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1 Introduction

Information and speculation are fundamental motives underlying securities trading. Individuals
with superior information have different assessments of returns, therefore find it beneficial to trade.
Individuals with different beliefs resulting from fundamental differences in views about the future,
also have their own assessments of returns. They find it optimal to speculate on the difference
between their beliefs and those of others. These motives for trade have long been sources of interest
as well as concerns. Regulatory limits on informed trading have been enacted in a variety of countries
to curb the rents extracted by certain types of informed agents. Current debates also question the
role of speculation in the recent financial crisis and regulatory proposals seeking to limit such activity
have been circulated. This paper seeks to shed light on these issues in a setting with endogenous
information flows. It examines the effects of information and speculation on the dynamic properties
of financial market equilibria. In particular, it attempts to identify the welfare benefits and costs
associated with regulations affecting information-based trading or speculation.

The model under consideration has two key features, costly information production infrastructure
and speculation based on utility maximizing noise trading. Costly information infrastructure implies
that information arrives at different frequencies depending on its nature. Public information is
costless. Its arrival rate is therefore dictated by the frequency of news releases by the exogenous
underlying source. Private information, in contrast, is under the control of the acquirer. It is
usually difficult to extract and does not update automatically. It requires meeting the managers of
a company or poring over documents and data to extract a few bits of useful information regarding
future prospects. The costly nature of the information gathering technology implies that the rate of
arrival is dictated by decisions of the acquirer. This paper captures this basic asymmetry between
public and private information flows. It shows, in particular, that private information stabilizes
the market by reducing volatility and that the endogenous asynchrony in news arrivals leads to
an increasing volatility pattern over time. It also reveals that the information infrastructure, by
determining the optimal frequency of news, dictates the strength of the stabilizing role of private
information and the extent of associated welfare gains.

Speculation is a powerful motive underlying a fraction of trades in financial markets. Beliefs-
fueled speculation has long been recognized as an important ingredient for market models. This
paper develops a model where some individuals speculate by trading on noise (Black (1986)).1 Such
individuals have the same conditional beliefs as informed agents, but instead of conditioning on fac-
tual private information, they base their views on irrelevant noise. In other respects, they behave
rationally and maximize preferences by choosing the best allocation among the assets available. This
noise trading model enables us to endogenize the noise trading demand and conduct a meaningful
welfare analysis. It has the property that noise traders do not systematically lose money by specu-
lating on noise. It also resolves a problem of non-existence of noisy rational expectations equilibria

(NREE) when noise trading is exogenous. Speculative behavior shapes the informational properties

! “Noise trading is trading on noise as if it were information. People who trade on noise are willing to trade even
though from an objective point of view they would be better off not trading. Perhaps they think the noise they are
trading on is information. Or perhaps they just like to trade.” Black (1986).



of equilibrium and incentives to collect information. It plays a critical role for the welfare of society.

Our study is based on a continuous time setting in which the firm pays a liquidating dividend at
the terminal date and information flows are asynchronous due to costly acquisition. Public informa-
tion, regarding the fundamental underlying the dividend, arrives continuously. Private information,
about the terminal dividend, arrives at discrete dates determined by the endogenous acquisition
technology. In the base model, it arrives once, at the initial date, which can be rationalized as the
endogenous outcome of the infrastructure selection process. This asynchrony has multiple effects.
When private information disseminates, expectations become less responsive to public news, which
lowers volatility. The subsequent frequent arrival of public information exerts conflicting pressures
on the local value of private information, the market price of risk and the incentives of investors. A
prominent effect is that it reduces the usefulness of the private information collected by the informed
at the outset and of the endogenous information extracted from equilibrium by the uninformed. This
basic mechanism puts upward pressure on volatility as time passes. As private information becomes
more stale, the sensitivity of the stock price to public news increases, leading to a volatility increase.
This is the sole effect when investors are myopic. Investors with CARA utility, however, care about
fluctuations in the opportunity set, therefore hedge intertemporally (Merton (1971)). Hedging tames
the response of optimal portfolios to shocks, thereby reducing the sensitivity of the equilibrium price
to shocks. It is the source of a further reduction in the volatility level, uniformly over time.

The dissemination of private information has two effects on welfare. The first is due to the
immediate change in the stock price (price impact), the second to the gains from trade associated
with the improved information of agents (trading impact). Asynchrony has multiple effects on these
components. One set of effects arises through volatility, which influences both the price and the
trading impacts. Another effect arises through the hedging demand of an agent, distinct from the
effect of hedging on volatility. This hedging effect is an important determinant of the trading impact.

In the absence of hedging, welfare improves uniformly across agents upon dissemination of private
information, when risk tolerance is either sufficiently low or sufficiently high. The immediate decrease
in volatility is accompanied by an increase in the stock price which raises the value of the initial
allocation of shares, leading to a positive price impact. At the same time, it reduces the market price
of risk, therefore the size of stock holdings and the resulting gains from trade. The sum of these two
effects is positive. The immediate increase in informational efficiency works in the opposite direction
as far as gains from trade are concerned. It fine-tunes the risk taking behavior of an agent, leading to
an increase in gains from trade. Volatility effects are tamed by (inversely related to) risk tolerance.
Trading effects are enhanced by (positively related to) risk tolerance. When risk tolerance is low,
volatility effects dominate, leading to a welfare improvement. At the other end of the spectrum,
when risk tolerance is high, the informational efficiency gains dominate, also leading to a welfare
gain. In both cases, these universal benefits associated with the dissemination of private information
offset the informational disadvantage of uninformed agents.

Hedging affects both the price and trading impacts. As explained, it further decreases volatility,
hence magnifies the welfare improvements for low risk tolerance. But, it also curbs the agents’ risk-

taking behavior, hence reduces the gains from trade associated with the dissemination of information.



Nevertheless, when risk tolerance is high, the hedging motive weakens so that the previous conclusions
remain valid. Informational efficiency gains dominate, leading to a welfare improvement. In these
instances, it is Pareto optimal (PO) to permit trading based on private information.

Speculation plays a critical role for the welfare of market participants. In its absence, incentives
to collect information vanish. An equilibrium with homogeneous information flow, determined by
the fundamental, then prevails. In this equilibrium, volatility is driven by the volatility of the
fundamental, hence exceeds the volatility in the NREE. Information is also less precise than in the
NREE, worsening investment decisions. Both effects are sources of welfare reductions. Under the
conditions for Pareto optimality, prohibiting speculation leads to a Pareto dominated equilibrium.

The existence of cases where the NREE is or is not PO is a challenge for regulation. Ideally,
the regulator would like to encourage (deter) informed trading when the NREE is (not) PO. We
show that a properly designed contingent Tobin tax, the Information Trading Tax (ITT), enforces
the PO equilibrium. Moreover, the ITT is implementable based solely on fundamental and price
information.

When the skilled (informed) investor selects the information gathering infrastructure and the cost
is an increasing function of the number of signals produced, it is optimal to choose a finite sampling
frequency under mild conditions. Two opposite forces determine the outcome. On the one hand,
an increase in the number of signals produced increases the precision of the information collected,
which improves decision-making and welfare. On the other hand, the cost increases. As long as
the asymptotic precision of the private information is finite and the marginal cost of sampling is
bounded away from zero, the second effect will eventually dominate. In this instance, public and
private information flow at different frequencies. Asynchrony ensures that the fundamental effects
and trade-offs documented in the base model will arise. Moreover, at private information arrival
times, the stock volatility experiences downward jumps. This phenomenon reinforces the stabilizing
role of private information documented in the base model with an endogenously single private signal.

Aside from the questions discussed above, the model also has practical implications for the fund
management industry. Academic debates regarding the skills of fund managers figure prominently

in the literature.?

Evidence seems to suggest that a number of funds lack skill. Our model of
speculative noise traders captures one possible view of unskilled management, namely the implicit
suggestion of knowledge and skill through the promotion of sophisticated investment strategies, but
the actual lack of true information extraction skill and the absence of superior information in the
implementation of these strategies. Speculative noise traders, in our setting, behave exactly as
truly informed (skilled) agents because they seek to be identified as skilled, but they operate on
the basis of noise. Our model shows that this behavior serves useful purposes. The existence of an
active unskilled sector effectively clouds the price system, thus provides incentives for information
collection. The information conveyed by the price system furthermore allows uninformed (retail)
investors to improve their decision-making, which is a source of welfare.

It is important to stress that our dynamic model with speculative noise trading is essential for the

results described above. With exogenous noise trading, a NREE does not exist. As a result, there

2See, for instance, Jensen (1968), Ferson and Schadt (1996) and Jagannathan, Malakhov and Novikov (2010).



are no incentives for information acquisition and the stock price volatility equals the fundamental
volatility. These properties show that basic insights from static models cannot be straightforwardly
extrapolated to intertemporal settings.

The paper also contributes on the methodological front. Equilibrium is constructed based on the
private information price of risk (PIPR).> The approach has three steps. The first determines the
structure of the PIPR and the candidate equilibrium information flows. This step does not require
knowledge of the hedging demands and stock price. The second derives a system of equations for
the hedging demands and stock price, conditional on the information flows identified. The final step
solves the system of equations and verifies the informational content of equilibrium. This approach

is constructive. It relies on the fact that the PIPR is the ultimate source of all effects in the model.

1.1 Related Literature

Classical studies pertaining to informational efficiency are based on static models. The seminal
articles of Grossman (1976, 1978) and Grossman and Stiglitz (1980) identify basic determinants of
efficiency in competitive markets. Non-competitive behavior is examined by Hellwig (1980), Kyle
(1989) and Leland (1992). The last study focuses more specifically on insider trading and properties
of equilibrium in a static model with production and monopolistic insider. It finds that private
information increases the average stock price, decreases the return’s expectation and variance for the
uninformed, reduces the liquidity of the market and can increase or decrease welfare.*

Dynamic models with asymmetric hierarchical information and competitive behavior were pio-
neered by Wang (1993, 1994). In these settings, the stock is an infinitely-lived asset that pays divi-
dends continuously/periodically through time. Informed investors observe the state variable driving
the expected future dividend. Uninformed investors do not, but they learn through dividends and
prices. Noise trading injects supply stochasticity and prevents full revelation. Wang (1993) derives
a stationary competitive noisy rational expectations equilibrium (NREE). Asymmetric information
is shown to increase the stock’s long run risk premium. It can also increase the price volatility and
enhance negative serial correlation. Asymmetric information can therefore have a destabilizing effect.
Wang (1994) focuses on issues pertaining to the volume of trade in a similar setting. The article
highlights the relation between volume and price changes. Further insights are provided by He and
Wang (1995) in a model with terminal dividend, differential private information signals across agents,
hence non-hierarchical information flows, and a common frequency of private and public information
arrivals as well as trades. Assuming the existence of a competitive NREE, they study the relation

between information flow and trading volume. The common frequency implies that there are no

3This notion is introduced in Detemple and Rindisbacher (2013) in a portfolio problem with private information.

“Extensions of Leland (1992) can be found in Bhattacharya and Spiegel (1991), Bernhardt, Hollifield and Hughson
(1995), Repullo (1999) and Vives and Medrano (2004). Earlier studies documenting negative effects of insider informa-
tion include Manove (1989), Ausubel (1990) and Fishman and Hagerty (1992). Possible negative effects of information
disclosure in various economic settings are documented in Angeletos and Pavlan (2007), Amador and Weill (2010),
Peress (2010) and Kurlat and Veldkamp (2015).



dynamic effects between arrival times of private information signals.:6

Albuquerque and Miao (2014) extend Wang (1994) by allowing for private advance information
about future dividends. Time is discrete and advance information pertains to the temporary com-
ponent of the dividend paid at the next date. Myopic agents derive utility from next period wealth,
ignoring future consumption. They solve for the stationary equilibrium and study the effects of
information on the stock price and risk premium.

Brennan and Cao (1996) develop the only model with (exogenous) asynchronous information
flows. An initial private signal is followed by a sequence of public signals at later dates. Information
arrival dates are also trading dates. In other respects, the setting is similar to He and Wang (1995).
Assuming the existence of a NREE, they examine the impact of an increase in the number of trading
dates and the effects of financial innovation.

The present model builds on this literature. The main economic differences are threefold, (i) the
information production infrastructure is endogenous, (ii) noise traders are expected utility maximiz-
ers who trade on noise (iii) the NREE exists and is obtained in closed form. Costly information
infrastructure implies that information flows endogenously arrive at different frequencies. This asyn-
chrony is the source of novel effects documented. Utility maximization enables us to endogenize the
demand of noise traders and conduct a comprehensive welfare analysis. It opens up the possibility
of Pareto ranking equilibria. The specific beliefs model developed reflects Black’s (1986) idea that
some investors trade on noise. The existence of a NREE is a consequence of the optimizing behavior
of the noise traders. The structure of their demand ensures that the residual demand cannot be
inverted to recover the private signal of the informed.

Other differences pertain to the scope of the analysis or the nature of the results. In that regard,
it could first be noted that equilibrium coefficients are explicit functions of the horizon. The timing
effects identified are driven by the asynchrony in information flows and the hedging motives of agents.
Second, the nature of the informational advantage of the informed differs. Relative to Wang (1993,
1994), this advantage is finitely lived in our setting. Relative to Albuquerque and Miao (2014), it
is non-transitory. This follows, because the time between the reception of the private signal and
the resolution of the uncertainty pertaining to the dividend payment is a finite interval. This has a
critical impact on optimal behavior and pricing. Third, a detailed welfare analysis is carried out. A
novel decomposition of the welfare of each agent into two parts, one associated with the value of the
initial share endowment, the other with the dynamic gains from trade, is derived. This decomposition
is particularly useful to analyze the impact of regulation governing private information usage and

speculation.” Fourth, a novel solution method introduced. The approach relies on the construction

SEffects of imperfect competition and asymmetric information on dynamic properties of prices and liquidity are
examined in Vayanos and Wang (2012). In a three-period model, they show that asymmetric information and imperfect
competition can have opposite effects on ex-ante expected returns.

SA vast microstructure literature also deals with non-competitive informed trading. Fundamental contributions
are in Kyle (1985) and Glosten and Milgrom (1985). In these models, risk neutral market makers extract private
information from the aggregate order flow and set the price so as to break even on average. This pricing rule does not
account for the endogenous interactions between risk, price appreciation and price level. The absence of diversification
benefits implies that trading is purely informational. The price evolution is typically determined by the exogenous
noise trading behavior and is locally orthogonal to fundamental risk.

"The dynamic welfare results obtained extend the static analysis in Leland (1992), as they identify a new and



of the PIPR, which isolates the effects of private information. Its structure can be used to formulate
natural conjectures about the informational content of the price. More significantly, it does not
depend on the intertemporal hedging behavior of agents.

Recently, Banerjee and Green (2015) develop a model where noise traders also trade on a signal
believed to be informative. Uninformed investors, unsure about whether they face an informed or
a noise trader, learn over time. Uncertainty about the identity of the counterparty generates a
nonlinear equilibrium price. The dynamic version of their model considers successive generations
of mean-variance investors, each living for two dates. They show numerically that the model can
produce expected return predictability and volatility clustering. Our framework shares aspects of the
noise traders’ specification. It differs as the identity of parties is common knowledge. It also differs
in that we consider long-lived agents with CARA utility. The implied hedging behavior amplifies the
volatility impact of private information trading and enhances the related welfare gains for low risk
tolerance levels. The endogeneity of information flows and the focus on welfare also differ. Finally,
the explicit nature of equilibrium enables us to derive analytical results.

Our analysis also builds on a literature dealing with dynamic portfolio selection and costly in-
formation acquisition; see Detemple and Kihlstrom (1987), Huang and Liu (2007), Hasler (2012),
and Andrei and Hasler (2014). The present paper considers a related costly information production
problem, but in an equilibrium setting with heterogeneously informed agents. It studies the relation
between the endogenous price/volatility and the asynchrony of news. It also addresses welfare and
regulatory questions pertaining to the use of private information and the relevance of speculation.®

The notion of speculation based on differences in beliefs has been widely discussed. Foundations
appear in Working (1962) and Hirshleifer (1975). Black (1986) introduces the view that “noise
trading is trading on noise as if it were information.” Beliefs of noise traders therefore differ from
those of truly informed individuals. Beliefs-based speculation has received recent attention in the
context of financial reforms pertaining to derivatives. Posner and Weil (2012) argue for regulation, on
the ground that such an activity reduces consumption smoothing and is therefore socially harmful.
Duffie (2014) discusses various challenges to beliefs-based regulation and stresses the importance to
base policies on social welfare principles. The analysis carried out here sheds light on some of these
issues in the context of a stock market model. It shows that a ban on beliefs-based speculation could
increase price volatility and reduce informational efficiency, leading to welfare losses. It provides
explicit conditions under which stock market speculation is PO.

The regulation of insider trading has been a long standing issue. Arguments in favor of the
deregulation of insider trading can be found in Manne (1966). Medrano and Vives (1994) study the
effect of a disclose-or-abstain rule in a static Leland (1992) setting. In the present paper, we show
that a contingent Tobin tax can be effective at enforcing PO equilibria as well as implementable.

Section 2 describes a benchmark model with asynchronous information flows and endogenous
acquisition at the initial date. Section 3 presents the demand functions. Section 4 shows the non-

existence of a NREE when noise trading is exogenous. Section 5 studies the NREE with endogenous

significant source of welfare gains. The analysis is comprehensive in that it encompasses all agents in the model.
8For information acquisition in static NREE see Verrechia (1982), Diamond (1985), and Goldstein and Yang (2015).



noise trading. Section 6 examines welfare properties. The optimal information infrastructure with
endogenous frequency is analyzed in Section 8. Extensions are in Section 9 and conclusions follow.

Proofs are in the appendix.

2 The Economy

This section describes benchmark model. The financial market is presented in Section 2.1, agents and
their information sets in Section 2.2 and candidate stock price processes in Section 2.3. Preferences

and optimal demands are in Sections 2.4 and 2.5. Equilibrium is defined in Section 2.6.

2.1 Assets and Markets

A riskless asset and a risky stock are available for trade. The riskless asset is a money market account
paying interest at the rate r. In the absence of intertemporal consumption, which will be assumed,
the interest rate can be set at zero (r = 0). The risky stock pays a liquidating dividend Dy at the
terminal date T.. The dividend is the terminal value of the process dD; = pPdt + o thD , wWhere
uP is a constant drift coefficient and o is a constant and positive volatility coefficient. WP is a
Brownian motion process with filtration ]-"(P), defined on a probability space (Q, FP. P). The process
D can be viewed as a fundamental factor that eventually determines the terminal dividend.

One share of stock, perfectly divisible, is outstanding. It trades at an endogenously price S.

Trading takes place in continuous time. There are no restrictions on stock holdings or borrowing.

2.2 Agents, Noise and Information Signal

Three groups of investors operate in the financial market, informed, uninformed and noise traders.
The respective fractions of the three groups in the population are w?, w* and w”, with w?+w*4+w™ = 1.
Each group is treated as a homogeneous entity with a representative individual.

The (representative) informed investor is a skilled individual, able to extract at cost C' information
about the future stock payoff Dp. In the benchmark model, information extraction is carried out
at the initial date ¢ = 0 and generates the noisy signal G = Dr+ (, where ( ~ N (O, (O’C)z). Skill

is measured by the precision v, = (04)72 of the signal. When (04)2 increases, precision falls and
the informational content of the signal decreases. Thus, skill decreases. In the limit (a<)2 — 00, the
signal becomes pure noise and skill vanishes. The “informed” investor effectively becomes unskilled
(uninformed). The optimality of an information infrastructure producing a single signal at t = 0
is discussed in Section 8 (see Remark 11). Throughout sections 3-6, we will assume C' = 0, unless
explicitly stated.

The uninformed investor does not have extraction ability. He/she observes prices and other
quantities that are in the public information set. Let (m) be the public information filtration. The
uninformed filtration is the public filtration gf) = .7-"(73. The last investor trades on noise. His/her
beliefs are similar to the beliefs of the informed, but depend on an independent random variable ¢

as opposed to true private information. A precise description is provided below.



The three groups are identically endowed at the outset. The distribution of initial stock shares

in the population is (wi,w“, w").

