKj
di

}α . (65)

Under the assumption (4), it is straightforward to show that TFP = A is MPKj = MPK

for all j. We define

EF =

{∫ ( aj
MPKα

j

)η−1

di

} η
η−1

+α−1

{∫ ( aj
MPKα

j

)η−1
1

MPKj
di

}α (66)

to be the efficiency measure of capital reallocation. Under the assumption lnαj and lnMPKj

are jointly normally distributed, we can show that

lnEF = −1

2
[α (η − 1) + 1]ασ2, (67)

where σ2 is the cross-sectional variance of marginal product of capital. Note also, (67) is

approximately true for arbitrary distributions as long as the deviation of lnαj and lnMPKj

from there mean is small. Therefore, (67) can be viewed as a first order Taylor approximation

that maps the cross-sectional variance of marginal product of capital into TFP losses due to

misallocation.

Proof of Proposition 1

In the special case where aj takes on only two values, aH and aL as in (5), we define

ϕ = KH

KL
to be the ratio of capital employed on islands with high productivity shock with

respect to that employed on islands with low productivity shock, as in (28). Note that

MPKj = αAaj

(
lj
kj

)1−α

; MPL = (1− a)Aaj

(
kj
lj

)α

.

Note that because labor market is perfectly mobile, MPL must equalize across all islands.

Using the labor market clearing condition, (19) and assumption (6), we can prove conditions

(30) and (31). Using there conditions to replace MPKj in (66), the efficiency measure (66)

can be written as (29). This completes the proof of Proposition 1.
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B Data Construction

B.1 Misallocation and TFP

In Figure 1, we plot the measure of capital misallocation and total factor productivity. We

measure the cross-sectional dispersion of TFPR following Hsieh and Klenow (2009). In the

context of our model, equation (51) implies

MPKj = α

(
1− 1

η

)
pjyj
kj

.

Following Chen and Song (2013), we measureMPKj by the ratio of Operating Income before

Depreciation (OIBDP) to one-year-lag net Plant, Property and Equipment (PPENT). As

in Hsieh and Klenow (2009), we focus on the manufacturing sector and compute the cross-

sectional dispersion measure within narrowly defined industries (as classified by the 4-digit

standard industry classification code). Specifically, for firm j in industry i, we compute

MPKi,j

MPKi

=
α
(
1− 1

η

)
pi,jyi,j
ki,j

α
(
1− 1

η

)
pjyj
kj

=

pi,jyi,j
ki,j
pjyj
kj

,

where
pjyj
kj

is measured at the industry level. We than compute the variance of
MPKi,j

MPKi
for

each year. This is our empirical measure of σ2 in equation (67). We use the first order

approximation in (67) to construct the time series of the misallocation measure, which is the

solid line in Figure 1. The measure of total factor productivity is directly taken from the

published TFP series on the Federal Reserve Bank of St Louis website. Both series are HP

filtered.

B.2 Total Volume of Bank Loans

We measure the total volume of bank loans of non-financial corporate sector through the

aggregate balance sheet of nonfinancial corporate business (Table B.102) as reported in

the U.S. Flow of Funds Table. In particular, the bank loan is calculated as the difference

between total credit market liability (Line 23) and corporate bond (Line 26). Under this

construction, bank loans consist of the following credit market liability items: commercial

paper (Line 24), municipal securities (Line 25), depository institution loans (Line 27), other

loans and advances (Line 28) and mortages (Line 29).
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C The Two-Period Model

Consider the bank’s optimization problem. Let ζH and ζL be the Lagrangian multipliers of

constraints (26) and (27). The first order conditions of the optimization problem imply:

E [M (1 + ζH + ζL)Q] = E [M (1 + ζH + ζL)]Rf . (68)

ζH =
π (QH −Q)

Q− (1− θ)QH

; ζL =
(1− π) (QL −Q)

Q− (1− θ)QL

. (69)

Dividing both sides of banks’ budget constraint by K0, we have:

1− δ + i = bf + n, (70)

where we denote n = N0

K0
and bf =

Bf
K0

. Also, using the market clearing condition (17),

RAH = (1− π) (ϕ− 1)K1 and RAL = −π (ϕ− 1)K1. Dividing both sides by K1, we can

rewrite (26) and (27) as:

(1− θ)QH − Rfbf
1− δ + i

≥ [Q− (1− θ)QH ]
(1− π) (ϕ− 1)

πϕ+ 1− π
, (71)

(1− θ)QL − Rfbf
1− δ + i

≥ − [Q− (1− θ)QL]
π (ϕ− 1)

πϕ+ 1− π
, (72)

In addition, ζH > 0 implies that (71) must hold with equality, and ζL > 0 implies that (72)

must hold with equality. Because of log preference, the stochastic discount factor M can be

written as:

M =
β (A0 − i)

Af (ϕ) (1− δ + i)
. (73)

Finally, the household first order condition implies

Rf =
1

E [M ]
=

A (1− δ + i)

β (A0 − i)E
[

1
f(ϕ)

] . (74)

Together, equations (68)-(74) give us eight equations to solve for the eight equilibrium

quantities, ζH , ζL, Q, ϕ, Rf , M , bf , and i as a function of n.19 Conversely, because the

optimization problem of households, banks and firms are all standard convex programming

problems, any solution to the system of equations (68)-(74) can be used to construct an

19Strictly speaking, in the case where θ is uniformly distributed, (69), (71), and (72) are four equations
for each possible realizations of θ. Also, the equilibrium quantities, ζH , ζL, Q, ϕ are all functions of θ.
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equilibrium in the two-period model.

To prove Proposition 2, note that if n ≥ n∗, then the first best allocation,

i∗ =

(
1− 1

η

)
βA0 − (1− δ)

1 +
(
1− 1

η

)
β

; ϕ (θ) = ϕ̂;

QH (θ) = QL (θ) = Q (θ) =

(
1− 1

η

)
A

constitute a solution to the equilibrium system with ζh = ζL = 0. One can verify that in

this case both inequalities (71) and (72) are satisfied.

To construct equilibrium quantities for n < n∗, we first prove the following claim.

Claim 1 Q (θ) ≤ Qj (θ) for j = H,L. In addition, Q (θ) < QH (θ) implies that constraint

(71) must bind and Q (θ) < QH (θ) implies that constraint (72) must bind.

Proof. If Q (θ) > QH (θ), then the bank can choose RA (θ) to be arbitrarily large to increase

profit unboundedly. This cannot be consistent with any equilibrium. If Q (θ) < Qj (θ), then

equation (69) implies that ζj (θ) must be positive, and therefore the corresponding constraint

must be binding.

To prove Proposition 2, note that in the case where θH = θL, all equilibrium quantities

and prices are deterministic and the equilibrium conditions can be reduced to:(
1− 1

η

)
β (A0 − i)

1− δ + i

πϕ+ 1− π

πϕ̂
1−ξ

ϕξ + 1− π
χ = 1, (75)

(
1− 1

η

)
(1− θ) ϕ̂

1−ξ
ϕξ − χ (1− π) (ϕ− 1)

πϕ̂
1−ξ

ϕξ + 1− π
=

1− δ + i− n

β (A0 − i)
, (76)(

1− 1

η

)
(1− θ) + χπ (ϕ− 1)

πϕ̂
1−ξ

ϕξ + 1− π
=

1− δ + i− n

β (A0 − i)
. (77)

Let n̂ be the solution to the above system with χ = 1 (therefore, we have three unknowns,

ϕ, i, and n̂). One can show that if n ∈ (n̂, n∗), equation (75) and (76) have a solution for

ϕ and i under the condition χ = 1. This solution can be used to construct the equilibrium

price:

QH =MPKH (ϕ) ;Q = QL =MPKL (ϕ) ,

where MPKH (ϕ) and MPKL (ϕ) are given by (30) and (31). It is straight forward to verify
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in this case ζH > 0 and ζL = 0 and all equilibrium conditions are satisfied. In the case

n ∈ (0, n̂), equations (75)-(77) have a solution in terms of ϕ, i and χ with χ < 1. The

equilibrium prices can be constructed as:

QH =MPKH (ϕ) ;QL =MPKL (ϕ) ; Q = χQL.

One can verify that in this case ζH , ζL > 0 and both constraints (71) and (72) are binding.

D Computation Details

We provide details of the numerical method that we use to compute the Markov equilibrium

in the paper. We first need to make some simplifications of the equilibrium conditions.