2.3 Stock Price and Information Flows

The opportunity set of investors depends on the stock price structure. In this environment, there are
two sources of uncertainty, WP associated with fundamental information and ¢ with noise trading

speculation. Standard arguments can be invoked to write any candidate price process as,
dS; = pPdt + oy dW;, Sy = Dr. (1)

In this structure, W is a Brownian motion relative to the public information filtration ]:(’f"s. It is
endogenous and, ultimately, relates to the underlying source of fundamental uncertainty W2. The
coefficients (us oo ) of the price process are also endogenous and adapted to .7-"(73. The uninformed
observes the stock price, hence can retrieve the volatility coefficient from its quadratic variation.
The Brownian motion dW,° = (Uf )71 (dSt —uf dt) is an innovation process in their filtration. The
information filtration }'5 generated by S is in the public information flow ]:(’f"s. That is, ff) c (m)

The information flow of the informed is augmented by the private signal GG. Private information is
carried by the enlarged filtration }'("_) = ]:(’_’3 v o (G). As private information modifies the perception
of the risk-reward trade-off, the fundamental source of risk W2 is no longer Brownian motion relative

to the enlarged filtration. Instead, the translated process,
AWE = dwf — %™ (@) dt where 071 (@) dt = B [aW | F]

becomes a Brownian motion. The translation GtG e (G) is the private information price of risk (PIPR),
which is a function of the private signal G. Relative to private information, the stock price evolu-
tion is dS; = (,ugq + a7 GtG e (G)) dt+ o dW. The superior information is reflected in the private

information premium o HtG fm (G). Given that public information .7-"8 is endogenous, the private

information premium is endogenous as well.

2.4 Informed and Uninformed Preferences

Throughout the paper, superscripts ¢ and u are used to distinguish the informed (i) from the un-
informed (u) investor. Let X; denote the wealth of investor j at time ¢, j € {i,u}. Conditional

preferences have the von Neumann-Morgenstern representation,
u (.7:3) =K [u (X%)‘}"é] for j € {i,u} (2)

where the utility function has constant absolute risk aversion, u (X) = —I'exp (—X/T"). The pa-
rameter I' > 0 is the common absolute risk tolerance coefficient. Preferences of the informed (resp.
uninformed) are conditional on private (resp. public) information. For welfare comparisons, it is

useful to consider expected utility conditional on public information at date zero, called interim



expected utility. Interim expected utility is ' = E [Z/{i (]—"6)‘]—"6”] for the informed agent and
U" = E[U" (F§)| F'] = U (F§) for the uninformed. The last equality holds because F§ = Fj".

Let N7 be the number of shares held. Investors maximize (2) subject to the dynamics of wealth,

) { N ((ut +oSpCm (G)) dt + aquWtG) for j = i 5

N (pfdt + of dW) for j =u
and the informational constraint that N7 be adapted to ]-"(j.) for j € {i,u}.

2.5 Noise Trading: Beliefs and Preferences

The decisions of the informed are based on the conditional distribution of states given the realization
of the private signal,

P (dw) = P (dw| G = 2),,_¢; = (%)l P,

Informed beliefs are based on the conditional Wiener measure P (dw|G = x). As the unconditional
and conditional distributions of the signal, P (G € dz) and P (G € dz|dw), as well as the distribution
of states P (dw) are common knowledge, the conditional measure P (dw|G = x) is known.

The noise trader is aware of the availability of private information and can calculate the con-
ditional beliefs P (dw|G = z), but does not observe the realization of the private signal. Instead,

he/she relies on a forecast of this realization, = = ¢, and evaluates conditional beliefs at ¢. Thus,

P (dw) = P (dw|G = x),_y = (%) \m:(pP (dw)
P (G € dz|w) ‘m ‘m
PCed) " (J 07" () aWE — J o° dt)

The distribution of the forecast ¢ can be arbitrary. In the sequel, ¢ is assumed to be independent and
normally distributed with mean p® and standard deviation o®. If u® = F [G] and (J¢)2 =VAR|G],
the forecast is an unbiased and identically distributed estimate of G. Irrespective of the distributional
structure, ¢ is noise.

Ultimately, the noise trader is an agent with bounded rationality who attempts to replicate the
behavior of the informed, but without the benefit of observing the private signal. The noise trader
and the informed share conditional beliefs, therefore have the same demand structures. The realized
demands nevertheless differ, because one is truly informed, while the other is not. The noise trader,
effectively, speculates by trading on noise (Black (1986)).

The noise trader’s conditional preferences are U™ (¢) = E™ [u (X})| F§'] = Eo [u(X})|G = x]‘x:qj,
where the expectation E™[-| F3*| is with respect to the beliefs P™ evaluated at a given realiza-
tion of the forecast ¢ and the utility function is CARA with absolute risk tolerance parame-
ter I Under the beliefs P", the stock price evolves as dS; = (,ut + 070, ‘m( )) dt +ofdWE,



where W* = WP — {; 9? fm (x)dt is a F(-Brownian motion under the conditional Wiener measure

P (dw|G = ), evaluated at = = ¢. The associated stock price of risk is 67 = 07+ GtG e (x). Interim
expected utility is U™ = E[U" (¢)| F§*| = E U™ (G) Ly (G|FF)| F§'], where,

P (¢edx|F§")
P (G edx|FJ")

Ly (x| Fy')

is a density measuring the beliefs distortion relative to the informed investor. If u¢ = E[G] and
(U¢)2 = VARI|G], then Ly ¢ (x| F§*) = 1 and the beliefs distortion vanishes.

Given = = ¢, the noise trader maximizes U™ (¢) over the }'g"s-progressively measurable num-
ber of shares N, subject to the dynamic budget constraint under conditional beliefs, dX;* =
N ((,uf + afﬁf‘m (x)) dt + deth). Note that even in the absence of a beliefs distortion, i.e.,
when Ly g (x| F") = 1, the noise trader exhibits bounded rationality as the optimal policy is cho-
sen adapted to the public information flow (’7), given a fixed realization ¢, rather than adapted to
the enlarged filtration .7-"8 \/ o (¢). Full rationality fails, as the joint information conveyed by the

realized forecast ¢ and the public information flow (m) is ignored.”

2.6 Equilibrium

A competitive rational expectations equilibrium (REE) for the economy under consideration is a
triplet of demands (N“, N, N”) and a price process dS; = pydt +o7dW;®, St = Dr, such that (i)
Individual rationality: N7 is optimal for agent j € {u,i,n} taking the price process as given, and (ii)
Market clearing: w“N" +w'N® +w™N"™ = 1. The competitive REE is noisy (NREE) if the informed
and uninformed filtration differs, fo) c ]:(".).

3 Optimal Stock Demands and Residual Demand
The next two propositions describe the stock demands of the various agents in the economy.

Proposition 1 The optimal number of shares held by the uninformed and informed investors are,

m U m Glm i
porhiel i + 0, (G) + hi (G) o”
S

u _
Ot Ot

where 0™ is the price of risk for the uninformed and, with E;[-] = E; [-| F{"],

1 T
= —§£ o, B [ef, (077 v

, 1 (T m
i () = hi = 3 Jt op B | (651 (2)” + 2077651 (2)) | dv = hy + B (2)

9The beliefs distortion and the absence of Bayesian updating is similar to the bounded rational behavior studied
in Dumas, Kurshev and Uppal (2009). Alternatively, under the assumption of uncertainty about the counterparty and
learning, the uncertainty structure becomes similar to the one in Banerjee and Green (2015).
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The terms ThioP Jo? , ThioP /oy are the intertemporal hedging demands for the uninformed and
informed. The informed holds more shares than the uninformed if and only if the private information
premium exceeds the adjusted difference in hedging terms, o (9?‘”1 (G) + hf'm (G) O'D) > 0.

An investor with CARA utility seeks to hedge stochastic fluctuations in the opportunity set
(Merton (1971)). The optimal stock demand has a mean-variance component as well as a dynamic
hedging component. The demands in Proposition 1 have this basic structure in common.

The fundamental difference between the two investors resides in their evaluation of the expected
stock return. The informed evaluates the return on the basis of private information as well as public
S,Dpm -

L 07", is the

expected return based on public information. The second one, o’ GtG e (G), is the additional premium

information. The resulting expected return has two components. The first one, ,uf =0

calculated on the basis of private information. This premium is affine in the PIPR HtG fm (GQ), i.e., the
private information price of risk (Detemple and Rindisbacher (2013)). The PIPR is the incremental
price of risk assessed in light of information that is not revealed by public information sources. It
represents the private information price of risk conditional on public information. Thus, the informed
mean-variance component has a public information part, FH{”/JE , and a private information part,
FHtG fm (G) /oy . The uninformed mean-variance demand has only a public information part, 0/ /o

The difference in assessed expected returns induces a difference in hedging behavior. The informed
agent hedges stochastic fluctuations in the market price of risk as well as in the PIPR. The total
hedging demand can be decomposed as hi (G) = h¥+ hf e (G), where h}, hf fm (G) capture the two
separate motives. The uninformed hedging demand stems entirely from the stochastic behavior of
the price of risk. It is also of interest to note that the hedging demand depends on the information
set of the agent considered. For the informed, the hedge is conditional on the private information
filtration, hence parameterized by the private signal. For the uninformed, the hedge depends on
the public filtration. The hedging demand formulas are valid for any given, but arbitrary, diffusion

opportunity set. The specific functional form depends on the structure of the latter.

Proposition 2 The optimal number of shares held by the noise trader is,

np =t o7 (i)’5+ hi () o _ L0+ 6™ (Zbgjt hi (¢) 0P "
t t

where 0™ is the uninformed price of risk, 05 fm (¢) is a speculative premium/discount reflecting the
departure from rationality and Th'o® /oy is the intertemporal hedging demand. The hedging demand
of the noise trader has the same functional form as that of the informed, but evaluated at ¢ instead of
G. The noise trader holds more (resp. less) shares than the uninformed if and only if the speculative
premium exceeds the adjusted difference in hedging terms, Jf (9?‘”1 (9) + htG‘m (9) UD) > 0.

The optimal noise trading demand has a mean-variance component and a hedging component.
The mean-variance component has two parts. The first part, FH{”/UE , is the usual mean-variance
demand of an uninformed rational agent. It reflects a demand based on public information. The

second part, I‘HtG fm (9)/ oy, is a speculative demand associated with an informational signal consisting
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of pure noise. The hedging component can also be split in two parts, hj" (¢) = h"""" (¢) + hi"F T (),
reflecting hedging motives stemming from stochastic fluctuations in the MPR and in the PIPR.
Because the noise trader and the informed seek to hedge the same objects, the structures of their
hedges are the same. The only difference is the conditioning factor, consisting of the true signal G
for the informed and the independent random variable ¢ for the noise trader. Thus, A} (¢) = hi (¢),
R (¢) = b and PP (¢) = hf fm (¢). In the end, the noise trader demand mimics the informed
demand. It effectively corresponds to the demand of an investor with randomized beliefs, i.e., an

unskilled active investor.

Remark 1 The combined demand of the informed and noise trader, i.e., the residual demand, is,

Wl + Wi (ef ™ (G) + hi (@) aD) + (ef ™ (6) + i (¢) aD)

S
Oy

Ny =w'N} + "N =T

where w = w' + w". The residual demand is an affine function of the weighted average price of
risk (WAPR) ©, (G, ¢;wi,w") = wief‘m (G) + w"HtG‘m (¢) and of the weighted average normalized
hedge (WANH) hy (G, ¢;w',w™) = w'hi (G) + w"hi' (¢). If the PIPR and hedges are also affine
functions, the residual demand depends on Oy (Z;w) = 9tG|m (Z;w) and hy (Z;w) = hi(Z;w), which

are functions of the signal Z = w'G + w"¢ and the combined population weight w = W' + wW".

4 Non-Existence of NREE with Exogenous Noise Trading

In order to put our noise trading model in perspective, it is useful to consider the traditional approach
with exogenous noise trading (or stochastic supply). This section shows that a competitive NREE
does not exist in such an economy.

Suppose that noise trading is exogenous and given by N;* = ¢ where ¢ is an independent random

D >0, 6° < o0 and

variable with Gaussian distribution.'®© Throughout the section, assume that o
wi w" € (0,1). The next proposition gives a necessary condition for the existence of a NREE in this
setting with exogenous Gaussian noise trading. To state the result, let NV be an arbitrary stochastic
process and let VNV, for M € {G, ¢} be the perturbation of the random variable N; with respect
to the random variable M. The stochastic process {V/ Ny : t € [0,T]} is the first variation process

of N with respect to M (e.g., Kunita (1990)).

Proposition 3 Consider the model with exogenous noise trading described above. A necessary con-
dition for the existence of a NREE is,

VeN{V4N' = VaNIVN; P®leb®leb—a.e. on Q x [0,T] x [0,T] (5)

10T he setting with exogenous noise trading is observationally equivalent to a model with stochastic supply ¢° where
¢° = 1—w"¢ or a setting without noise trading where the informed holds a non-traded asset with terminal payoff
Dr¢' where ¢' € F§ is a privately known random variable independent of fundamental information .7—'(?) and private
signal G, and is given by ¢' = — (w" /wl) ¢. The optimal informed portfolio is Nti P = N} —$" where N is the portfolio
without the private asset. The residual demand becomes NP = w'N;} — w'¢p’ = N;*. Models where the source of
noise is the availability of a correlated private asset are considered by Medrano and Vives (2004) in the static case and
Albuqueruge and Miao (2014) in the dynamic case under the assumption of myopia.
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where leb is the Lebesgque measure, V N} is the first variation process of the optimal informed demand
with respect to G and V yN{* the first variation process of the exogenous noise trading with respect to
¢. As V4uNI* =1, (5) can be restated as VaN; = VaNi on Q x [0,T] x [0,T].

Condition (5) is tied to the informational content of the residual demand function, given by,

opm u D Glm Glm D
Tet + hito®” + 6, gG) +h" (G)o oy
O

Ny = W'N} + "N = w

in the model with exogenous noise trading. The residual demand function is observed by the unin-
formed, therefore belongs to the public information flow (see Kreps (1977)). To prevent revelation,
it must be that observations at different times do not reveal the private signal. That is, the vector
(N¢, Ng) cannot be inverted for any pair of times t,s € [0,7]. Invertibility fails if and only if the
determinant of the Jacobian of (NNV¢, N) is null, which leads to condition (5).

Proposition 4 A competitive NREE does not exist in the model with exogenous noise trading.

The reason for non-existence is that condition (5) fails, ensuring the revelation of the private
signal G. The accumulation of information and the evolving volatility of the stock price lie at the
core of this revelation property. These features ensure that the informational content of the residual
demand is carried by Z; = w'd (t) G + w"¢ for some function of time 6 (t). The time dependence of

d (t) ensures full revelation.

Remark 2 (i) It has become standard practice to solve for equilibrium in asymmetric information
models by postulating a linear equilibrium price function. Propositions 3 and 4 show that it is essential
to verify the information flow generated by the residual demand. FEquilibrium filtrations in these
models can be non-Markovian in the price and contain the private signal, i.e., residual demands can
be fully revealing. (ii) The NREE described in Brennan and Cao (1996) does not exist for arbitrary
coefficients of the underlying processes. Generically, the price can be inverted to recover the private

stgnal.

The results above show that the model with exogenous noise trading and terminal dividend does
not have a NREE. This provides further economic motivation for the study of speculative noise

trading behavior, carried out next.

5 The NREE with Beliefs-Based Speculation

The competitive NREE is described in Section 5.1. Properties of the PIPR and the WAPR are

examined in Section 5.2. Price and return properties are discussed in Section 5.3.
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5.1 Equilibrium Structure

In order to present the main result, define the combined share of the informed and the noise trader

w = w' + w" and the functions of time,

at)=a)+a" @), BO=MO+LME), )=~ +5" @) (6)

where (ah, ﬁh,’yh) are associated with the aggregate hedging behavior of the agents and defined in
the Appendix, and

1 — kw 1 — k! W H (t)
al(t) = T@)UD’ B(t) = _wT(t)JD’ Kt = M) (7)

B (1 = k) uP (T = t) — w"ryp® B Wt (O'D)2 (s —1t)
v(t) = —w 70 ol A(t,s) = Q) , set,T]  (8)
H(t) = (0" @0+ (). M@= () H@O+ (o). )

The function H (t) = Var (G|FL) is the conditional variance of the private signal G given fundamen-

tal information at ¢. The function M (t) = Var (Z|FP) is the conditional variance of an endogenous
COV(G,Z|FP)

signal Z = w'G + w"¢ given fundamental information at ¢. The coefficients x; = “VAR(ZIFD) and
t
D
A(t,s) = %SZ"ZF‘?)) are regression coefficients. The next proposition presents the NREE.
Proposition 5 A competitive NREE exists. The equilibrium stock price is,
Sy = A(t) Z + B(t) Dy + F (t) where 7 =w'G +w"¢ (10)

B({t)=B@{t)B"(t), B(t)= (H(T))“’ (M(T))l_w, B (t) = o i B (w)dv (11)

H (1) M (t)
T A
At) = N (t,T) + oP (L B(s) (a (s) + B(s)A(L, s)) ds) (12)
A . (UD)2 T T A
F(t) =B (t) yP (T —t) - I Jt B(s)?ds + o Jt B (s)%(s)ds —w"I (t) u® (13)
A T A ~
(@) = A(LT) + 0P L B(s)B(s)\(t,s) ds (14)
and (&,B,ﬁ/, )\) as in (6)-(9). The coefficients of the equilibrium stock price process (1) are,
2
wy = (0—5) — oy (©:(Z) + h* (2) O’D) , o = B (t)oP (15)
O (Zyw) =a(t)Z + B (t) Dy +7(t) (16)
' (Zyw) o = " (t) Z + 5" (t) D+ 9" (2) (17)
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where Oy (Z;w) = wiﬁf‘m (GQ) -I—w"@f'm (¢) is the endogenous WAPR and hi* (Z;w) = hi* + hi (Z;w)
is the endogenous aggregate hedging. The innovation in the uninformed filtration is AW = dW,P —

0tD|mdt, an F,

(= ]:(P)’Z-Broumian motion, where,

Dy m i D
HtD|m _E [dW;tt 7] = ;\Za(t) (Z —w' (D +pP (T —t)) - w"u¢) . (18)

The competitive equilibrium price in (10) is an affine function of the fundamental D and of the
random variable Z. This random variable is a noisy translation of the private information signal G.
It provides information about the terminal dividend, but is less informative than the private signal.
Both the price S and the fundamental D are in the public information set ]:(’7). It follows that Z
is publicly observed as well. Thus, Z € ]:(Tf"s and ]:([.))’Z c ]:([.))’S c ]:(’f"s. Conversely, the pair (D, Z)
reveals the price S, i.e., ]-"(.) c ]_-(1?)),2' Thus, f(%’s = .7-"(]?)’2 c ]-"(”3

In equilibrium, the uninformed extracts the noisy signal Z from the pair (D, S). The uninformed
also observes the residual aggregate demand function w’N; + W™ N/, described in Remark 1. At
equilibrium, the residual demand is also affine in D and Z. It therefore fails to reveal any informa-
tion beyond what is already contained in (D, S): condition (5) holds. In the end, the equilibrium
public information set consists of the pair (D, Z). That is, ]:(P)’S = ]:(P)’Z = ]:(’f"s. The equilibrium
uninformed filtration is fgf) = ]:(’f"s = ]-"8’3 = ]:(P)’Z. The equilibrium informed filtration is strictly
more informative, Foy=Fve (G) o (y = Fy- The equilibrium is a NREE.

The specific impact of intertemporal hedging on equilibrium can be identified by comparing to the
solution above with that for (ah, ﬁh,’yh) = (0,0,0). This benchmark case corresponds to a model
in which all agents behave myopically and have traditional mean-variance demands. As revealed
by Proposition 5, intertemporal hedging modifies the coefficients of the equilibrium relationships,
not their overall structure. A surprising aspect is that the information content of equilibrium does
not change. Indeed, the endogenous signal Z = w'G + w"¢ is the same as in the benchmark pure
mean-variance setting. This follows, because neither the PIPR, nor the WAPR, are affected by the

hedging activities of agents. Both only depend on the public and private information structure.

Remark 3 (Limit economy with small informed) Consider the limit economy with an infinitesimal
informed population (w' — 0 and w™ — 1—w" = w). The limit equilibrium price is S;* = Asi (t) Z% +
B (t) Dy + F* (t), where Z% = w"¢ and,

N 2
S,si (05782) S,si i ; m,st ; D S,si s D
pe =S oy (@f’ (Z%5w) + b (2% w) o ) , o, =B"(t)o
@fl (ZSi;w) _ asi (t) Z5i+ﬁ8i (t) Dt+’75i (t), h;n,si (Zsi;w) UD _ ah,si (t) Z5i+ﬁh’5i (t) Dt‘l"}/h’Si (t)

with coefficients defined in (44)-(55). The limit WAPR is ©f" (Z°%;w) = w@f'm’Si (¢). Innovations in
the uninformed filtration vanish dW;? = dW}” because 9? ™ 0 when wi — 0. The limit equilibrium

fails to reveal any private information. If, in addition, there is no noise trader (w',w™,w — 0), the
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equilibrium collapses to a no-trade equilibrium where,

(")’

r

51,0 D (UD)2 S,s1,0 D S,51,0 _
St’ :Dt+ 1% _T (T—t)7 O-t’v =0, Mt

In the absence of hedging, price volatilities in the two limit economies and the economy of Proposition
5 rank as o < Jf < Jf 10— 5D for t < T. Intertemporal hedging can alter this ranking.
Indeed, with a small informed, the market price of risk becomes more sensitive to the fundamental
(—B% > —B > 0). Hedging amplifies this sensitivity (—B"** > B" > 0). Volatility, which is
negatively related to the sensitivity of the market price of risk, decreases. Thus oy = Jf )8t depending

on parameter values. In all cases, max (af,af S’) < af’Si’O = oP fort < T. As the payment date

approaches, the wvolatilities converge, lim;_,po;y = lz'mt_,TJf’Si = limt_,TUtS’Si’O = oP. Informed
trading increases the informational efficiency of the market. It stabilizes the market by reducing the

stock’s exposure to fundamental shocks if the hedging effect does not dominate (i.e., B (t) < Bsi (t)).

Remark 4 (Limit economy with small uninformed) Consider the limit economy with an infinitesimal
uninformed population (w* — 0 and w® — 1—w"). The limit equilibrium price is S3* = Asu (t) Z°"+
B (t) Dy+ F**(t), where Z°* = (1 —w™) G + w"¢ and,

S,su
su (O-t ) su su su m,su su sU su
Pt = St = o (O (27 1) + (27 1) 0 P) o = B (1) o”

@fu (Zsu; 1) = oS¢ (t) Zsu_’_ﬁsu (t) Dt‘l"YSU (t) , h:n,su (Zsu; 1) O'D _ ah,su (t) Zsu_’_ﬁh,su (t) Dt+’7h’su (t)

with coefficients defined in (56)-(69). If, in addition, there is no noise trader (w® — 1, (W™, w™) — 0),

the equilibrium collapses to a no-trade equilibrium where,

S0 = A0 (1) G + B0 (t) Dy + 0 (t),  Z* =G

( S,su 0) 2
t .
pe st = =T ol = s = By gD @8 (25 1) = b (25 1) = 0
with (1215“’0, Bsu0, 13'5“’0> as in (70)-(75). The pair (D, 58“70), in the limit economy, is fully revealing.
Stock price volatilities in the three equilibria rank as o™ = 02""% < 05 < oD for t < T. As the

payment date approaches, lth_,TO'S s lz'mt_,TJf’S“’O = limt_,Taf = oP. Equilibrium prices
in economies with small uninformed (large informed) populations are less sensitive to fundamental

shocks and have lower volatility.

Remark 5 (Limit economy with small noise trader) Consider the limit economy with an infinites-
imal noise trader population (W' — 1 — w" and W™ — 0). The limit equilibrium price is S"* =
A (t) Z5"4 B (t) Dy+ EF5" (t), where Z°" = G and,

(O’S sn>2
NtS,SH _ tr Ssn (@sn (an z) + h;n,sn (an;wi) O'D) 7 SSTL Bsn ( ) D
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@fn (an;wi) = " (t) an_l_ﬁsn (t) Dt+’st (t) 7 h;n,sn (an;wi) O’D _ ah,sn (t) an+6h,sn (t) Dt+"}/h’sn (t)

with coefficients defined in (76)-(86). The pair (D,S*"), in the limit economy, is fully revealing.
Stock price volatilities in the three equilibria rank as af < of < aP fort < T. As the payment
date approaches, limt_,To—tS S = limy_roy = oP. The equilibrium price in the economy with small

noise trader population is less sensitive to fundamental shocks and has lower volatility.

5.2 PIPR and WAPR Properties

To provide further insights about the structure of equilibrium, it is instructive to start with the PIPR.
The PIPR is the (negative of the) instantaneous volatility of the growth rate of the conditional density

of the private information signal given public information. In equilibrium, with /" = ]:tD’Z,

G _ GID,Z _ ,Gb.z .
dof (G)) Gy (uf'D’Z) SO () 0P,
¢ (2) (UtG|D,Z) (UtG\Dz)

In the model under consideration, given the linearity of the endogenous signal Z revealed, the

05" (G) = vol (

conditional density is normal. The conditional mean alone depends on the dividend. The conditional
variance is a function of time. The PIPR therefore reduces to the volatility of the conditional mean
suitably normalized. It is affine in the private signal. As noted in Remark 1, it follows that the
WAPR becomes Oy (G, o; wi,w") = 0, (Z;w) and that the residual demand is an affine function of
©; (Z;w). The equilibrium risk premium inherits this affine structure. Moreover, the equilibrium
residual demand, being affine in ©; (Z;w), also reveals the signal Z = w'G+ w"¢.

The next corollary describes the behavior of the endogenous PIPR.

Corollary 1 The equilibrium PIPR is,

Glm G — P i\ D
0" (G) = W (1= mw') o = a1 (8) G + az () Z + Bo (t) Dy + 70 (2)
o /itO'D wiol
)= g wO=-17 -2 a0-20 we-2

where w = W' + W™ and B(t),7 (t) are defined in (7)-(9). The coefficients aq (t), s (t) and 3 (t)
are the sensitivities with respect to the private signal G, the endogenous public signal Z and the
fundamental Dy. The coefficient v (t) is a translation factor. The following properties hold,

(i) Sensitivity to information: aq (t) > 0,a2 (t) < 0,5 (t) < 0.

6oe$t(t) E)aagt(t) <0, E)ggt) <0

(i) Dynamic behavior: >0,

The reaction of the equilibrium PIPR to news is intuitive. Indeed, a larger private signal indicates
a greater terminal dividend, thus provides more valuable information. In contrast public information,
be it endogenous or exogenous, reduces the local value of private information.

The evolution of these sensitivities is also intuitive. The reaction to private information a; (t)

is tamed by the unconditional variance of the signal H (¢) in the denominator. Over time, the
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informed observes the fundamental and updates the content of the private signal. Effectively, the
residual private information is G — Dy. This residual signal becomes more informative over time, as
uncertainty resolves, thereby enhancing the value of information. For the same reason, the precision
of the endogenous public signal increases. This reduces the (negative) sensitivity of the PIPR to the
endogenous signal, which decreases the value of private information. The reaction to fundamental
information reflects the same effect. Its decrease further reduces the value of information.

The WAPR is closely related to the PIPR and inherits most of its properties.

Corollary 2 The equilibrium WAPR is given by (16). The coefficients o (t) and (3 (t) are the sensi-
tivities with respect to the endogenous public signal and the fundamental information. The coefficient
v (t) is a translation factor. The properties of (B (t) are the same as those of Py (t) in Corollary 1.
The behavior of a (t) differs in the following respects,

(i) Sensitivity to information: « (t) > 0 if and only if (0¢)2 > sH ().

(ii) Dynamic behavior: o (t) increases with time if and only if k? < 1/w'w.

The behavior of a(t) = a1 (t) + a2 (t) w is more intricate because a; (t), as (t) have different,
sometimes opposite properties. The evolution of « (t) is especially noteworthy. If wiwmg < 1, the
coefficient increases over time. If wiwk3 > 1 and wwk? < 1, it initially decreases, then increases. If
wiw/{g > 1 and wiw/{% > 1, it decreases throughout. The possibility of a U-shaped pattern reflects
conflicting effects on oy (¢) and s (£). Under the conditions stated, the decrease in as (t) dominates

early on, then is overtaken by the increase in ay (¢). An illustration is in Figure 1.

5.3 Price and Return Properties

Fundamental information accumulates with the passage of time, providing more precise estimates
of the next dividend payment. Information accumulation affects the properties of equilibrium. The
next corollary describes these dynamic aspects of the price and return components. For transparency,

it first presents the pure mean-variance case, then describes the incremental effects of hedging.

Corollary 3 (i) Suppose that ol (t) = B (t) = v (t) = 0 for all t € [0,T] (pure mean-variance
case). The stock price sensitivity to the fundamental increases over time. The volatility of the stock
price, of = B (t) P, increases over time. The minimal and mazimal volatility values are obtained

at the initial and terminal dates,

o5 = B(0)oP = (Ié((g)))w (%g;)l_w o?, tlin%af = B(T)oP =oP.

The stock’s price of risk uy Jof = B (t) 0P /T — (a (t) Z + B (t) Dy + v (t)) becomes more sensitive to
the fundamental over time (i.e., —B (t) > 0 increases for all t € [0,T]).

(ii) Suppose that o* (t), B (t) , 4" (t) are given by their equilibrium values. Relative to case (i),
the stock price is less sensitive to the fundamental (B (t) < B (t)), the stock’s price of risk is more
sensitive (B (t) > B(t)) and volatility decreases (B (t)oP < B(t)o?). The coefficient 3 (t) can

increase or decrease over time. The coefficient B (t) and the volatility of = B (t) o increase over
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D

time. Volatility converges to the wvolatility of the fundamental, limy_,7o? = o, and can reach a

minimal value at some intermediate time t, € (0,T).

In order to understand the behavior of the price and its characteristics, it is useful to start with
the benchmark pure mean-variance case (i). At the initial date, the uninformed extracts the noisy
signal Z from the price. In the absence of a hedging motive, this information is most valuable
when there is no other source of information, i.e., at the initial date. In the early stages of the
economy, the price is heavily influenced by this initial information and, for this reason, does not
react significantly to fundamental information. Over time, fundamental information accumulates,
reducing the usefulness of the initial piece of information extracted. The impact of fundamental
information (resp. the endogenous noisy signal) on the stock price grows (resp. decreases), thereby
increasing the stock’s volatility. The same phenomenon applies to the price of risk. Its sensitivity to
fundamental information increases, implying that the price of risk volatility increases over time.

Intertemporal hedging, in case (ii), has intricate effects on some of these patterns. The positive
correlation between the stock’s price of risk and the fundamental induces agents to hedge so as to
reduce the sensitivities of their demands to the fundamental. The aggregate demand inherits this
property. Market clearing implies that the sensitivity of the equilibrium market price of risk is
negatively related to the sensitivity of the aggregate hedging demand,

of o _deuz) a2

m o __ _ _ pm D =
b =T — 0 (2) =" (Z) 0" = o5 oD, oD,

The sensitivity of the MPR therefore increases. So does the sensitivity of the risk premium. The
price, inversely related to the premium, becomes less sensitive. Volatility therefore decreases relative
to the mean-variance case. Moreover, hedging incentives have a cumulative effect on volatility, which
becomes stronger as the horizon recedes. The volatility discount B" (t) = B (t) /B (t) is therefore
smaller at longer horizons (B" (t) decreases as T —t increases). When the time to dividend payment
is sufficiently long, volatility can become a small fraction of the volatility of the fundamental and
the volatility of the equilibrium mean-variance price. In such a scenario, private information, which
is the ultimate source of all effects, is a dominant stabilizing force. At the opposite end, when the
payment date approaches, the hedging motive weakens, to eventually vanish, and volatility behaves

as in the pure mean-variance setting. Figure 2 illustrates typical volatility patterns.

Remark 6 Standard local volatility estimators motivated by weak form informational efficiency,
that only condition on the price, are biased in the presence of private information. These esti-
mators converge to the Markovian volatility coefficient o2 = Aimp 0 VAR[Spin — S| Si] /h =

oP B (t) \/ 1+ 2w A(t)/B(t) rather than of = oPB(t). The bias, o (\/ 1+ 2wiA(t)/B(t) — 1), is

positive if and only if fl(t) is positive. A sufficient condition for upward bias is & (t) > 0. This
condition is satisfied for sufficiently large noise trading variance or low informed weight. Even if the

condition fails, A(t) tends to be positive due to the positive leading coefficient in (12). See Figure 2.
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6 Welfare Analysis

This section examines the welfare properties of equilibrium when trading based on private informa-
tion and/or speculation are permitted. In order to carry out a meaningful comparison of welfare
across equilibria with and without private information, expected utilities conditional on initial pub-
lic information, i.e., interim expected utilities, are calculated and compared. The equilibrium with

private information is interim PO if and only if the interim welfare of all agents improves.

6.1 Welfare of Informed and Uninformed Agents

The certainty-equivalent (CE) value of private information is an important component of the welfare
of the informed. It captures the utility gain from the use of private information for trading. It equals,
@z = Lela( 6™ @) (60m @) +20r) at| 7
Gl2) = 35 STOt (G) (0,7 (G) +20;" ) dt| Fy
1

I CANGRCIGRERTOT RS (20)

where the second equality follows because the informed state price density depends on the in-

verse of the density process of the conditional Wiener measure, i.e., 5% = 77%5}” where 77% =
(Pr (G €dz) /P (G e dz))™".'' In the NREE, the value of private information quantifies the dif-
ference between the welfare of the informed and that of the uninformed investor.

In order to compare welfare across economies with and without private information, the equi-
librium public information structure matters. In the economy without private information, in-
formation is homogeneous and generated by the fundamental. In the NREE, the uninformed ex-
tracts the endogenous signal Z from equilibrium. The CE value of this signal for the uninformed
stems from the associated trading gains. It is a quadratic function of the hedge-adjusted WAPR
9(ZDy) = 61 (Z:w) + hj" (Z:w), given by,

I4(Z) = %EO {51"? JOTﬁt (Z|Dt)2dt] = %E [ggﬁ JOTﬁt (Z|Dt)2dt‘]-'g] (21)

where we recall that Ey [-] = E[-| FJ']. The weighted average structure of the WAPR implies that

it can also be written as a linear function of the value of private information for the informed.

Proposition 6 In the equilibrium without private information, all agents are uninformed. Initial

(interim) wutilities and wealth levels are,

Um — 4 (Xg) exp (—2—;2 JT (O’fvni)2 dt) , J € {u,i} (22)
0

"'Note that the expectation of a random variable based on the conditional Wiener measure, E [-|G = z], is the
same as the unconditional expectation of the random variable scaled by the density process of the conditional Wiener
measure, E[-|G =z] = E[(n?)”" ]
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j j D (UD)2 Smi _ D
X =Ny | Do+ |~ — T, o =07 (23)

r

Optimal share allocations are equal to the initial share endowments, Ni = N¥ = NI =1 for all v €
[0,T].*2 Consider the NREE with initial share endowments Wé =1 forj € {u,i,n}. Interim expected
utilities differ by the interim value of private information, Ey [L{’] =U"Ey [exp (—Ii (G|Z))], where
T (G|Z) = 0 is given by (20) and,

u u 1 T S\ 2 1 T S m U
U = u (XY exp (_WL (%) dt+fL 059, (Z|Eo [€"Dy]) dt — T (Z)) <0 (24)

Xy =N (ﬁ 0)Z +B(0)Do + F (0)) , oS = B (t) 0P (25)

with ¥ (Z|Dy) = Oy (Z;w) + h{" (Z;w).

Interim utilities, in the NREE, can be decomposed as,

Xu
U = By [u(X2)] = —Texp (—TO) exp (—Eo 61 log €]

Bo [U] = By [u (X1)] = —Texp (_%) Eo [exp (—E [¢G log 6| Fi])]

with X§ = Xé = Sp. The first term, in each decomposition, is the value of initial stock holdings,
which is measurable relative to public information. These values are the same because initial endow-
ments correspond to the equilibrium holdings in the economy without private information and are
therefore the same across representative agents.'3 The second term, related to the value of the gains

from trade, captures the benefits of trading. The value of the gains from trade for the informed is,
E[&f10g 67| Fo| = E [&F log €7 | Fo |+ B[ €7 log | Fo| = B[] log €7'| F§'1+E [ log nfl F§' 1o
where E[£" log &7 Fi'] is the value of the gains from trade for the uninformed. The increment,

1 T .
BLE 0w i g = 550 |6 [ 06 @) (06 )+ 207 0| =T (612)
0 lz=G
corresponds to the value of private information (20). It is positive, implying that the informed is
always better off than the uninformed.
It is also instructive to examine the constituents of the value of the gains from trade for the
uninformed. As shown by (24), this value splits in three parts,

1 T

m m 1 4 m (pm\2 5\2 1 4 S m U
B[R og ) = =5 | Boler @0 dt = —55 | (o) g | oo zIB0 DY a7 (2).

2 Optimal demands are identical N7 = 10" /o7 . In equilibrium Zj WIN} =1 so that N} =1 for j € {i,u, n}.
3By assumption, the distribution of initial shares is (wi,w”_‘,w”). The representative individual of each group
therefore owns 1 share at the outset. Aggregate endowment is w'l + w"1 + w™1 = 1, where 1 is the supply of shares.
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To shed light on this expression, note that 0" = o /I' — 9, (Z|D;) so that (A")? = (af/F)2 -
2020, (Z|Dy) )T + 9, (Z|Dy)?. The first term, % S(:)F (of )2 dt, therefore reflects the variance impact
on the endogenous market price of risk. This term is positive because a greater riskiness induces an
increased equilibrium price of risk. The last term, Z" (Z) = %S(:]F Ey [5[”1915 (Z |Dt)2] dt, is the value
of the endogenous information signal extracted from equilibrium adjusted by the corresponding
hedging term. It is also positive, because information improves the efficiency of the pricing of
risk and the resulting gains from trade. The middle term, %SOT 0?0 (Z|Eo [€7Dy]) dt, captures the
interaction between the risk and information components of the price of risk. This specific form
emerges because the stock volatility is deterministic and the hedge-adjusted WAPR is an affine
function of the fundamental (implying Eg [V (Z|Dy)] = 9 (Z|Eo [£7Dy])). In the equilibrium
without private information, investors are symmetric in all respects. The market price of risk is then
entirely determined by the riskiness of the stock. The value of the gains from trade are completely
driven by the stock’s variance.

The relation between informed and uninformed utilities in the NREE simplifies welfare compar-

isons across equilibria. Both agents are better off if the welfare of the uninformed improves.

Proposition 7 The uninformed is better off in the NREE, A" = U" — U™ > 0, if and only if
A%(Z) + AT (Z) =0, where AP*(Z) = S, — SB is the gain/loss from the valuation of initial share
endowments (price impact) and AT" (Z) is the gain/loss from dynamic trading (trading impact). The

price and trading impacts are,

> T
AP (Z) = (E (0) — 1) (Do + pPT) + A(0) Z — % + aDL B(s)7(s)ds — "I (0)pu®  (26)
- > T
ATY(2) = s — 1 | PO @IB DD e+ 10 (2 (27)

where AV = (O'D)2 Sg (§ (t)2 - 1) dt < 0 is the reduction in the realized variance of the price. The
welfare of the uninformed improves, in particular, if risk tolerance is sufficiently large (limp_, 1 o, A" =
+0).  For sufficiently small risk tolerance, limp_,0 A" = —sgn (A‘? —I—Aﬁ) x o0 where AH =
9AHS — AHT | defined in (89)-(90), captures the net effect of hedging on the price impact (2AHS)
and the trading impact (AHT).

Proposition 7 identifies the sources of welfare gains and losses for the uninformed when private
information trades are allowed. The first effect, AP (Z), captures the price impact on the initial
stock holdings of the uninformed. It can be positive or negative depending on parameter values. It is
positive if the partial dissemination of private information in the NREE causes a sufficient reduction
in risk. The second effect, AT (Z), captures the change in the gains from trade. This component
splits into three parts, a riskiness effect (AV/2I'?), an informational efficiency effect (Z“ (Z)) and
a noise trading beliefs effect (— S(:)F 029 (Z|Eo [€7Dy]) dt/T). Allowing private information trading
reduces the volatility of the stock ( Sg B (t)*dt < T). As a result, the market price of risk decreases,

which also reduces welfare. The first part is then negative. It also disseminates private information
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and increases the informational efficiency of the market. Better information improves investment
allocations and leads to welfare gains. The second part is positive. Finally, permitting the use of
private information will prompt the emergence of noise traders, whose activity limits efficiency gains.
The bias induced by their activities can be a source of welfare gains or losses. The third part can
take either sign. Overall, when risk tolerance is large, the positive informational efficiency effect
dominates and the welfare of the uninformed improves. When risk tolerance is small, the riskiness
effect dominates. It increases (decreases) the stock price when hedging does not (does) dominate,
implying a positive (negative) price impact. It also reduces (increases) the price of risk, generating
a negative (positive) trading impact. The price impact dominates leading to an overall welfare gain
(loss).