Claim 2 Assume O (Z′) > 0 for all Z′, where the function O (Z′) is defined in (??), then

constraint (43) does not bind and Q (Z′) = QL (Z) for all Z′.

Proof. Note the if O (Z′) > 0 then inequality (42) implies (43). In this case, ζL (Z
′) = 0

and Q (Z′) = QL (Z) for all Z′ by equation (??).

The above claim reduces the number of policy functions in the equilibrium construct.

We use the following procedure to numerically solve the model.

1. Start from an initial guess of the equilibrium functional, {cn (Z) , vn (Z) , qn (Z) , µn (Z)}
with n = 0.

2. Start from an initial guess of the policy functions associated with the equilibrium

functional with m = 0:{
Tcn,m (Z) , T vn,m (Z) , T qn,m (Z) , Tµn,m (Z) , in,m (Z) , bn,mf (Z) , [ζn,mH (Z,θ) , ζn,mL (Z, θ) , ϕn,m (Z, θ) , Qn,m (Z, θ)]θ∈[θL,θH ]

}
3. Use the policy function to construct the law of motion of the state variables according

to (35). Using conditions 1-8 to construct policy functions given the law of motion of

state variables. Update the policy functions and set m = m+ 1.

4. Iterate on step 2-3 until the policy functions converge. That is, the policy functions

that are used to construct the law of motion of the state variables also solves the

equilibrium conditions. The new policy functions are denoted as{
Tcn (Z) , T vn (Z) , T qn (Z) , Tµn (Z) , in (Z) , bnf (Z) , [ζ

n
H (Z,θ) , ζnL (Z, θ) , ϕ

n (Z, θ) , Qn (Z, θ)]θ∈[θL,θH ]

}
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5. Set

cn+1 (Z) = Tcn (Z)

vn+1 (Z) = Tvn (Z)

qn+1 (Z) = Tqn (Z)

µn+1 (Z) = Tµn (Z)

and update the equilibrium functional. Iterate step 1-5 until convergence.

The above procedure, if convergent, allows us to construct the Markov equilibrium as the

fixed point of the operator described in Section V.
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Figure 1: Log TFP and Capital Misallocation Measured in Log TFP Units
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Figure 1 plots the time series of total factor productivity (dashed line) in the U.S. and the measure

of capital misallocation (solid line) in the period 1963-2012. The construction of the misallocation

measure follows Hsieh and Klenow (2009). We provide the details of the construction in Appendix

B. We use the first order Taylor expansion in equation (67) to translate the misallocation measure

into log TFP units. Both series are HP filtered.
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Figure 2: Capital Misallocation and Capital Utilization

Capital Utilization and Misallocation Measured in Log TFP Units
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Figure 2 plots the time series of capital misallocation measured log TFP units (solid line) and

the log capital utilization rate in the period 1963-2012. We use the first order Taylor expansion

in equation (67) to translate the misallocation measure into log TFP units. Both series are HP

filtered.
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Figure 3: Business Cycle Variations of the Total Volume of Bank Loan
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Figure 3 plots the business cycle variations of the total volume of bank loans for all non-financial

firms in the US corporate sector. The solid line is the changes in the total volume of bank loans

and the dashed line is GDP growth. Shaded areas stand for NBER classified recessions.
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Figure 4: Total Volume of Bank Loan and Capital Misallocation
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Figure 4 plots the net increases in the total volume of bank loan and our measure of capital

misallocation constructed from COMPUSTAT firms during the period 1958-2012.
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Figure 5: Total Volume of Bank Loan and Aggregate Volatility
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Figure 5 plots the net increases in the total volume of bank loan and stock market volatility in the

U.S. during the period 1958-2012.
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Figure 6: Total Volume of Bank Loan and Idiosyncratic Volatility
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Figure 6 plots the net increases in the total volume of bank loan and the cross-sectional dispersion

of firm profit for COMPUSTAT firms.
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Figure 7: Timing of Events