The next corollary provides further insights. To simplify notation, define,

2w KDY
0= — A
_KAZ,{ \/’ K2,ZIL“{

J = (K7 ) —4K§FRSY, T
where the coefficients KJA%’ for j € {0,1,2} are defined in (91)-(93). The coefficients KOT,K
depend on Z. In contrast, KQA:Z;’ = —% (A‘A/ +AH ) is independent of Z. With this notation,

Corollary 4 The uninformed is as well off in the NREE as in the equilibrium without private in-

formation under the following conditions,

Kgit >0 Kt =0
J>0|T<T_vO0orT,vO<T K >0 I'>TyvO0
KM <0 I'<Tov0
J<0 r=0 KMt =0and K§{ >0| T>0

Corollary 4 shows that the welfare of the uninformed depends on hedging. Generically, KOA;Z# > 0.

~ ~ 2
Thus, if AV + AH < =2 (KIAQZ{) /K(%’f, the uninformed is better off in the NREE as in this case

J <0 IfAV +AH > -2 (Kf%’)z/K(f%’, the reverse can hold. In this case, an improvement is
nevertheless assured for I' sufficiently large, i.e., I' > I",.. Moreover, a necessary condition for the
dominance of the equilibrium without private information is that the net effect of hedging be strictly
positive and sufficiently large, AH > — AV > 0. Ultimately, the corollary identifies parameter
regions where banning private information reduces the welfare of the uninformed. Figure 3 illustrates

possible configurations.

Remark 7 Utility gains are not monotone in the realized variance change AV. The uninformed
can therefore be worse off in the presence of private information despite the fact that volatility de-
creases. This property cannot hold in a static model where mazimizing CARA utility is equivalent to
mean-variance mazximaization. In dynamic models, intertemporal hedging alters the monotone relation

between volatility and welfare found in static models.
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6.2 Welfare of Noise Trader

Let fgz (2] Z) (vesp. fgyz (| Z) be the Gaussian density of ¢ (resp. G) conditional on Z. The
likelihood ratio Ly (2| Z) = fg1z (2| Z) /fqz (x| Z) captures the beliefs divergence between the

noise trader and the informed. Explicit formulas are in the proof of Corollary 6 in Appendix B.

Corollary 5 The noise trader’s interim utility is Eo [U™ (¢)] = U"Ep |exp (2" (G|2)) Lo, (G| Z)]
where Ly ¢ (G|Z) = fo12 (Q) /faiz (G). The noise trader is as well off as the uninformed trader if
and only if Ey |exp (—=I'(G|Z)) Ly, (G|Z)] < 1. The noise trader is as well of as the informed if
w'=w", VAR|[G] = VAR|¢] and E[¢] = E[G], so that Ly (G|Z) = 1.

The corollary expresses the interim welfare of the noise trader relative to that of the uninformed.
The interim utility differential stems from the difference in the gains from trade, reflected in the CE
7' (G|Z), and the difference in beliefs, reflected in the likelihood ratio L4 ¢ (G|Z). If the noise trader
happens to have the same conditional beliefs as the informed, i.e., if the conditional distributions of
¢ and G given public information coincide, then L4 g (G| Z) = 1. In this case, the interim utilities
coincide, Ey [U" (¢)] = U"Ey [exp (=T (G|2))] = Eo [U' (G)].

6.3 Pareto Optimal NREE

The relations between interim utilities in the NREE simplify welfare comparisons across equilibria.
Pareto dominance of the NREE over an equilibrium where investors are symmetric is ensured if the

interim welfare of the uninformed and the noise trader improves.

Corollary 6 The NREE is (weakly) interim PO if and only if A" > 0 and the certainly equiv-
alent gain of the noise trader gain is sufficiently high, —I log Ey [exp (—Ii (G|Z)) Ly (G|Z)] >
—AP (Z) + TATY (Z). If u® = E[G], ' = w" and VAR[¢] = VAR[G], then the interim and
therefore also the ex-ante utilities of the noise trader and the informed are identical, Eo [U" (¢)] =
Eo U (G)] and E [U™ (¢)] = E [U* (G)]. In this case, the NREE is (weakly) PO under the conditions
of Corollary 4.

The conditions for weak Pareto optimality ensure that all agents are as well off. When risk
tolerance converges to zero, the uninformed utility eventually becomes at least as large in the NREE
because of the price impact (Proposition 7). At the same time, if beliefs are unbiased, the differ-
ential trading impact vanishes, ensuring that the noise trader attains the same ex-ante utility as
the uninformed. The NREE becomes PO. If the noise trader happens to have the same beliefs as
the informed, he/she reaches the same ex-ante utility. The NREE is then PO under the conditions
ensuring that the uninformed agent is as well off.

Corollary 6 has ramifications for market regulation. Permitting private information trades is
Pareto efficient when risk tolerance is sufficiently low, or sufficiently large and 0 < A" +7™ + AT"
holds. In those cases, either the informational efficiency gains or the decrease in the riskiness of the
stock market dominate, leading to a welfare improvement. Scope for regulation exists in intermediate

cases. In these cases, factors such as the behavior of the noise trader, the properties of dividends
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and the weights of the various investor populations matter, and have to be evaluated to determine

the relevance of regulatory constraints.

Corollary 7 Suppose that AP (Z) + TAT (Z) > Tlog Ey exp (=Z°(G|2)) Ly,: (G| Z)] and that
the conditions of Corollary 4 hold. The NREE is then (weakly) PO.

Under the corollary’s conditions, regulation banning usage of private information reduces welfare.

Remark 8 The results above extend Leland’s (1992) analysis to a dynamic competitive setting. In
a static framework, the dynamic trading components (AT™, AT") are absent. So are intertemporal
aspects of the price impacts (AP™, AP"), such as volatility (AV ). As conjectured by Leland, some
dynamic effects, e.q., hedging effects, can dampen the price impact.'* However, for sufficiently high

risk tolerance, the trading impact dominates and ensures Pareto optimality.

Remark 9 Suppose that information production costs C' > 0. The assertions in this section re-
main valid under the additional condition that the certainty equivalent gain for the informed be
non-negative, GA = CE"W* — CE*™ > 0. Here CE"W* = —FlogE[L{i] — C with logl* =
—% -F [57(3 log §§‘ .7-"3] is the ex-ante certainty equivalent of the informed in the NREE with infor-

(a°)"

mation and CE"" = Do+ pPT — o7 18 the ex-ante certainty equivalent in the no-trade equilibrium

without information.

6.4 Speculation and Pareto Optimality

In order to pinpoint the role of speculation, suppose that the noise trader behaves as an uninformed
agent. The population weights are then w” = 0 and w* = 1 — w’. Let £ denote the resulting

equilibrium without speculation. Also assume that the information production cost is C' > 0.

Corollary 8 Under the conditions of Corollary 7 and Remark 9, the NREE E"°¢ Pareto dominates
the equilibrium without speculation E™ . Dominance holds whether informed agents act independently

or coordinate and act as a group.

In the absence of speculation, the stock price conditional on information acquisition is fully
revealing. In this equilibrium, all individuals observe the signal G which becomes public information.
The CE value of private information is then null, Z*(G|Z) = 0. The absence of a reward for
information acquisition combined with its cost imply that the representative informed is worse off
than the uninformed. There are no incentives to acquire.

Recall now that the representative informed is actually composed of a continuum of identical
informed agents. If these individuals act independently, they will each choose not to acquire infor-
mation (free rider problem). The resulting equilibrium is a no information equilibrium in which all

agents are identical and common information flows are generated by the fundamental.

Mepgsider trading “moves up” the resolution of uncertainty. This one time benefit may be relatively more important
in a two-period model than in a multiperiod model. If so, my results may overestimate the benefits from insider trading.
But we must await the development of multiperiod rational expectations models to answer this question definitively.”
(Leland (1992), p. 885).

25



If all agents coordinate and act as a group, they compare their ex-ante utilities with and without
acquisition. In both cases equilibrium is fully revealing. The informational content, however, differs
across equilibria. With acquisition, the private signal G is disclosed and the common information flow
is ]:(".) = ]:(_D) \/ o (G). Without acquisition, the common flow is ]:([,)). Again, information acquisition

is not rewarded. The corresponding ex-ante CEs for the informed are,

T

. 1 1
CE™" = B[Sy"] = o5 VAR(S3") + o5 JO (o5v9) dv —C
i,na na 1 na 1 g S,nay\ 2
CE"™ = E[S] ]——2FVAR(SO )+—2F ) (o) dv

where,

wa 1" wa\ 2 wa o¢)*
E[S; ]=D0+uDT—fL (af’ ) dv, O’f’ = S‘I(?ﬁ)aD

1
E[Sp*] = Do + puPT — =

T S 2 S D
7na’ —
T f (Uv ’na) dv, O =0

0

VAR[Swe] = (OD)2T _ D)2 nayl __
1581 =~ VAR(G) = (eP)?T,  VAR[S;"] = 0.

The gain for acquiring GA = CE»v* — C E"" is therefore,

f ! ((af’wa)2 - (af’m)2) dv+ VAR[S¥] — VAR [sgm]] —C=- L T)dv —C

where the right hand side follows from S(:)F (05 ’m)z dv = VAR[S§*]. This gain is strictly negative.
The optimal choice under coordination is again to forego information acquisition.'®:16

In summary, in the absence of speculation, the equilibrium is non-informative irrespective of the
behavior of the informed. With speculation and acquisition, equilibrium is the NREE described in
previous sections. The conditions in Corollary 7 ensure that the NREE is weakly PO, hence Pareto
dominates the non-informative equilibrium. Under these conditions, regulation banning beliefs-based

speculation is welfare reducing (see Figure 4).

7 Regulating Informed Trading: an Implementable Optimal Rule

Informed trading is a major challenge for regulatory agencies. Commonly advocated policies, such

as short sales constraints, restrict the choices of all investors and have adverse welfare consequences.

15The CE expressions apply to all agents in the economy. The optimal choice under coordination is to forego
acquisition even if costs are shared across agents.

16The expression for informed utility in Proposition 6 shows that the information acquisition decisions in static and
dynamic NREE differ. In a static CARA setting, more precise information decreases volatility, which increases the
interim informed utility. Likewise, more speculation (higher 04’) increases the incentive to acquire information. In a
dynamic setting, the informed utility is not monotone in volatility and more speculation does not always increase the
incentive to acquire information.
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Recent regulations, such as disclose-or-abstain, eliminate incentives for information collection and
reduce market efficiency. This section studies the properties of an Information Trading Tax (ITT).
The ITT is a contingent Tobin tax, so a transaction tax, designed to enforce the PO outcome. It
can be implemented by a regulatory agency relying solely on public information.

To pave the way, the next proposition examines the issue of recoverability of structural parameters
under public information. Before stating this result, note that the observation of D, S reveals the
volatilities o, 0517 The volatility coefficient B (t) = 07 /0P, as well as its growth rate ® (t) =
0 log B (t), are therefore known. Likewise, the informational variable dx (t) = (Jf JaP ) dD; — dSy is

observed. With these preliminaries,

Proposition 8 Consider an agent with information filtration ]:(P)’S. The unknown parameters w, o¢,
ﬁ,B, B W can be recovered from the limit growth rate ®p = limy_p ® (t) and ® (1) for some
7 € [0,T7). The remaining unknown parameters wP pu?, 0% Wt W™ T' and the endogenous signal Z
can be inferred by sampling x (t) at a finite number of time points. All other equilibrium quantities,
with the exception of the private signal G and the noisy signal ¢, are functions of observables and

the recovered parameters.

The recoverability result in Proposition 8 is strong. It establishes that price and fundamental
information are sufficient to identify the unknown parameters of the economy, including the risk
tolerance I' and the endogenous public signal Z. Knowledge of the volatilities o”,0° ensures that
the volatility ratio B (t) = 07 /o is known and that the parameters w,aS, B, B affecting it can
be identified. This follows because B (t) can be written solely as a function of w,s,o” and ®r,
where s = (w"/wi)2 (O‘¢/O‘C)2. Inverting the pair B (t) ,l§ (v) at two dates t,v yields w, s, which also

reveals (04)2 = (ﬂ*—fj) ((O’D )2 / @T). The coefficients 3, 3, 8", that can also be expressed in terms

of w,s,oP, & are then known.

Information contained in the synthetic informational variable dy (t) = (Jts JaP ) dD; — dSy is
instrumental as well. A simple calculation shows that x (t) is locally deterministic with drift
(af JoP ) uP — (,uf — Jf@f) ‘m). This drift is therefore observed and contains information about

the fundamental drift p”, the stock’s risk premium uf and the price of risk 95 M associated with
the endogenous signal Z. In fact, it can be written as a function of observables and the unknowns
wP p?, o? wh W™, T, Z. Using a sufficiently large, but discrete sample, and inverting will then reveal

the unknown parameters.

Proposition 9 Let = = {w,ac, D,JD,M¢,0¢,wi,w”,F} be the collection of parameters and P be
the set of parameters in Corollaries 4 and 7 such that the NREE is Pareto dominated. A regulator
observing the fundamental and stock price can implement a contingent trading tax, the ITT, that en-
forces a PO equilibrium. The ITT equals (C’Eivw“ +C — C’Ei’"“) 10§<0DGEEP’ with CE»ve, CEhne

as defined in Remark 9.

By observing the fundamental and stock price, a regulator can make two key inferences. First,

the regulator can determine whether informed trading has occurred or not. The price volatility

Note that 2 (dS¢/S: — dlog S¢) /dt = (oF)?, respectively, (dD? — 2D;dD;) /dt = (oP)*.
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is revealing in that regard. There is conclusive evidence of informed trading if it is less than the
volatility of the fundamental. Second, as per Proposition 8, the regulator can determine all the
unknown parameters of the economy. This includes the risk tolerance I' and the endogenous signal
Z. Based on that information, the regulator can infer the thresholds I'y, g and determine whether
trading based on private information is Pareto improving or not. If it is not, a contingent trading
tax equal to the informed gross CE gain, i.e., gross of production cost, can be imposed on all traders.
Such a tax will deter informed trading irrespective of the cost of information production and ensure
that the PO equilibrium without private information prevails. The revenues from this contingent

tax are therefore null.

8 Optimal Information Production Infrastructure

This section endogeneizes the frequency at which private information is produced.

Let S (n) = {t? 17 =0,..., n} be an equidistant partition of the time interval [0, T], with ¢; = 0
and t) = T. The last date t] is the dividend payment date. Each other date t% represents an
n

= A™. It represents the time

required to produce the next signal. The partition & (n) is an information production infrastructure

information arrival (production) time. The interarrival time is 7 —¢

with n arrival dates. Such an infrastructure has an upfront cost C'(n), an increasing function of
the number of arrival dates. Once the upfront cost has been paid, the infrastructure produces a
proprietary signal G; = Dy +(; at time ¢, j = 0,...,n — 1, where (; ~ N (0, <J§)2) and the noise
process ( = {¢; : j = 0,...,n} is independent of all other uncertainty (but (j,(; could be correlated
for j # k). The ex-ante utility associated with the infrastructure < (n) is V?(n). The informed
selects n so as to maximize ex-ante utility subject to his/her budget constraint.'®

Once the information infrastructure is set up, it enters production and generates the sequence of
private signals described above. Let N; be a deterministic counting process that tallies the number of
signals received up to time ¢. The vector of private signals received by time ¢t is G} = [G1,...,Gn,].
This vector increases in size every time a new signal arrives.

The noise trader emulates the behavior of the informed, but based on the sequence of irrelevant
forecasts ¢} = [¢1,...,dn,] instead of G;. Noise trading beliefs are identical to informed beliefs,

except that they are parameterized by ¢ instead of G. The rest of the economy remains unchanged.

7)) e

where S = F [H?:_ol é’ﬂ}’ta 1DT‘ Zl] and AD{%L is the change in the Kullback-Leibler divergence

The certainty equivalent of the information infrastructure < (n) is,

i S5 ST e
CE'(n) = —TlogFE [exp (—?0 —-Ky—-FE [Z Hft;?,t;?HADgZ{.L
k=01i=0

3

¥ The cost of modifying the infrastructure once it is built is assumed to be prohibitive.
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measure between the signal density conditional on initial information F,"" and information F;"",

ADEE _ llOgVAR[Glﬁ-ﬂfzjrl]_’_l VAR[Gru| Fo""]  VAR[Gr| Fy™"]
* 2 VAR[G,H1|}"Z§’”] 2 VAR[G;C+1|}'Z§;’2] VAR[GkHU‘Zg’"]

2 2
[ Bleral 7| - BLGualZ 1) [ B Gl 7| - BLGkal 7]

\/VAR [GkH | f;gﬁ] \/ VAR [GkH | }"[:”]

Finally, denote by (y, the Ny x 1 vector of signals before time t.

Proposition 10 The optimal information structure has n* information production dates, where

n* > 1 solves the inequality,

*
Sm,n
. E[exp (_ 01" B - |:Z i= 0 tn*tn* ADI§£+1 Fo :|>:| <o . el *)
—1'lo < n"+1)— n).
) Sm,n* n* 1 m KL m,n*
Elexp | == Z i 0 ¥ g ADtn* Fo
i1

Furthermore, if 1/1y, VAR [CNt]_l in, | (O‘C)2 for some constant (O‘C)2 € (0,+) (no-singularity
condition) and the cost increment Ak, = C (n + 1) —C (n) is bounded away from zero (boundedness

condition), then n* < 0.

The choice of an optimal information production infrastructure trades off the marginal utility
benefit with the marginal cost. The marginal utility benefit depends on the incremental CE value
of the information structure. When the latter falls below the marginal cost, raising the frequency
at which information is produced becomes suboptimal. The optimal frequency is the solution of the
equality that attains the highest expected utility.

The no-singularity (NS) condition prevents an asymptotic arbitrage. As shown in Proposition
11, an increase in the number of signals is isomorph to a reduction of the variance of the signal error.
If the signal error disappears, there is an asymptotic arbitrage opportunity because the limiting risk
neutral probability measure is not absolutely continuous. Condition NS guarantees that information

remains noisy in the limit.

Remark 10 Condition NS is a weak restriction on the information infrastructure. For instance, it

holds when the noise process is i = ¢ + gt?j where ¢ is a common component. In this case,

2 _
VAR [Cxn] = (JC) 1y, Iy, + VAR[Cy, ]

1 2 1 2
=(0o%) + — 1 (o¢
1y VAR [(n] ™ L, ( ) VAR [Cr,] ™ 1 ( )

VAR [Zt] -

as Ny — 0. Information is asymptotically incomplete and it is therefore optimal to acquire a finite

number of signals when the cost increment is bounded away from zero.

29



The boundedness (B) condition on the cost increment also represents a mild restriction. In
practice, it becomes prohibitively costly to increase the private information frequency beyond some
level. Information production methods, which are typically time intensive, are simply unable to
generate arbitrarily large numbers of non-redundant signals.

Under conditions NS and B, the optimal information structure produces signals at a finite
frequency. The endogenous arrival frequency of private news is therefore lower than the arrival

frequency of public news. The asynchrony of information flows is an endogenous phenomenon.

Remark 11 The optimal infrastructure consists of a single signal at the initial date if the maximal
solution of the inequality in Proposition 10 is n™ = 1. This outcome arises, in particular, if the cost

of producing multiple signals is sufficiently large.
The next result describes equilibrium in this multi-signal environment.

Proposition 11 The information flow generated by the vector signal process G} = [G1,...,Gn,]
18 equivalent to the information flow generated by the univariate process G, = Dp + Zt where
= Sy, VAR[Cv, | L,
t= 1’NtVAR[§Nt]_11Nt
vector randomization process ¢y = [é1,...,dn,]| is identical to a noise trader using conditional beliefs
N VAR[6x, ] 1,
1'NtVAR[¢Nt]*11Nt ‘
The resulting NREFE has the same structure as in Proposition 5, but with (O’C)2 =V AR|(] replaced

*\ 2 ~ <\ 2 ~
by the time-varying variance (04) = VAR [Ct], (a¢)2 =V AR |[¢] replaced by (Jf) = VAR [(bt]
and Z replaced by 7y = wiGy + w"q?ﬁt.

. The noise trader using the conditional beliefs of the informed evaluated at the

based on the distribution of G, and evaluated at the univariate randomization &St =

Proposition 11 is an information aggregation result. It shows that the sequential observation of
the collection of noisy signals pertaining to the terminal dividend payment, Gy, is informationally
equivalent to the reception of a univariate signal with time-varying noise, Gy. The filtration generated
by the two signal structures is effectively the same. Simple adjustments to the formulas in Section

5, as described in the proposition, lead to the NREE in this multi-signal setting.

Corollary 9 The volatility of the stock price af =B (t) oP jumps down at information arrival times

t =t;, 7 =1,...J and increases in between private information arrival times t # t;,j = 1,...,J.

Private information has a stabilizing effect on price volatility.

Each time a new private signal arrives, it partially disseminates through the market. Dissemina-
tion is partial, because the activity of the noise trader hides the true value of the signal. Nevertheless,
instantaneously, all market participants acquire new information about the future dividend. They
immediately become less responsive to public news, such as information carried by the fundamental.
This instantaneous reaction lowers volatility at arrival times. Between arrival times, the information
related to past private signals does not change, whereas new fundamental information keeps mate-
rializing. Investors therefore become progressively more responsive to public news. The sensitivity

of demands to public news increases, ultimately leading to an increase in the stock price volatility.
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In the limit, as the dividend date approaches, past private information becomes irrelevant and the
stock price volatility converges to the volatility of the fundamental. Overall, private information
has a stabilizing effect. It lowers the price volatility relative to an economy without private signals.
With multiple signals, it lowers volatility at each arrival time. As described in earlier sections, this

recurring reduction in volatility is a source of welfare benefits for all agents involved.

9 Extensions

Various extensions of the model are now considered. Section 9.1 studies heterogeneous risk tolerances.
Section 9.2 deals with differential information. Section 9.3 allows for a dividend surprise. It is shown
that these extensions can all be mapped into the structure analyzed in Sections 2-5. Section 9.4

presents the NREE in a setting with a stochastic speculation process.

9.1 Heterogeneous Risk Tolerances

Suppose that risk tolerances are heterogenous, I'* # I'* # I'. The NREE is described next.

Proposition 12 Consider the economy with heterogeneous risk tolerances I'* # I'" # I'™. A com-
petitive NREE exists. It is given by the formulas in Proposition 5, where risk tolerance 1" is replaced
by the aggregate risk tolerance I'* = Zje{w-’n} WITI and where population weights (wi,w",w) are re-
placed by risk-tolerance-adjusted weights (@', &", &) with & = w'T*/T'* for v € {i,n} and & =" +".
The endogenous public signal becomes 7 =30G+ "¢, thus depends on risk tolerance. The WAPR

and the stock price volatility also depend on risk tolerance.

The heterogeneity in risk tolerances has an effect on the informational content of equilibrium.
When the ratio I'/T' increases, the endogenous signal becomes less precise and informational effi-
ciency decreases. The noise trader invests more aggressively, relatively speaking, which clouds the
information conveyed by the residual demand. In the limit, when the noise trader becomes infinitely
more risk tolerant than the uninformed so that I'" /T — o, the endogenous signal is overwhelmed by
noise and the private signal of the informed remains concealed. At the opposite end of the spectrum,
when I /T — 0, equilibrium fully reveals the private information available.

The diversity in risk attitudes has multiple effects on volatility. The next corollary describes the

impact of an increase in the ratio of risk tolerances between the noise trader and the informed.

Corollary 10 Suppose that T™/T increases, but T® stays constant. Then, 0B (t) > 0, 03" (t) < 0
and 0B(t) < 0 for allt € [0,T]. Thus, dof < 0 for allt € [0,T]. Intertemporal hedging has a taming

effect on the reaction of volatility to the increase in the tolerance ratio I'™/T".

Under the conditions of the corollary, the endogenous information revealed becomes less precise.
In the absence of hedging, investors increase their reliance on fundamental information, which in-
creases the price volatility (0B (t) > 0). Intertemporal hedging has a taming effect. It causes agents
to reduce the sensitivities of their individual demands to the fundamental, which reduces the sensi-

tivity of the aggregate demand (08" (t) < 0). To ensure market clearing, the sensitivity, hence the
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volatility, of the equilibrium market price of risk must increase. The negative relation between the

stock price and its risk premium explains the taming effect on the stock price volatility.

9.2 Differential Information

Suppose that there is a continuum of informed investors, ¢ € [0,1] , distributed on the unit interval
according to the measure p (de). Informed agent ¢ receives the private signal G* = Dp + ¢ + ¢,
where (%, ¢ are mutually independent Gaussian random variable with mean zero. Assume further
that there is a continuum of noise traders, so that each informed agent has a follower. Noise trader
¢ has the same beliefs as informed agent ¢ , but evaluated at ¢* = ¢ + ¢*. The random forecast ¢*
consists of a common component ¢ and an independent Gaussian random variable ¢ with mean
zero. All other components of the economy remain the same as before.
Let ¢ = VAR[C'] /VAR: [G"] be the ratio of the idiosyncratic signal noise relative to the public
signal, i.e., the inverse signal-to-noise ratio.
The next proposition shows that the NREE is given by the formulas in Proposition 5 with
adjusted coefficients. The adjustments required depend on population moments involving the signal-

2
to-noise ratios, namely @El] = é %dgﬂ) and @?] = Sé (1 iq) i (de). They modify the coefficients of
t

the ODEs that determine the parameters Bh, al, 5" of the aggregate hedging demand.

Proposition 13 Suppose that,

(i) The signal noise has a systematic component ¢ and an idiosyncratic component C*: Sé Ctp(de) =
limpy e N1SN ¢ =0.

(ii) The speculative signal forecasts of noise traders have a systematic component ¢ and an idiosyn-
cratic component € : Sé e (di) = limpy oo N1 Zfil e =0.

Under conditions (i) and (i), the equilibrium with differentially informed investors is identical
to the NREFE with a representative informed investor described in Proposition 5, but with coefficients
o, Bl A" replaced by dh,Bh,ﬁh where:

(a) Bh solves the same Riccati ODE as 8" in (37) but with ko, k1 in (38) replaced by ko, k1 in (94),
(b) &, A" are as o, 4" in (39), but with Kj, J = 2,..,5 in (40)-(43) replaced by ki, j = 2,...,5 in
(95)-(98).

A competitive NREE for an economy with purely differential information (non-hierarchical infor-

mation structure) is obtained by setting w" =1 —w® —w" = 0. The NREE in Proposition 5 without

differential private information is recovered by setting i = 0.

Coefficients in the NREE with differential information are modified by the inverse signal-to-noise
ratio ¢f of the idiosyncratic components (*. The assumption that the private information signals differ
by idiosyncratic noise components implies that the infinite regress problem, typically associated with
non-hierarchical information structures (see Townsend (1983)), does not arise. This assumption
ensures that only the systematic information component matters in the aggregate. It implies that
the equilibrium information flow is generated by D, Z, as in the equilibrium without differential

information. A NREE exists and is given by the formulas in Proposition 5, with suitably adjusted
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parameters. All properties documented in Sections 5 and 6 continue to hold. In particular, welfare
implications and Pareto rankings of equilibria are as in the model without differential information.
The price impact and gains from trade impact are obtained by using the adjusted coefficients.

If ( = w" = 0, the model specializes to a setting with differential information similar to He and

Wang (1995), but with endogenous noise trading demand instead of exogenous stochastic supply.

9.3 Dividend Surprise

Suppose that l~?T = Dp_ + € where € represents a surprise, i.e., a jump. The jump size € is assumed
to be normally distributed and independent of the signal noise ¢ and of ]:%) . Furthermore, suppose

that private information pertains to the continuous part of the dividend, G = Dp_ + .19

Proposition 14 The equilibrium stock price S, 18,

~ {St-l—E[e]—% fort<T (28)

Sy =
Si+e€ fort=T

where Sy is the price in the absence of a surprise, described in Proposition 5. The price jump at T
18 A§T =e— Fle] + %. The volatility and risk premium are unaffected by the surprise. The

risk premium converges to Ep_ [AgT] = % as T approaches. The conditional variance of the

terminal price jump converges to VARp_ [AgT] =V AR [e]. The equilibrium at T_ is a symmetric

no-trade equilibrium where Ni._ =1 for v € {u,i,n}.

The dividend surprise at the terminal date does not affect the informational content of equilib-
rium, prior to the payment date. It also leaves the structure and properties of equilibrium unchanged.
The reason for this irrelevance result is the absence of information regarding the eventual surprise.

The stock price volatility in this setting is still driven by the volatility of the fundamental.
Volatility, in the NREE, has the same properties relative to the equilibrium without private infor-
mation. The welfare properties of equilibrium and the Pareto dominance of the NREE under the

conditions outlined in Section 6 continue to apply.

9.4 Equilibrium with stochastic speculation process

Consider now a speculative noise trader who uses the signal process ¢; = ¢g+V; where ¢ is a Gaussian
random variable and V; = S(t) o (s,t) AW with deterministic function o (s, t) is a Gaussian process
independent of ¢ and ]-"tD . The random variable ¢ represents speculation about the private signal

G. The process V is extraneous speculative noise. The NREE is described next.

Proposition 15 A NREFE exists if the system (104)-(111) has a solution. The endogenous signal
is Zo = W'G + w"¢y and the public information flow is ]:(.) = ]-'8’W¢ \/ o (Zy). In the NREE, the

19 The dividend paid, D7, differs from the terminal value of the fundamental Dr_ by the independent random
variable €. Private information pertains to the fundamental value Dr_.
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stock price and the market price of risk are,

Sy =YZ(t)Zy + YP (1) D, + TV (1) Vi + YO (1)

o7 = o? (t) Zo + P (1) Dy + ¢V (1) Vi + ¢ (t)

R
W™

where Y2, YP YV YO are deterministic coefficients defined in (112)-(118) and ¢%, 0P, p?, " are
deterministic coefficients satisfying (104)-(107). The stock price volatility is oy = | oy where o} =
[JE’D,JE’W¢] solves (111). The stock price evolves as dS; = pgdt + o2 dW,° where

awE = g (awP — o7 at) + 41 - (pf’D)2th¢

is a Brownian motion, pf’D = atS’D/atS is the correlation coefficient between the stock price and the
fundamental and 9tZ°|D, the information price of risk of the endogenous signal, is as in the equilibrium

with non time-varying belief-based speculation (V; =0).

The equilibrium filtration is now generated by the independent Brownian motions W and W,
enlarged by the initial endogenous signal Zy. The financial market is therefore incomplete. Given
CARA utility and constant interest rate, the shadow price of incompleteness is null, i.e., the minimal
martingale measure solves the dual problem. The structure of equilibrium is then as before except

for the additional noise factor V; in the price. This stochastic factor is a source of excess volatility.

Corollary 11 There is excess volatility, oy > o, at t < T if and only if ||o (t) | > 1, where,

o(t) = [ 1 ] _LT[(;D (sDD(v)pf’D—ﬁD(v)) ]dv.

0 a® (t,t) oV (v) pi”

A necessary condition for excess volatility is,
2 2
5y = (pf’D) oP (t)oP — P BP (1) pf’D + pf’D 1-— (ptS’D) oV (1) oV <0 for some t € [0,T].

Ift > T, then pf’D — 1 and P (t) — —B(T), so that limyur 67 = — (B(T)+BP(T))oP > 0. As

T approaches, the price volatility converges to the volatility of the fundamental o from below.

As there are two Brownian motions, the stock price is imperfectly correlated with the funda-
mental. This can give rise to excess volatility in periods where correlation is low. As the dividend
payment date approaches, the correlation converges to one and the stock price volatility falls below

the fundamental volatility. As discussed next, the presence of private information reduces volatility.

Remark 12 Consider the economy without private information and where the noise trader speculates
®
based solely on the extraneous noise V. The equilibrium filtration is .7-"(,) = f(%’w . The equilibrium

stock price and market price of risk are Sy = Dy + YV (£) Vi + YO () and 57 (t) = V'™ () V; +
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©O" (t) where coefficients satisfy (116)-(117) and (121). The volatility Jf’m in (115) is larger than
the fundamental volatility o before T and converges to o from above as T approaches. There is
excess volatility. Consider next the economy with private information and noise trading based on
both an irrelevant forecast ¢pg of G and the extraneous noise process V. In this NREFE, volatility is

lower than in the benchmark economy. Private information again stabilizes the market.

10 Conclusion

This paper studied the effects of information production and speculation on the structure and prop-
erties of a non-stationary noisy rational expectations equilibrium. Private information dissemination
was found to have a stabilizing effect, as it reduces the volatility of the stock price. Costly in-
formation production, resulting in asynchrony between private and public information flows, leads
to an increase in volatility in between information arrival dates. Private information, although
fundamentally detrimental to non-informed agents, has nevertheless welfare benefits for all market
participants. By lowering risk, it increases the value of the stock and therefore of initial allocations.
By disseminating through the market, it improves the decisions of investors and the resulting gains
from trade. For economies with sufficiently high or low risk tolerances, the welfare benefits offset
the costs for all agents involved. Under these conditions, the NREE with private information trades
Pareto dominates the equilibrium without private information collection. Speculation plays a central
role. In its absence, incentives for information collection vanish and the potential welfare benefits of
information are lost.

The dynamic model developed in the paper is tractable and produces closed form solutions for
the NREE, with the exception of a single coefficient. It therefore offers a useful platform to examine
complex issues related to information asymmetry in financial markets. For instance, it provides
a natural setting to further study policy questions. Should trades based on private information be
banned? The results in this paper suggest that an outright ban may not be best for society and that a
contingent trading tax may be a useful regulation to consider. Admittedly, such a regulation requires
some degree of distributional knowledge as well as monitoring and inference skills by the regulator.
Nevertheless, in the context of the model, it implements the PO equilibrium. Likewise, should
speculation be restricted and if so in what ways? These questions are fundamental for the smooth
functioning of financial markets and the welfare of market participants. Further analysis requires
extensions of the model incorporating more general specifications of the economic environment and is
therefore beyond the scope of the present study. Issues such as these could prove interesting avenues

for future research.

Appendix

Appendix A: Conditional Moment Formulas

The next lemma provides formulas for the conditional moments of the fundamental under a change of measure.
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Lemma 1 Define dP* = exp (—1 T (2)dv — So dWD) dP where [ (2) (54 2+ B(t)De +7 (t)) and

O ,8 7 are functions of time. The first two conditional moment of D under p* fors=>ta
B[ Do FP ] = a1 (1) 2 + b (t,5) D + g1 (1,9) (29)
E* [DE\ J-'tD] =az (t,s) 2z +ba (t,8) Dy + 2 (t,8) Dez +do (t,8) 2% + b1 (t,5)° Di + g2 (¢, 5) (30)
where,

a1 (t,s) = o LS b1 (v,s)a (v)dv, bi(t,s) =exp ( f B (u du) g1 (t,s) = f: b1 (v, s) k (v) dv

az (t,s) =2 J: b1 (v, s)* (k () a1 (t,v) + o2& (v) g1 (¢, v)) dv, k@) = p® + o7 (v)
ba (t,8) =2 f: by (v,8) %k (0) by (t,0)dv, ¢ (t,s) =207 LS b1 (v, 5)* & (v) by (t,v) dv

s s D)2
da (t,s) = 20’DJ by (v,s)> & (v) a1 (t,v)dv, g2 (t,s) = 2-[ b (v, s)? (% + k() g1 (t,v)) dv.
t t
Moreover, dp, E* [Ds| FP] =b1(t,s) and op, E* [D2| FP] = b2 (t,v) + ca (t,0) 2 + 2b1 (t,v)* Dy.
Proof of Lemma 1. Using E* [Ds|]-'t ] Dy + P (s—t) + oPE? [W D|.7—"tD] E* [WSD —WtD‘]:tD] =
—E* [Sts (01’,"—05‘[) )dv‘]—"t ] and E* [Om—Hle( )‘ftD]= ( (v) + B (v) E* [Do| FP] + (v)z) gives,

K]

E* [DS|J:tD] =D, +uD(s—t)+on (7(”)+a(v)2)dv+UDf,8(v)Ez [Du|}'tD]dv

t
Defining k (v) = u” + o775 (v) and solving gives (29). Also, as E* [dWUD‘ ftD] = —F* [(9;" T (z))‘ftD] dv,

E? U D,dD, f?]
t

B D, (07 =07 ()| FP| = 7 [ D (F0) + B () D, + a2 )| 7]

]—"tD] = J: E* [DU|]:,5D] dop” — P E* [LU D, (9? — 07" (Z)> dv

it follows that,

B[ FP] = Dt+2EZ[J D.dD,| F,

] s—t):Dt2+2uDJ EZ[DUU-}D]dv
+5

120 ftﬁ[ () +B @) Dy + 30 2)| FP ] dv+ (o ) (s 1)

D? + 2f (k (v) + P& (v) z) o8 [Dva] dv + 2UD£ B (v) B [D3|J-',P] dv + (UD)2 (s—t).

Solving this linear equation gives

[ 02 7P

by (t,5)2 D? + (aD)2 £ by (v,5)2 dv + 2 £ b1 (v,9)” (k (v) + 07 (v) 2) B* [ Dy P | do
= bt D+ (o7) £ by (v, 5)% do

42 L b (v,5)° () + 078 (0) =) (91 (1,0) + b (,0) De + a1 (t,0) 2)do
= bi(t,s)>D?+ (UD)2£

2 L bi (v,8)" k (v) b (t,v) dv Dy +2 (L

S S

bi (v,5)° dv + QJ bi (v,8)* k (v) g1 (t,v) dv
t

by (v,8)* k (v) a1 (t,v) dv + o J: by (v,8)° & (v) g1 (¢, v) dv) z

+20" J b1 (v,8)* @& (v) by (t,v) dvzDy + 207 J b1 (v,5) & (v) ar (t,v) dvz®
t t
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Defining the coefficients as in the lemma leads to the expressions stated. m

Appendix B: Proofs

Proof of Proposition 1. The state price density (SPD) for the uninformed is,

t ¢ .
& =exp —lj (92")2dv—192”dWU5 =& —JH;"de .
2 Jo 0 0 ¢

Optimal terminal wealth equals X7 = —T'logy" — I'log &7 where the shadow price of initial wealth y* solves X

—Tlogy® —TE [ log &7 ]. Intermediate wealth is X' = —T'logy™ — I'log & — I'E} [g;’}T log f;’fT] . Using log &'r
- f 0 (AW + 07 dv) + %f (07)? dv gives B, [ log&"r] = B [5{'} StT 07)? dv]. If the conditional expecta-

tion is Markovian in Dy, which will be shown to hold in equilibrium, the optimal demand is Nfof = T8 —

g&’DtEt [fffT S;‘F (9;")2 dv] oP. The formulas for the mean-variance and hedging components follow.
) -1
For the informed &; = &™"nf where nfr = P (G € dz|F) /P (G edz| F") ™' =& (Xé 65" () dWUS) . Optimal
terminal wealth is X = —I'logy" — I'log &%, where y* solves Xj = —I'logy' —T'E [{5« log fZT‘ .7-'5]. Thus,
Xj = —Tlogy' —Tlog¢; — TE| & rlog&i | Fi |

. . . . . 2|
because log & = log &/ + lognf” and E [&] 1 log & | Fi] = %ST E [f;)v (QT +65"™ (G)) ‘}'Z] dv, where,

t

O

le=G

Be[en, 007 + B [enes™ @7

2B ool @)

lz= lz=G ’

Thus, X} = X 4+ I'log (y“/yi) —TlognS — L S? E; [g?fvﬁflm (x) (Qf‘m (z) + 201’,")] dvjz=¢. If the conditional expec-
tation is Markovian in Dy, as will be shown to hold in equilibrium, the portfolio of the informed follows. m
The proofs of Theorems 3 and 4 are provided in Appendix C. They use Proposition 5. The proof of Proposition 5

relies on auxiliary Lemmas 2-10.

Lemma 2 Suppose that public information is carried by the filtration F(%y = }'(?)’Z. The PIPR is the affine function,

G|D,Z G|D,Z
t

R =
t

1?7 = Do+ pP (T =1) 4 ke |2 = ' (Do + P (T = 1)) — 0"

(222) = (") @ =0+ (o)) (1w =1 @ (1 e

Proof of Lemma 2. The PIPR satisfies d [log P (x), WS] = Otc‘m () dt, where p© (z) is the conditional density at
time t of the signal G, given public information }'(”3. To determine the conditional density, note that,

T
G:DT+C:Dt+uD(T—t)+J oPdwP + ¢

t

Z=wG+w'¢=w (Dt +uP (T - t)) o (J oPaw? + g) + W
t

@D,z
Under the assumption F(j = F(E_))’Z, the conditional density is p{’ (z) = G|1D,Zn <x ZTD,Z ) with parameters
Tt Tt
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plP 2 5E1P-Z 45 defined in the lemma (M (t) is the variance of Z—w’ (Dt + P (T —t)) =’ (StT oPdWP + C) +w" ).