Figure 7 illustrates the timing of event from period t to period t+ 1 in the infinite horizon model.
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Figure 8: Misallocation and Bank Net Worth
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Figure 8 plots the log output (top panel) and the efficiency of capital reallocation (middle and

bottom panel) as a function of bank net worth. The top panel is the level of log output as a

function of bank net worth for recessions (dashed line) and that for booms (dotted line). The

middle panel plots the f (ϕ) function and the bottom panel plots ρf (ϕ) as a function of bank net

worth.
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Figure 9: Investment and Leverage
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Figure 9 plots the total investment (normalized by capital stock) as a function of bank net worth in

the top panel, and the leverage of the banking sector as a function of bank net worth as a function

of the bank net worth.
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Figure 10: Mean and Volatility of Output
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Figure 10 plots the average output (top panel) and the volatility of output (bottom panel) as a

function of bank net worth.
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Figure 11: Capital Reallocation and Bank Net Worth
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Figure 11 plots the amount of capital reallocation (top panel) and the benefit of capital reallocation

measured by the cross-sectional dispersion of the marginal product of capital (bottom panel) as

functions of bank net worth. The top panel is the total amount of capital reallocation in booms

(dashed line) and recessions (dotted line) as a function of bank net worth. The bottom panel is the

cross-sectional dispersion in the marginal product of capital in booms (dashed line) and recessions

(dotted line) as a function of bank net worth.
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Table 1: Calibration Parameters

Preference Parameters
β discount rate 0.97
γ risk aversion 10
ψ IES 2

Technology Parameters
α capital share 1/3
η/ (η − 1) markup 1.25
aH/aL ratio of productivity 2.08
δ capital depreciation 10%
h adjustment cost 0.65
π probability of high productivity 0.1
A aggregate productivity 0.71

Parameters of Financial Frictions
λ probability of bank exit 25%
χ Equity injection to banks 0.12

θ Fraction of asset divertable 0.35
σθ volatility of θ 8%
ρθ autocorrelation of θ 0.95
ω inter-bank friction 0.35

Table 1 lists the parameter values we use for the calibration of our model.
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Table 2: Business Cycle Statistics

Moments Data Benchmark Model TFP Shocks Dep. Shocks
Average GDP Growth
E [∆ lnY ] 1.8% 1.8% 1.8% 1.8%
Volatility of GDP Growth
σ [∆ lnY ] 3.49% 2.53% 2.65% 2.43%
Volatility of Consumption Growth
σ [∆ lnC] 2.53% 2.05% 2.24% 2.17%
Volatility of Investment relative to volatility of consumption
σ [∆ ln I] /σ [lnC] 5.34 2.13 2.14 2.13
Correlation of Consumption and Investment
ρ [∆ lnC,∆ ln I] 39% 9.86% 72.97% 92.67%
Autocorrelation of consumption
AC [∆ lnC] 49% 42% 4.62% 85.68%
Volatility of efficiency of capital reallocation
σ [f (ϕ)] — 2.05% 0.16% 0.28%
Volatility of dispersion of MPK
σ [V ar (lnMPK)] 17.09% 2.8% 0.2% 0.2%
Average Capital Reallocation/Total Investment
E [πRA/I] — 90% 95% 93%
Volatility of Capital Reallocation/Investment
σ [πRA/I] — 85% 11% 14%
Correlation of GDP and Dispersion of MPK
Corr [∆ lnY, V ar (lnMPK)] −14.08% −62.34% −9.93% −40.20%
Volatility of Tobin Q
σ [ln q] — 3.50% 0.53 0.43

Table 2 documents the moments of macroeconomic quantities in U.S. data (1930-2009) and those generated

by our benchmark model (column ”Benchmark Model”), the model with productivity shocks only (TFP

shocks), and the model with capital depreciation shocks (Dep Shocks).
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Table 3: Asset Pricing Moments

Moments Data Model
Equity Premium
E [lnRM −Rf ] 5.71%∗ 3.63%
Volatility of Return on Capital
σ [lnRM ] 19.79%∗ 3.59%
Risk-free Interest Rate
E [lnRf ] 0.86% 1.10%
Volatility of Risk-free Rate
σ [lnRf ] 0.97% 1.20%
Interest Rate Spread
E [lnRI −Rf ] 0.64% 0.88%
Volatility of Interbank Rate
σ [lnRI ] 2.16% 2.08%
Volatility of SDF
σ [M ] − 93.53%

Table 3 documents the asset pricing moments in the data and those generated by our benchmark model.

Note that the equity premium and volatility of return in the data are not directly comparable to the moments

generated from our model, because our model does not account for financial leverage.
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