An application of Ito’s lemma establishes the result announced. m

Lemma 3 Suppose that F') = }'(P)'Z. The WAPR is an affine function of Z, ©; (Z;w) = w0 (Q) +w™05™ (¢) =
a(t) Z + B (t) Dy + v (t) where,

1— i 1— k) P (T = t) — w"kep® )
5(75):_‘*}7/{#0 UD7 ’y(t)=—w( - )M ( ) el 0D7 w=w"+w".

1 —riw
o” H (t) H (t)

@ °

a(t) =

Proof of Lemma 3. From Lemma 2 and the definition of the WAPR,

i GID,Z
Z — (w' +w) pf! b Z—wul'??

01 (Z;w) = WO (G) +w"0 " (¢) = H (t) T TTTHQ
_ 7 —w ((1 — mwi) (Dt +,uD (T —t)) + Kt (Z —w"u¢))UD
H (t)
_ 1 — Kkiw 1 — kew? (1—rew') pP (T —t) — W™ kep® _
( Q) —w T Dy —w 10 >0D=Oé(t)Z+B(t)Dt+’Y(t)-

This establishes the claim. m

Lemma 4 Suppose that 7'j = .7-'([_))’Z. The optimal hedging demand of the uninformed is N/"" = Thi (Z) oP Jof where
hi (Z) = V1, Z + 3. Dy + 95, with,

P, = —f (a (v) by (t,v) + %B(v)%z (t,v)) dv, Py, = J B (v)? by (t,v)%d

W = —f (F@rwb o+ 330 R )

S
and the functions by, ba,co are defined in Lemma 1 with ¥ (t) = ¥ (t) — 2. The remaining coefficients are & (v) =

a(v) +a” (v), B(v) =B (v)+ 8" (v) and 5 (v) =7 (v) +7" (v).

Proof of Lemma 4. Uninformed hedging demands are determined by H;7r = —% [{t S, 2")2 dv‘]:{”]. As
E[K|F" = E [5 (g; 9717 () deD) K‘J—}D] for arbitrary K (recall that F7} = F27) and dWy" = dW,P —
T |z=2
0Z'P 4y it follows that,
. . T
H'p = g [5 (J 07" (2) de’) £ (-f 07" (2) dW,f") J 0 (2))* dv J—',P]
2 ¢ T t T Jt |z2=2

e [s (— j (o @) - 627 () dwf’)T f 07 (2)* ds F ]

where the last equality uses the definition dP*/dP = & (— 5o <9T (z) — 0717 (z)) dWUD) , the next tolast £ (M) E (N) =
T
E(M + N + [M, N]) and 7' (z) is the volatility of the conditional density of Dr given Z,

D e[ ("
Fi ] E—§Ez f 07 (2)* dv
|z=2Z t

0717 (2) = a” (1) 2 + 87 (1) De +4” (1)

wio®?
M (t)
It follows from Propositions 1 and 2, and from market clearing that 67" = ¢ /I' — hi* () o — 0 (Z;w) — ht (Z;w) o®,
where h; (z;w) = W'hT™ (G) + WA (¢) is the weighted sum of the informational hedge of the informed and the

corresponding hedge of the noise trader. The aggregate hedging demand depends on A{" (2) = h{ (2) + ht (2;w).

o (1) = . BP () =—w'dP (1), AP () =—a” () (me (T — 1) + w”p¢) . (31)

To proceed, let us conjecture an affine aggregate hedging demand and a time-dependent equilibrium volatility,

W (2) o = (b (2) + he (z;0)) 0P =" (t) 2+ 8" (t) De +~" (1)  and o} non-stochastic. (32)
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Under this double conjecture,

o =% (a ) +a" )= (80 + 8" ) D~ (10 +7" ) =% ~a© Z-B®) D 70

~

—(@W+a”®))z= (Bw)+8”®) D= (T +” )
—(@®z+BOD+T0) =— (a2 +B® D +7())

07" (2) — 077 (2)

S

t
T
ot
T

where 7 (t) = 7 (t) — o7 /T'. Substituting in the expression for h} (Z) = dp, H{"y gives,

he(z) = ——f op B* |07 (2)°| P | ———f aD,EZ[ (5 )+g(v)DU+&(v)z>2 ff]dv

—L (5 (v) (3 (v) + @ (v) 2) p, B~ [Dv|ftD] n %B (v)? 0p, B [D3|f£]> dv

T / R ~ 1~

_J <,8 (v) (7 (v) + & (v) 2) ba (t,v) + 56 (v)2 (bz (t,v) + c2 (t,v) z + 2b1 (¢, v)2 Dt)> dv.
t

Collecting terms and defining coefficients as indicated leads to the formulas stated. m

Lemma 5 Suppose that F(% = }'P)'Z. If the conjectures in (32) are satisfied, the optimal hedging demand of the
informed is NI"* = N/"* + ThS'™ (G| Z) P Jof , where hT™ (G| 2) = h$™ (G| Z) + hS™ (G| Z) with,

Rl (G1Z) = i (1) G + Y7 (8) Z + sy () Dy + 9 (8)
hSI™ (G Z) = il (1) G+ $if (1) Z + b (£) De + vy (£)

T

“C (1) = —f on (v) fo (0) by (t,v0) dv,  iZ () = —j

t

(2 (0080 0101 0) + 50 (0 (1.0) )

1/121 J Bo (v 61 t, v) dv, i, (t) =— LT (fyo (v) Bo (v) b1 (t,v) + %ﬂo (v)2 ba (tw)) dv

¢ (1) =j B)on @)bi (to)do, P2 (1) =j

t

((B @) az @) +Bo (0)@(©)) b1 (t,v) + B (v) fo (v) s (t,v) ) dv

o () =2 j Bo () B () by (£,0) dv, s (t>=f((% (v) B () + 7 () o (v)) b (2, ) + o (v) B (v) b2 (8,v) ) dv

where 5 (t) = 7 (t) — o /T and by, bz, c2 are defined in Lemma 1. The optimal hedging demand of the noise trader has

the same structure, but is evaluated at ¢ instead of G.

Proof of Lemma 5. The proof proceeds as for the uninformed. Optimal wealth is,

Xi = «(Z,G)+X{ —Tlog (WtG) - g fT E; [&ZZQUGW (z]2) (af‘m (x| Z) + 26, (Z)>]|x=c dv
r g ~
= ¢ (Z,G)+ X{ —Tlog (ntc) -3 .L E* [05‘7" (x]2) (95"” (z]z) + 20" (Z))‘F’P]\zzz,zzc dv

¢ (Z,G) + X{' = Tlog (nf ) + TH{T (G, Z) + THST (G|2)
where ¢ (Z,G) =T log (y“/yi) and
G|m 1 r Tz G|m 2 D Gm r Tz G|m m D
i ) = =5 | B (05 @7 7P av,  BET (al2) = - B 05" @) o7 ()| 7 |
The hedging demand of the informed can be decomposed as by + he'™ (G|Z) where hS'™ (G|Z) = K™ (G|Z) +

hsi™ (G|Z) with h{}™ (G|Z) = op, HY, 7 (G]Z) and hg)™ (G|Z) = dp, He,'}* (G|Z). Given the affine structure of the
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PIPR, 091 (2)= an (t)  + aa (t) 2 + Bo (£) De+7o (1),

2hC™ (2]2) = — f (2 (o1 (v) & + a2 (v) 2 + 0 (v)) fo (v) Op, B [DU| f,P] + Bo (v)? dp, B~ [Di\ f?]) dv

—L (2 (a1 (v) @ + a2 (v) 2 + 70 (v)) Bo (v) by (t,v) + Bo (v)* (b2 (,v) + c2 (t,v) z + 2b1 (t,v)* D)) dv
= -2 (JT 1 (v) Bo (v) b1 (¢, v) dv) x+ (-LT (2a2 (v) Bo (v) ba (t,v) + Bo () ez (t, v)) dv> z
(J Bo (v)* b1 (t,v)? dv) D, + L (270 (v) Bo (v) b1 (t,v) + Bo ()? b2 (t, v)) dv

andusing%:i—a(t)z—B(t)Dt—a(t)E—(a(t)z+5()Dt+7()) where 7 (£) = 3 (t) — o5 T,

RS (ale) = f (s @+ 02 )2+ @) B @) + (7 (0) + () 2) o (v)) I, B | Do| FP | dv

- fT ((m () @+ 02 (0) 2470 () B(0) + (5 (v) + & (0) 2) Bo (v)) br (1. 0)
f Bo (v ) (b2 (t,v) + c2 (t,v) 2 + 2b1 (t,v)* Dy) dv
f B (@) o (v) br (t,v) dva + f (B s @) + 80 @)@ @) ba (t.0) + B (0) o () e2 (1,0) ) do
+2J Bo (v) B (v) b1 (t,v) dvDy + f ((70 () B (v) + 5 (v) o (v)) b (,v) + Bo (v) B (v) b (t,v)) do.
Defining the coefficients as indicated in the lemma establishes the result. ®

Lemma 6 Suppose that F1y = .7-'[_)’Z. If the conjectures in (32) are satisfied, the information-related component of the
) )

residual hedging demand depends on,
he (Z;w) = Wh™ (G12) +w"h{ ™ (8] 2) = hae (Z;0) + hat (Z;w)

hae (Ziw) = (03 () + @i (1) Z -+ wih (8) De +withy (1)

ha (Z3w) = (w37 (1) + wvly (1) Z +wis () Dr +wibha (1)
The aggregate hedging demand depends on,

hi' (Z) = hi (Z) + he (Z;w) = Y12 Z + i Di + 3t
Wi = vt + i () + 0l () +w (7 0 + 0l 0)
Ug = vk o (Vh O +05 ), = v +w (¥h ) + vk ().

The aggregate hedging demand is an affine function of Z.

Proof of Lemma 6. Substituting the formulas from Lemmas 3 and 4 in h'™ (Z;w) = w'h"™ (G| 2) +w™hE'™ (¢|2)
and hy" (Z) = hi (Z) + h: (Z;w) leads to the expressions stated. m

The coefficients of the aggregate hedging demand depend on the coefficients of the conjectures in (32). That is,
R (Z) = o (t) Z+ B" (t) Di+ A" (t) = Y72 Z + 45 Dy + 945 For consistency, the following integral equations must be
satisfied, o (t) = ¥Tio”, " (t) = w5ioP, 4" (t) = ¥TioP. Simplifying the expressions for (7}, 9%, 5) gives,

T

Vi = —Jt (a (v) b1 (t,v) + %B ()% e (t,v)) dv — Jt a1 (v) Bo (v) by (t,v) dv + t B(v) a1 (v) by (t,v) dv
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vy = —LTB() by (¢, v)? dv+w( f Bo (V)% b1 () dv+2f Bo (v ()bl(t,v)zdv>
= [ (Ber-2em ) (B - a0 (v)))m (t,0)" do

5 -
T

B ()7 (v) ba (t,v) + ﬂ bztv> f ( 0) by (t,v) + = 60()bz(t7v)>dv
o | (0@ B @ +7 @) o (v)) b (£,0) + o (v) B (v) ba (£, 0 ))

o

Il
2)

- f (B@)7 @) =w (B©) = o )10 ©) =w () fo () br (t,v) dv

T 1~

[ (3302 -wm (Be)- 350 0) ) ta o)

and substituting in the equations for o |, 8" , v" gives,

azlgt) _ _LT (1=B@NE @ +a @) (b @) =BE))br ¢ v)dv
—% _LT (5 (v)* + wpo (v) (Bo (v) — 28 (v))) c2 (t,v) dv (33)
co-- (3@ =208 0) (B0 - 3600)) )t 00 (34)
O~ [ (A0 -0 (B0)-50)00) w3 0) 6 @) b @)
_ LT (%B (v)? = wpho (v) (Z} (v) — %ﬂo (v)>> b2 (t,v) dv. (35)

where a (v) = a1 (v) + was (v). The system (33)-(35) can be solved sequentially. As will be shown next, o depends

only on 8", Hence, (34) is autonomous and determines 3". The coefficients (ah,’yh) follow from (33) and (35).

Lemma 7 Suppose that .7-'(’_'3 = }'(?)’Z. If the conjectures in (32) are satisfied, the equilibrium stock price is Sy =
A(t) Z+ B (t) Dy +F (t) where,




M (t)
The stock price volatility equals of = B (t)oP, a function of time.
Proof of Lemma 7. Straightforward calculations give,
T
S. = E [DT —f pSds J-'Z”] =Dy +py°(T —t) + oPE [WTD —wpP J-'tD’Z]
¢

_% f (05)2 ds + LTE [o—f (a(s)z +B(s)Ds + 3(3))‘}}’3’Z]
= D uP(T—t)— % f (af)zds—i- fas 5(s)ds + (LTUS a(s )ds) z

+oPE [W%’ —wp

ftZ’D] n LT oSB(s)E [Ds| ]—'tD'Z] ds

FP Z] n LT oS3 (5)E [DS|J-',P’Z] ds

Dt+@o(t,T)Z+F( )+0DE[WT—Wt

where Gy (t,T) = 0'5 a(s)ds and F (o°,t) = pu” (T —t) — (1I) St (os) ds + St 5% (s) ds. Moreover,

E UtT oPdWP| FP: Z] = A(LT) (Z — W (Dt + P (T - t)) ";ﬂ’)
= ALT)Z—w'A(t,T) Dy — X (t,T) (me (T —1) +w”,ﬂ)
E [DstvZ] = Di+pP (T —1) +A(s) (z _ (Dt + P (T - t)) - w”;ﬁ)

(Dt P (1 - t)) (1 — WAL, 5)) FA(t8) Z —w"A(t, s) u?
if _D\2,._
where A (t,s) = M, so that,

M(t)

f oSB(s)E [DS|J-',P’Z] ds = Gy (t,T) (Dt + P (T - t)) +Ga (1,7) (Z - w”,ﬂ)

G (t,T) = f o2 B(s) (1 — WAL, s)) ds, Ga(t,T)= f o2 B(s)A(t, s)ds.

Hence,
S, = Di+Got,T)Z+TF (O—S,t) FAET)Z — wiA(t,T) Dy
“AT) (P (T =) +w"? ) + G (4 T) (D +p” (T = 1)) + G (17) (2 - w"n?)
- (1 —WA(t,T) + G (¢, T)) Di + (éo (t,T) + A(t,T) + G> (t,T)) Z+F (a%)
+ (—w"A (t,T) + G (t, T)) WP (T —t) — ()\ (t,T) + Ga (t, T)) "u® = A(t)Z + B(t)D, + F(t)
where,

At) = Go (6, T) + A, T) + G2 (£, T) = A (¢, T) + JT oS (a (s) + B(s)A(, s)) ds
Bt)=1—wA,T)+GC1(t,T) =1 —w'A(t,T) + fT aSB(s) (1 — WAL, s)) ds

Fit)=F (057 t) + (fz (t) — 1) WP (T —t) — (fz (t) — f o5& (s) ds> ang
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An application of Ito’s lemma gives o) = B (t) oP. The volatility coefficient is deterministic as conjectured. This

validates the construction of the equilibrium stock price to this stage. Substituting in the coefficients above yields,
T

At) =X, T) + an

t

B(s) (a (s) + B(s)A(t, 5)) ds, B(t)=1—-wA({tT)+o" LT B (s) B(s) (1 — WAL, s)) ds

T
Fit)y=F (B (t) o, t) + (B (t) — 1) WP =t Ty u?,  Tt)=B() —o" J B (s)a(s)ds.
t
Inserting F (B (t) o”,t) = p” (T —t) — & (oD)2 S? B(s)?ds +oP StT B (s)4 (s) ds in the last coefficient and collecting
terms leads to,

In these expressions, with w = w* + W™,

B =al)+a" @), BO=FO+6" M. TO=7O+" 0. al)=FEEe" )= -
— k') P — 1) — Wk p® Wi (6P)? (s —
vt =—w < ) fgjgt) . ot M) = ( M)(t() ’
Equilibrium exists if the backward Volterra equation,
B(t) =1 —wA{,T) + 0" (f B (s) B(s) (1 — WAL, 5)) ds> , B(1)=1 (36)

for the coefficient B () has a solution. This issue is addressed in the next lemma. m

~ w 1—w
Lemma 8 The unique solution of (36) is B(t) = B (t) B" (t) where B(t) = (Z(g)) (1\1611(5))) with M (t) =

(wi)Q H(t) + (w")? (0¢)2, w=w"+w" and B" (t) = exp (O’D S;‘F B" (v) dv). Moreover, B (t) > 0 for t € [0,T].
Proof of Lemma 8. With M (t) = (wi)z H(t)+ (w")? (a'd’)Q7 note that,

1—w\(t,T)=1- = =

M (t) M (t) M (t)
1- @) (") @ =9+ (0)") + @) (*)  ar(s)
1—w'A(t,s) = E0) =M(t)'
Substituting in (36) and using the change of variables C(t) = B(t)M (t) leads to,
Blt) = 1-wAtT)+0” (L B (s)B(s) (1 —wi)\(t,s)) ds> = Aﬂi(@T)) +oP (L B (S)B(s)%g; ds)

~

— BOM(@t) =M(T)+c" (L B (s) B(s)M (s) ds) — C(t) =M (T) + " (ft c(s)B(s)d5>
subject to the boundary condition C(T) = M (T). Equivalently, dC (t) = —o”C (t) B(t)dt. The solution is C (t) =
M (T) exp (O’D S;‘F B(s)ds). Substituting, B(t) =B () + 8" (),

2

_ w i\ D _ w (Wi H(t) D _ D 1 (wi)z
,B(t)——H—(t)(l—mw)o =TT (1— VD) >0 = —wo (W_M—(t)>
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and performing the integration,

C(t) = M (T)exp (w (10g (%) ~log (Aj\i/((f))») B (t) = M (T) (%g)))“ (%(@T)))f“’ B (1),
Substituting C(t) = B(t)M (t) and rearranging leads to the formula stated. m

Under the conjectures in (32), B depends on B To validate the construction of hedging demands and equilibrium,

conditional on the information structure, it remains to show the existence of B This is done next.

Lemma 9 The coefficient 8" solves the Riccati equation,

- h

B () = ko (8) + k1 (1) B" (1) —0B" (1)*;  B"(T) =0 (37)

w

o= (122800 w0 =-2" (30)+5" ) (3%)
where B (t) is defined in (6). A unique solution exists.

Proof of Lemma 9. Differentiating (34) relative to time and using ;b1 (t,v)? = —20Pb; (t,v)? B (t) yields,

/Bo-gt) _ B (t)2 _ 2“-)50 (t) <B (t) — %,80 (t)> — 20‘D6—g)5 (t)

o

with boundary condition 8" (I') = 0. Using the definitions B =B+ 8"+ pP, B = B+ 8" and B (t) = wpo () gives,
after simplifications, ,Bh t)=(=2)8 (t)? o —25P (B()+ B (t) B" (t) —a"p" (t)?. Defining ko, %1 as in (38) proves
(37). Existence of a unique solution follows from continuity of the ODE and the fact (see Technical Appendix) that
B" (t) € (B(t),0] where g" (t) = — S? exp (—§; k1 (u) du) ko (s)ds <0. m

The next lemma gives closed form expressions for (oeh7 fyh).

Lemma 10 The coefficients (ah7fyh) are given by,

o (t) = — Texp i W) dv ) ks (s)ds, A" (t) = — Texp B (W) dv ) ks (s) ds (39)
J oo (=] o) Jo oo (=] o)

where, with K (t,T) = S;F (ﬂh (v)* + ”gS;”) by (t,v)* dv,

k2 ()= (1-8(0) ~B(®) o+ (+°) K (1,7) (40)

ks (t) = a (¢) (1 +B() (1_7“> ~B (t)> o+ (UD)2 K (1,T) (a (t) +aP (t)) (41)
ri(t)=— (8 +8° (1) 0" + oK (1,T) (42)

w0 =50 (122 0+ %) o” + ek 0.1) (4 407 (10427 0= L) ). (13)

Proof of Lemma 10. As o (t) = a1 () + was (t), by (t,1) = 1, ca (t,t) = 0, diby (t,0) = —oPby (t,v) B (t) and
drea (t,v) = —20Pby (t,0)? & (t) —oPea (t,v) B (t), it follows from (33) that,

- h >
a ]gt) = (1-B@)a) +al() (/30(15)—/3('5))—“

g

= (1-80-F@+2" [ (3307 +um® (36 0)-30) )02 dw) " 0
o (t) (1= 8) + 60 (1) - B (1))
1207 tT (5800 + w80 0) (5800 =B @) ) ) b (0o (2 () + 0 1)



with boundary condition o™ (T) = 0. Expression (39) follows because,

2 (5800 + w80 0) (35 0 =B ) )

(048" @) +80) (22 —2(50)+ 5" )

w

w

B" (v)? + B (v)? <i _ 1> — 8" () + n(;gv)

where ko (v) is given in (38).
Using d;bs (t,v) = —aPba (t,v) B (£)—2b1 (¢, v)* (1P + P (v () + 7" () — o /1)) 2071 (¢, 0)2 A" (t) and by (L,t) =
be (t,t) =0, 7 (t) =7 (t) — of /T, who (t) = B (t), wyo (t) = 7 (¢) and differentiating the integral equation gives,

(o

L0 (#030-w (B0 -5 0) w0+ L0) - L5
+2 f 3P0 w0 (B0 = 300 @) )br 0o (4 +a° (v +9 O =0/ +" )

I
A~
i)

=
—
=
I
™
—~
=
=
+
)
S
)ﬂ
/T~
N =
=
—~
<
I
€
=
o
—
N
~
sy
—~
<
<
I
|
=
(=)
—
<
N
~—
~
(=l
—
<
U
S
~
—
=

#5010 -0 (BO) -5 0) w0+ e ®)
w2 [ (3507 s @) (30)~ 3 ) ) br @ do (4" +0° (30 +4° @) —oFT))

The expressions for the coefficients in the Lemma and the representation of 4™ in (39) follow. m
Proof of Proposition 5. Lemmas 2-10 establish that an equilibrium exists under the assumption .7-'(7”) = }'(_D)'Z
complete the proof of existence, it remains to verify that the endogenous public filtration is indeed F(7j = .7-"(?)’2. To

this end, use the relations,
hi' =91 () Z+ 93" () De + 93" (1), b = i + he (Z5w)

O (Z;w) =a(t)Z + B (t) De + (1), 0" = (}—ts — 0y (Z;w) — hi" (Z;w)aD

to write the residual demand as,
N
T

w* (a + 05 (G) + (B + e (Gsw)) UD) +w" (a + 05 () + (R + e (65w)) UD)

s
w (Ol-f — 0 (Z;w) — h{" (Z;w)UD> + 04 (Z;w) + (Whi + he (Z;w)) o

w(%s +(1—-w) (@t (Zyw) + he (Z;w) O’D)

S

Wi+ =) ((a@+vi ") 2+ (8O +vs O 0”) D+ +v51)0”).

As N{, of and D, are observed, the product (a () + 1 (t)o”) Z is known. If « (0) + 9} (0) o” # 0, the endogenous
signal Z is revealed. If o (0) + i (0) o =0, then « (t) + 4% (t) 0P # 0 for t = 07. In both cases Fiy = }'8’2 and the
candidate equilibrium constructed is a rational expectations equilibrium. Moreover, as ("3 = }'(_D)'Z c ("3 = (i_) =
f('?)*G , the equilibrium is a NREE. m

Proof of Remark 3. Fix w® and let w® — 0 and w™ — 1 — w* = w. Then,

D ] O’D ) . D _ )
o) = g O =g, R0 M0 - —w%aﬂ (s =0, se[6T] (44)
H(t) = (O—D)2 (T—1) + (0<>27 M () = (a¢) (45)
aP ) = AP () =P ) =0 =a" ) =a 1), BT =8BT0, FH=3"0 (o)
a0 =a” M +a" (1), BTM =80+ 0, A0 =" )+ ) (47)
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B (1) = k3 () + 1 () BT (1) = oPB @) B (D) =0 (48)

o= " exp (_ [ww dv) s 20 =- " exp (— [ wirw dv) K (s)ds (49)

R (1) = (“Tw) B0 0R, R () =208 (1), w8 ()= (1= ()~ B ) 0"+ (7)) KT (1, 7) (50)
K35 (t) = o (1) (1 + 6% (1) (I_T“> _p" (t)> o” + (o°) K* (1, 7) 0" (1) (51)

Ky () = =B (t) o + oK (1,T)
=00 (155 0 T ) o+ 07K 1) (07 407 (47 ) - O ) (52)

where K** (t,T) = S? (Bh’” (v)? + %) b3® (t,v)* dv with b$® (£,v) as in Lemma 1, but with BSi () instead of J (t).
The stock price becomes S{* = A (t) Z* + B*' (t) Dy + F** (t) where Z*' = w¢ and,

Bsi (t) _ Bsi (t) Bh,si (t), Bsi (t) _ <%> 7 Bh,si (t) — elTD S;T B}L’Si(v)dv (53)
A% (t) = o (ft B (s) & (s) ds) ., I"(t)=0 (54)
FSi(t) = B% (t) ,uD (T —t) — Q L B (s)2 ds + o .L B (s) 45t (s) ds. (55)

The pair (S st D) in the limit economy is uninformative.
If in addition w™ — 0 (i.e., w* — 1), then M** (t) = Z°" = 0 and,

Ay WS Y S P . e Sl €

w0 =m0 =0, w5 0=(1-5"1)c"+ (O—D)Z K (1,T)
K3 (1) = o (t) (1 + ﬂT(t) _ 3" (t)> o + (UD)2 K (t,T) 0" (1)
k() = o PKT (4, T), kY () = 0P K (t,T) (;P - 0D$>

a” () =87 () =" ) =0 = a1 =a" 0, FTw=-F"0n. 7O=7"0

&) =a )+ @, BT O=6""0, 70 =7"0

o (1) = — f exp (— £ K5 (v) dv> K5 (s)ds, A" () = — f exp (— £ ki (v) dv) K5’ (s) ds.

Thus, Bh’Si (t) = —oPpM* (1)?, % (T) = 0, which has solution 8™ = 0. It follows that ESZ (t) = BSi (t) =
AR () = K (6 T) = ki (8) = k3 (1) = /" () = 0 and w3 (1) = 0P, w3 () = a** (1) (1+ 22 ) oP. Finally,
L ) ) ) ) . L -D)?

B (t) = B¥ (t) = B"* (t) = 1 and Z* = 0 so that S;"° = D, 4+ [*"° (t) with F*"°(¢) = (uD - %) (T —t) and

020 = P for all t € [0, T].
Note that 0 < B (t) < B* (t) <1 for t <T and B (T) = B** (T') = 1. Moreover,

8w = (1‘7”) BW?e” 2" (B0 +8” 1) 8" () -6 1); 8" (1) =0
Hhysi l—w)\ si 2 D D psi h,si D ph,si (42 h,si
B0 = (52) 7 00 =207 (08 () = P8 s (1) = 0
Dy 1=k p N2 1 p_ (w")? (0¢)2 a” N2 o’
BE)+B7 (1) =—w '@ —(W) M@’ —_“’< H (t) )M(t)_(w) M (t)



N2 gD

0= (30 +8” 1) = () 375+ () 375 = (+) 37 0 —2) >0

em (222 (122) (o) <o)

so that A = U*" — U > 0. Thus, ,BhSl (T) — ,Bh (T) = A > 0. Moreover, if ™% (t) = " (t) at any t < T, then

B -8 (1) = a0” —20” (8 () - (B +8° 1)) 8" (1) > 0.

Thus, 8" (t) < " (t) < 0 for all ¢t € [0,T] and ™" (T') — " (T) = 0. Therefore B (t) < B" (t). As 0 < B(t) <
B*(t) < 1, the overall effect on price volatility is ambiguous: UtS'Si 2 o for t < T. However, max Uf'Si,Uf) <
Uts,si,o =oP for t < T and limi_ 70} = limt_,Tof’” = limtﬁTUf'Si'o =oP. m

Proof of Remark 4. Fix w" and let w* — 0 and w® — 1 —w™. Then, w — 1 and,

_1—w" p 1 -k p sw  WH(T)

w0 = er, g =L e RO (56)

_ Hfuwi D _ _wnﬁiu ¢ . wi O'D 2 s —
Y (t) = — (1 ) 1 b(;’(;) t) H oD, AT (hs) = (M+((t)t)’ set,T) (57)
H(t) = (UD)2 (T—1) + (o—<)2, M (1) = (wi)z H() + (@) (04’)2 (58)

O+ @y, B0 =80 +87" ), FE) =7 () + " (0)
B

su (t) 4+ 6h,su (t) , ;Y\Su (t) _ ,Ysu (t) + ’Yh’su (t)

P (1) = 1 G BT ==, AP = - (WP @ -ty +wu?)  (59)
B ) = R B () =B (5 BT = (60)
o (t) = —-[5 exp (— f: k3" (v) dv) k5 (s)ds, A" (t) = — ) exp (— LS k1" (v) dv) k3" (s)ds  (61)

~Ssu

R0 =0, A0 =207 (5 0+ 87 0), st 1) = (1-57 0 -5 1) 0" + (o) K0T
K0 =0 (1) (1-87 (1) 0” + (UD)2 K0, T) (0 (1) + 0P (1))

R () = — (8" 0+ 877 () 0 + VK (1, T)

S,su
B _Ut

S,su
(0 = 5 () B0 4 PR ) (1 40P (47 0 #9070 - ) )

where K (¢,T) = S? B (0)2 b5 (t,v)? dv with b* (t,v) as in Lemma 1, but with B (t) instead of (3 (t). As the
solution of (60) is 3™ (t) = 0, it follows that K** (¢,T) = 0 and,

R =0, k() ==20" (B0 +87 1), mrm=(1-8"0-5" )" (62)
~su O_S,su
0 =a ) (1-8" )" w0 == (8" O+ W), wW) =50 0" (63)
a () =am @+, Fo =" 0+ 0, AO =0+ (64)
A= @+ @), FW =80, AT =0+ ) (65)
Brw =@, B =L preegy g (66)
) H (t) )
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AU = N (4, T) + o UT B* (s )(AS“( )+ B (s) AT, s))d ) (67)

B () = B (0 uP (T

Y ds+o” f B (s)4°" (s) ds — w"I*" (t) u® (68)

U () = A (4, T) + o f B (s) B (5) A" (4, 5) ds. (69)

t

If, in addition, w™ — 0, then w® — 1, M** (t) = H (t), x{* = 1 and,
asu (t) :BSU (t) :7$U (t) :()7 ASU (t,s) —

R0 = K5 (0) = R () = 0, k() = ~20787 (1), k3t () = (1= 57 0) 0”, s (1) = =67 )0 (71)

" () =AM () =0, @ () =BT () =7" (1) = (72)
&)y =a”m @y, BU® =870, 7 =" (73)
B0 = B0, B0 =S BP0 =1 AT =170 = A () (74)
. (UD) T T
Fo(t) = B™ () pu® (T —t) — < f B*" (s)*ds + o f B** (s) 5" (s) ds. (75)
t t
As 7z°%% = @, the pair (D, SS“’O) is fully reveahng Price volatilities in the different economies are ¢2**0 = g*" =

B (t)oP = B (t)oP? < B(t)oP =0 <ol fort <T. Ast - T, 0% =07 o and 67 — . m

Proof of Remark 5. Fix w® and let w® > 1 —w® and w™ — 0. Then, w — w® — 1 —w" and,

W' H (t) on i
Msn (t)’ wrow =1 (76)

M) = (o) H@), K=

W (O'D)2 (s—1t)

o () = B (0 =7 () =0, AT () = s (77)
¥ =ar @) +a” @), B =8" O+, AT =" ++"" (1) (78)
ar=a"r@), BT =8"T0, A7) =9""0) (79)

i D . .
aD,sn (t) = J\}US:’ (t)7 ﬂD,sn (t) = _wzaD,sn (t) , ,yD,sn (t) = _aD,sn (t) wzuD (T _ t) (80)
B0 = ()8 (1) o8 @75 BT (D) = 0 (81)

o () = — Texp ~[ k" (V) dv | k5" (s)ds, AT () = — Texp ~[ k3" (v)dv ) k5" (s) ds (82)
Jo oo (=] i) Jo o (=] i)

KO =0, A= 20787 ), w80 = (157 (1) 0" + (aD)2 K" (4,T)

2
K3 (t) = (O’D) K (t,T) o ), Ky () = —BD’S" (t) P + P K (t,T)
S,sn
o

(0 20K 1) (1 0 (10 +47 0 - P )

where K" (t,T) = S? B (0)? b3™ (¢, v)? dv with bi™ (¢, v) as in Lemma 1, but with B (t) instead of B (t). As the
solution of (81) is ™™ () = 0, it follows that B (t) =0, B (t) = AP (t) and K*" (t,T) = 0. Then,

Ro" (8) = w5 (1) = RE" (1) = 0, Ri"(t) = =207 87" (1), 3" () = (1 — o (t)) R A O A O

(83)
() =4 () =0, &) =5 (t)=7"(t) =0 (84)
Bsn (t) — Bsn (t) , Bsn (t) — —E}[I((,—Tt))7 Bh sn (t) =1 (85)
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ASMt) = I°" () = X" (,T),  F*"(t) = B (t) p” (T —t) — Q £ B*" (s)* ds. (86)

The pair (D, S°"), in the limit economy, is fully revealing because Z = w'G. The stock price volatility is Jf R

B (t)oP = B*" (t) o where B*" (t) < B (t). Volatilities rank as 07" < oy <ol fort <T. m
The proofs of Corollaries 1-3 follows from Lemma 11, given next. The proofs for Lemma 11 are straightforward,

but long and tedious. They are in a companion Technical Appendix.

Lemma 11 The following holds,

6.7%(15) _ (O'D)2 <0, oM (t) _ (wi)2 0H (t)

A(ts) 2 M (s) 0B (t) w | (I—w) (W) oH ()
i = (") vl " Ta B (H(t) 0 ) a0
oa(t) (W) (0?) wke+ (1 —kew) M (t) 0H (t) p 1
ot M (6 H () a0 R0 mS Ty
0B(t) _ @' (") +2 () H ()" (0*) 0B ) » _,
o - M ()7 H (1) ot
D ) 2 ) 2
D0 _ 2 (08 (1,0 1ty 0 (07) (1) ()
b+ VP —dac

, HT (87)

2a

() /ot >0 0<H@t)<H@)"
0y () /ot <0< H* < H (t)

2 2 2 2 2 2 2 g
a=s’ (s (O'D) ud’ + (0‘7)) uD> . b= —25 <a¢) uD (O’C) , c=— (ad’) (ad’) p,D (0<) , §= w_n (88)

w
Proof of Proposition 6. Marginal utility is exp (—X7/I") = y“&7 where the shadow price of initial wealth y* satisfies
Xy = —T'log (y") — T'Ey [£T log £7'], and therefore, y* = exp (—X¢' /T — Eo [£7" log £7']). Interim expected utility of
the public investor is U* = Eo [u (XF)] = —T'exp (—XTg — Eo [€7'1og €] ). In the presence of private information,
07 = o5 /T — 9, (Z|D.). Tt follows that —Eo [6F log&F] = 55 5o (05) dv— L §7 059, (Z|Eo [€°Dy]) + T*. Initial
wealth is Xg = Ny'So = Ny (A (0) Z + B(0) Do + F(O)) In the absence of private information, 07" = /T
such that —F [&7 log &7 | Fo'] = —% (O'D)2 T. The corresponding expression for the insider is F [u (X%)‘]-'é] =-I
exp (=58 — B¢ 1og 7| o] ). As B [ 10g 6| Go] = Eo [€1r log (€701)] ,_; = Fo [64 log €71 + Fo [€F log nF] ¢
and N = NJ = 1, we have X = NjSo = N{'So = X{ and E [u (X})|.7—'5] = U"exp (—Z' (G|Z)). The informed is
always better off, i.e. U* < 0 and Z' (G|Z) = 0. This inequality follows as by optimality of the informed investor’s

choice and 7§ .F(i_), necessarily, U* > U* (exp (—Ii (G|Z)) — 1). This establishes the results announced. m

Proof of Proposition 7. Proposition 6 shows that 4% = U™ exp (— (w + AT (Z))) with

APY(Z)= So— Sy = (é (0) — 1) (Do +uDT> +A0)Z - %‘7 +oP ré ()7 (s)ds — w"T (0) u®

~u AV 1 (T m u ~ 2 (T
AT (2) = 515 _fL oS0 (Z|Eo [€]'Di]) dt + T (Z) and AV = (aD) L

AU=U" — U™ = (exp <— <A%% + AT (Z))) — 1) u"

and, as U™ < 0, AU > 0 if and only if AP (Z) /T + AT" (Z) = 0.
To study the limit behavior, note that imr—. 3 (s) = v (t) + v" (t; 0) = 7 (t; 0) where

(§ (v)? — 1) dv.

Hence,

M (s;00) = — JT exp (— JU Ka (u) du) ks (v;00) dv

S
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ks (£ 0) = (5 (1) (1—_“’> Y0+ LT (/3h (v)? + "”"OU_S’)> by (t,v)* dv (uD + o7 (’y ) +~" (t)))> oD,

w

Moreover, as " (s) <~" (s;0) uniformly in I" for all s € [0, 7], Lebesgue’s dominated convergence theorem gives,

I'-w

lim AP" (Z) = (E (0) — 1) (D0 + ;PT) +A0)Z + 0" jT B (5)7 (5 +00) ds — w" T (0) p®.
0

Hence, limpr_ (—%) =0. As 0" = UtS/F — ¢ (Z|Dy),

1 T 1 T o5\ 2
7 (2) = Lo [ oczp | 7| =§E[§7T” [ (o= w

fg]

lim (—Af“ (Z)) = lim (=I"(2)) = lim <—1E [gz"f LT (9?)2dt‘f(§*]> = Eo [Flg% (- ;ﬁr (9?)2(1@)] <o.

I'—>w I'-w 2 0

The third equality above follows from the Lebesgue dominated convergence theorem and —&7 SOT o )2 dv <0
uniformly in I'. But limr—, 0;" = —& (v) Z — B () Dy—v () =" (v; +00) = 0, and limr_,o. £ = € (— $o ﬁgndwsm) =
ZLH (indeed, as 07" has finite variance uniformly in I' for all ¢ € [0,T], the sequence 0" indexed by I is tightf SO
that limp_., §7 67 dW;" = §7 8. dW;™ when limp_ 67 = 8;"). Thus, limp_.. €7 §7 (67)% dv = &7 {7 (@;”)2 dv and

limp_o, — (Af“ (Z) + AP (2) /F) < 0. Because limr_,o, U"™ = —00, it follows that limr_,. AU = +00.

For small risk tolerance,

T s
. (0) = fim T3 () = Jim 19 0) = Jim 9" (0) = = [ exp (= [ s () ) g (5) s

v v

s (s) = lim T (s) = (5 (s) =P LT <5h (v)* + ”g@) by (t,v)? dv) ofo? <.

The price effect is,

TAP(Z) =T (B (0) — 1) (Do + ;PT) +TA(0)Z - AV +To” fT B (s)7 (s)ds — Tw"T (0) u*

T
lim TAP (2) = AV + 0" f B () d,n (v;0)dv = — (AV + AHS>
- 0
where d_n (v;0) = limr—o T% (s) =limr—o I'y"(s) > 0 and
~ T ~
AH® = —oP J B (v)d,n (v;0)dv <0 (89)
0
measures the impact of hedging on the price effect. To find the trading impact for small risk tolerance, note that
AV 1

Su T S m u m (UD)zT m m,ni
AT (Z) = oTr? fjo o 9 (Z|Eo [§" Ds]) dt + 17 (Z2) = — Hyp — “orz = - (HO,T _Ho,% )
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where Hy'r = —% o [9’” (2) ]dv from Lemma 4 . Using (29)-(30),

B [o7 (7] = EZKUTU_W)_M”)Z_ (U)D”ﬂ
S

S ~
_2<0?“_§1))—a(1))z B (v) (a1 (0,0) 2 + by (0,v) Do + g1 (0,v))
+B (v)* (a2 (0,v) 2 + b3 (0,v) Do + ¢2 (0,v) Doz + da (0,v) 2 + b1 (0,v)* D§ + g2 (0,v))
o)

2
2(?— (v))( (v) + B (v) as (0, >) 60)B ) a1 (0,0) — B (0) az (0,0)] 2

]
2 (% -3@) Byb ©.0) - By )]Do
+[28 () B (0) b1 (0,0) + B (v) ]Doz+/§(v) b1 (0,v)* D
Using Tk (s) = o"T7 (s) = o” (T (s) — o) and 7 (s) = v" (s) + 7 (s) gives

don (s) = lllg}) ' (s) = lim I'y"* (s) hgl Tk (s) =co® (llim Iy (s) — O'S) =0 (d,y; (s) — O'S)
dg, (8) = lig}) g1 (0,8) = —o” LS exp <0D B (u) du (d“/;1 (v) + 05) dv
dg, () = liL%F g2 (0, 5) = 20° ) b1 (v, s) (d,yh (v) — O’S> dg, (v)dv
dp, (s) = liin b2 (0, 8) = QUD.[) b1 (v, s) (d,yh, (v) — O'S) b1 (0,v) dv
da, (s) = lim Taz (0,s) =20 f: b1 (v, s) ((dﬂ/; (v) — o's) a1 (0,v) + & (v) dg, (v)) dv

it follows that,

tim D257 [07 (2] = (05 —dopn ) =2 (05 = d () B () dyy () + B (0)° dy (0)

I'—0

. 2 rrm 1 T 2 m
llli%F Hy'r —EL lim I'"E~ [0, ()]dv

I'—0

_ _% L ' ((af) —207dy (v) 4+ dyp (v)° =2 (03 = dyp (©)) doy (0) B(0) + B (0)* dy (v)) dv

lim [?AT" (2) = = lim T (H(TT - H(;fy”) = % (Al? + AfIT)

I'—0

where AHT measures the effect of hedging on the trading impact,
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PZ) i) o (AT 2 AT 1 L (AT 2 ART) = _LAD _ ARS 4 LART = _
S AT (Z))- (AV+AH)+2<AV+AH )_ SAV - AHS 4+ SAR" =
N P T T L
_§AH = -—-AH +§AH =0 f B (v)dn (v)dv

0

2 Jo

Note that AU = (exp (— (% + AT® (Z))) _ 1) Yo =(exp (# (AXA/ N Af[)) 3 1) L and

. D\ 2
. u,ni T
Uu“»™ = _r exp <_XOT _ (0232 > —_r exp (_E [DT] n

1
2

(Af/ + Aﬁ)

+1 JT (_QO'fdwh (v) +dyn (v)* =2 (af —dn (v)) dg, (v) B (v) + B ()2 dy, (v)> o,

because 0" = oP /T, N =1 and X" = S¢* = E [Dr] — (oD)2T/F. It follows that limp_o U*™ = —o0 and
limr_,0 AU = —sgn (AV + A}AI) X00. W
Proof of Corollary 4. As,

_ [B(t)l_—ww(tHf (B"(v)2+ “)w o do (47 + o7 (017 1)) o”

1
] JfUD = ka0 (t) + fff5,1 (t)

D
o)
_ f exp <_ Jt ks (v) dv) ko (s)ds,i =0, 1.

2
>
=
Il
)
o>
+
S
=
2
=
Il

Likewise, using 7 (t) =¥ (t) — o7 /T = (v (t) + 7" (t) ++" (¢)) — 07 /T and

we have,

bo (t, S)

S
K@) = 1P+ (1) = 4P +o” (V 0 +7" 0 +77 (t)_%>
h s 1
= WP (1O O+ O+ I ) = ko )+ B0

S

o (ts) = L by (v, 8) k (v) dv = f

t

by (v, 5) (ko (0) + ’“F(”)> dv=gio (b s) + g“#(t’s)

az (t,s)

2 ’ b1 (v,8)* k (v) a1 (¢, v)dv + o v) g1 (t,v) dv
(J )

(v,8)?a(
1 (v, s)2 & (v) g0 (t,v)dv

J.»

t

K
t

2 (L by (v, 8)% ko (v) ax (t,v) dv + o

=l =

+2 (L by (v,8)% k1 (v) ax (t,v) dv + o L by (v,8)2 & (v) gra (¢, )dv)

azo (t,8) +azs (4, 5) (%)

S S

QJ: b1 (v, 8)* k (v) by (t,v) dv = 2J

t

by (v, ) ko (£) by (¢, v) dv + 2 (Jﬁ

bao (t, ) + b1 (,5) (%)

92

b1 (v, 3)2 k1 (t) b1 (t,v) dv)

il



ca (t,s) = 20" LS b1 (v, 8)% & (v) b1 (t,v) dv, ds (t, s) = 20" f: bi (v,5)° & (v) a1 (t,v)dv

g2 (t,s) = zf b (v, ) (0]23)2 + k@) n (m)) dv = zf b1 (v, s)* ((0713)2 + ko (v) g1,0 (m)) dv
#2([ 009 B 010 €0 + B0 @) 1 oo ) 2 ([ 01 0,7 s () ) (%)
= g20(ts) +921(ts) (%) + 92,2 (t, 5) (%)2
and

+ (28 (0) B () b1 (0,) + B (v) e2 (0,0)] Doz + B (v)” br (0,v)” D},

y g1 (07’[}) » 92 (07 1)) , a2 (071))7172 (07’[})7

)
e = (F- (oo )

—2 (U_I?_ (7( ) +76 (v )+7{L (”)>>/§(v) <glyo 0,v

- (
+B (v)° (920(0 v) + 921 (0,v) (% 922 (0,0) G)
B

~ ~ ~ > m m 1 m 1
28 (v) B (v) b1 (0, ) + B (v)? 2 (0, v)] Doz + B () b1 (0,0)> Dy = Ky + kv + k5 oy

By o= (1042 @) +2(10) +98 ) B0) 910 0,0) + B (0) 92,0 (0,0)
+2((v @+ @) (@) +B @ a1 (0,0)) +& @) B (@) gro (0,0)) +B ()" azo (t,5) | 2
(@0 +28B@ar 0,0) +5 )2 (0,0)) 2 +[2 (v 0) +56 ) B 0) 01 0.0) + 5 () bao (2:5)| Do
N

[26 () B (W) b1 (0,0) + B (v)° 2 (0,v) | Doz + B (v)° b1 (0,v)° D} (91)

o = =2(of =1 ) (1@ +98 @) =2 [ (o7 =21 ) 910 0,0) = (v(0) + 96 ©)) 911 (0,0)] B()
+B @) 921 (0,0) =2 (0 =71 ) [ (6 () + B (@) a1 (0,0)) 2+ B (v) ba (0,) Do

+28 (v) B (v) g1.1 (0,) 2 + B (v)° (az (¢,5) 2 + baa (¢, 5) Do)
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B = B0 922 0.0) + (05 =1 @) =2 (05 =2 ) 911 (0,0) B (v). (92)

Thus,
m m m 1 m 1 m 1 T m .
—Hyr =Ko + Kl,Tf + Kz,Tﬁ7 Kir = 3 i ki dv, 1=0,1,2 (93)
s m m,ni m Km UD 2T 1 A KAT
AT"(2) = = (Hilr — B ) = K3 + — (KzT %)F—E OT + —p +
Using,
AP (7 K P KA T
(2) _ Kir 2L K5F = —AV + UDJ B (s)71 (s)ds
r T2 0
AP ) ’ h
Kif = (B) 1) (Do +1°T) + A(0) Z + 0 f B () (7(s) + 91 (s)) ds = w1 (0) p*
0
leads to,
AP (Z) ~u ar KPE+ KPR KL+ KPR a0 K K
T +AT"(Z) = Kor + T + T2 =Kor + T T2
Equivalently,

AP*(Z)
r

~ 1 1 (
+AT"(2) = 55 (K@%PQ +Kﬁ¥r+K§¥) =
>

As AU =U"™ (exp (=1 (I') /T?) — 1) and " > 0, it follows that AU > 0 iff [ (I') > 0.
From the proof of Proposition 7, K&% > 0. If K&% > 0, it follows that [ (z) is a convex parabola with unique
minimum at T'* = —K1%/ (2K§%) at which
AU 2
sy (BLT) J _ (eau)\? AU 7-AU
(T%) = K&% — W~ TR where J = (KLT) — AKSY KDY
There are then three cases. If J > 0, the function [ (I") has roots I'+ = ( o+ )/(QK(f%) and [ (I') = 0 for
O$F<F,VOandF+$F.IfJ=O7thereisauniquerootfi=—K / ql{) nd [(I')>0for ' >0. If J <O,

there is no root and [ (I') > 0 for I' > 0

If K§% =0, then [ (T') is linear with root I'o = —K£% /K% and increasing (decreasing) if K4 > 0 (K < 0).
Thus {(I') > 0if T >TovO0and K% >00r I' <To v 0and K% < 0. If K% = K% =0, 1(T) > 0if K£% > 0 and
M) <0if I (") <0.

Proposition 7 shows that the behavior of welfare gains for small risk tolerance depends on the sign of AV + AH.
In fact, (A‘A/ + Aﬁ) /2 = —limr—o ! (I'). The sign of the right hand side is governed by —sgn (KZA%{) [ |
Proof of Corollary 5. The noise trader maximizes CARA utility under the conditional beliefs dP¥/dP = (n‘f«)_l
evaluated at © = ¢. The ex-ante value is U" = u (X7 )exp (—Eo [T nT log (§7nT)]) = U™ exp (—Ii (¢|Z)). Hence,
Eo[U"] =U"§, exp (=T" (#]|2)) fo1z (x) dz = U, exp (=T" (%|2)) Ly,c (x| Z) faiz (x) dx. The formula in the Corol-
lary follows. As, U" < 0, the interim utility is larger (less negative) if and only if Eo [Le,c (G|Z)exp (=I" (G|2))] <1
The conditions w’ = w", VAR[G] = VAR[¢], E [¢] = E[G] imply Ly, (G|Z) =1 so that Eo [U"] = Eo [U']. To
prove the last statement, note that L4 g (2| 2) = h1 exp (—h2) where h1 = w™/w" and

: "2 ()2 ()P (1) mo ’
1 (@) (w”)QH(O)(a‘Z) NIRRT -(w") Bla+ & 1) GoBIZD | e 2 n
2 MO)((wm)?—(wi)?) (wn)2—(wi)?
ho = R
o (o +H(0)
M(0) (w—E[GH((%(z—E[Z]))(W+E[G]+%(Z—E[zp—zz)
2(@e?) 7 O) ifw' =w" =w.

If W' =w", u® = E[G] and (a'd’)2 =V AR|[G], then L4.¢ (x| z) = 1. This establishes the result. ®
Proof of Corollary 6. Note that,

Eo[U"] —U™™ = y™™ <exp (- (APF(Z) + AT (Z)>> Eo [exp (—Ii (G|Z) Lo (G|Z))] - 1>
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As U™ < 0, welfare improves only if,

exp <_ (% + AT (z))) Eo[exp (-1 (G12) £4.6 (G12)) ] <1

This condition can be expressed in terms of the certainty equivalent gain for the noise trader. The fact that L4 ¢ (G|¢) =
1 under unbiasedness, equal weights and equal variances of the noise and private signals, and the fact that the noise
trader attains the interim utility of the informed are proved in Corollary 5. m

Proof of Corollary 7. The condition AP (Z) + TAT" (Z) > I'log Eo [exp (= (G|Z) Ly, (G|Z))] is equivalent to
Eo [U™] —U™™ > 0. It follows that the noise trader is better off. m

Proof of Corollary 8. Let w"™ =0 and w" = 1 —w?’. Consider first the case where the informed acquires information
and suppose that a fully revealing equilibrium prevails. The common information filtration is then .7-'(G_) = .7—'(?) Vo (G)

Market clearing implies,

S,wa

o = Utr —h{, hi= —EaDtEt |:£t,Tf (05)? dv]
t

T
S = E[Dr| Dy, G] —f E [afvwaevaa DhG]
t

T
Uf,wa — <aDtE [DT| Dt7 G] _ J aDt S waam wa
t

Dt7G]> o

(the superscript stands for “with acquisition”). A solution to this system of equations is,

VAR[Drp|Dy 2
0m,wa _ Uf we aDpE [-DT| Dt7G] O_S,wa — - VAH[’,[qulDti] O'D _ l (UC) O'D
¢ r r ¢ r T H(t)
swa _ ({_ VAR[DrIDY p _ (o)
¢ VAR[G| D] ®°
wa 1 T S,wa 2 (UD)Z (T - t 1 g S,wa 2
: —E[DT|Dt7G]—f£ (a'v ) =" Dy + uP —t))—fﬁ (o—t ) dv

where we recall that H (t) = (O’D )2 (T—1t)+ (04)2. The price is indeed fully revealing, thus validating the initial

conjecture. The wealth CE of the informed (including the information acquisition costs C' > 0) is,

2
i, wa __ wa 1 T (O—C)z D 2
CEG™ = S8 + 5= L (H(v) dv (a ) _C.

Full revelation implies that CE}"* = CEY™* + C > CEy""

The ex-ante utility function V%% = [ g w“]
nga -C 1 T S,wa 2
—I'FE [exp <—#>] exp <_ﬁ Jo (01, ) dv
()T,
P\ THOT

(UD)zT D

Vi,wa

—I'E
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The ex-ante certainty equivalent is,

CE"ve = Do + MDT — ii [— JT (o’f'wa>2dv - C.

Next, consider the case where the informed does not acquire information. The common information filtration is then

.7-"(?). The fully revealing equilibrium is,

S,na D D
’ E[Dr| D >
o = - Opr B ] FT| do” _ e R AR —% (") @ -1

(the superscript stands for “no acquisition”). Utility functions are the same as in a no information equilibrium,

Uime = it — g, (Xé) exp (—% JT (Ufmi)z dt) ) J € {u, i}
0

2
xi=nNi (D D (UD) Sni D i
o — 4Vp o+ | pu — T T ’ Oy =0, NO =1

The CE wealth becomes CE*"* = Si* + L (Sg 1dv) (oD)2 = Do + p°T — & (O’D)2T. Information production is
suboptimal if and only if CE;™* < CE;™, i.e.,

This condition is equivalent to C' > C* where,

C W@, @)
@ = U (“HW)‘“‘ 7 0)

2
The first equality above uses 05%% = ((04)2 /H (v)) oP . The second relies on,

:@%QP_wWT_@%%Q
or  (0) H (0)

JT (") 1 1 H@O-H@T  (P)T

s T VT HD RO T BOEO) @00 H0)

Hence, information acquisition is always suboptimal if acquisition is costly. In the absence of speculation, the no-
information equilibrium prevails.

To evaluate the welfare implications of speculation, it remains to compare interim utilities with and without
speculation. But, the equilibrium without speculation corresponds to the equilibrium without information. Thus,
welfare improves under the conditions of Corollary 7. m

Proof of Proposition 10. Consider the information infrastructure < (n) with n signals equally spaced in time

gt;_lD .

optimally at time ¢;,_, leads to the first order condition and optimal wealth,

)

{t,...,tn}. The interim utility is as in the one period model,

Xin
1 _ n—1 G G
U, , = —Texp (‘ T~ Bl€Gr iy log i

Choosing X7

1

Xyn
n—1\ _ Gpn—1 Gy, Gn
exp <_ ) - yt%*2§t otn_1 exp (E [ t 1ot log th—lth

r n—
th
n—2 _ Gn_1 Gn—1 Gn—1 Gn Gn
B = logyg , + B |60 N log€ L+ & B[ log€ln |G ]|Ger

n—1 k
Git1 Gt
logye_, +E [ Z H gt?vtﬁl log thotht

k=n—2i=n—-2

gt2—2:| :
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Interim utility at ¢ _o is,

i Xtizfz
utZ_z =—-Texp|— - F

n—1
7 G
Z H £tn 1—72_ IOg gtnkz—nl gtz 2:| > .

k=n—2i=n—-2

Iterating this argument gives,

n—1 k
i i1 Gk 1
Z/{tzo =T exp < |: Z H gtn tn tn'z—z+l gtg:|> .
As X,f8 = 5y"" where S;"" = []_[Z 0 522 o DT‘ .7:6"'"]7 the ex-ante utility associated with & (n) is,
m,n n—1 k o
] i1 k+1
V'(n)=-TF [exp (— Z H«Stn -:n kv:rZH Qo]> —C (n)
Using,
E Gri1 lo Gri1 _ 1 ]_-m,n E m 1 T ]_-m,n
ftk,tkﬂ gﬁtn . gtg = ftn AR ngtk,t’,g+ 7 + ft’,;‘,tgﬂ O8Nt |V ey —Griy
=Gy

. n __ n—1 k m m m,n .
and defining Ky = FE [ weo L lizo ft?’tn § log ftg,tgﬂ ‘ Fo ] gives,

i+

7 Sm’n n o m,n m,n
V'(n) = -I'FE [exp <— OI“ — Ky — [ZH&%» +IJ IOgﬁtg,tgH (Grg1 € da| FSV™)| Fy» ]) —C(n).
k=0 i=0 %
P(Gk+1edx|f"7;">
T _ k+1 . — (t® x m,n
As ipap,, = —P(GHIEM'}% n) it follows that ® = {” " log nt?vthlp (Gry1 € dz| FI™) becomes,
k
+o0 P d M, P d M, M
o= log L\CGrri €de| Fo™) o P(Guni €de| ™) Vb e gu) Fromy = DL — Di¥ = AD"
m,mn m,n 0 k+1
—% (Gk+1 ed:c|.7: ) (Gk+1 edm|]~' )

where DXT is the Kullback-Leibler divergence between the signal density conditional on initial information Foi™ and

=)

70", Ex-ante utility is,

13 Smyn n o m
Vi(n) = -T'E [exp (- Or —K§ —E [ D 1&n ., ADG"
k=01:=0

As densities are Gaussian,

information F;

DK _1 (l 0 VAR[Gry1| F*"] 14 VAR[Grs1| Fy"" ] + (B[ Grgr| Fo- "] — E[Gk+1|}-tm’n])2)
VAR|Grs1| F5™"] VAR[Grpa| 7]
VAR| Gra| Fou™
apf = Ligg PARLGZEL] 1 VARIGyl )

2 gVAR[Gk+1|J-"Z’”] 2 VAR[Gk+1|f’gv+”l] VAR[Gk+1|.F’Z’”]

2 2
B Gl Fp" | = B[Grn| 7" E| G| Fip" | = B[ G| F"]

\/VAR[G,MWE:Z] ) \/VAR[GHAJ-'ZE’"]

N —

o7



The corresponding ex-ante certainty equivalent is,

exp <

CE'(n) —TlogE

—C (n)

n—1 k
¢ Git1 Gt
ngn, n gn
E || e tk,tkH

k=01i=

o)

Sm’n n oo m T,
= -TlogFE |exp (— OF — Ky —F Z Hgt?’t?ﬂAD%L Fov ]) —C(n).
k=01i=0

The informed is a price-taker and takes Sg""

and f;’%,t",‘_'_l as given when making the information acquisition decision.
Only the impacts of log nfﬁvt}iﬂ and therefore AD,{{EL on ex-ante utility will be taken into account when choosing the
optimal infrastructure. Thus, the informed only considers the value of all Kullback-Leibler divergence gains of the

infrastructure for a given state price density. The optimal choice is the maximal solution such that,

*
s n¥ n® m
E |:eXp <_ 01“ -Ky —F |:Zkl=o i= Ogt:* nk AD¥ 77,*+1

i1

]| P

1)

It remains to show that the optimal number of signals n* (i.e., the frequency) is finite. As lim,—- C(n) = 400 by

—I'log

S’"’"* n*
E[exp( 2 KBTI 0E0mn o ADKL

*®
i+1 tn

assumption, it is shown that given the market price of risk and the state price density, the certainty equivalent gain of

the informed is bounded. For this, note that —log is a convex function so that, by Jensen’s inequality,

n—1 k
CE'(n) < E[S)""|+TE|[Ky]|+TE [Z Hgtn e, ADtn —C(n).
k=01i=
By Proposition 11, the information structure is isomorphic to one with signal process G = Dr + Zt where Et =

¢, VAR[Cn, ] T 1y, and VAR [E] = 1/(1x,VAR[¢w. 1! 1n,). The assumption limy, . VAR [Z] — (O’C)Q from
1INtVAR[<Nt]711Nt ¢ Ne t t/r t >0 t

above, implies,
n o m KL 1 T~m e G|m ~m\ 2 m
E[K51+E| Y [[&#r,, ADE SE U £o,UJ (9v (z) +0, ) P (G € d| F )dv]

k=01i=0
T~m + —G|m ~m 2
g f go,vj (9v (:c)+t91,) P(Guedx|}'6”)dv]

N
NN
—

p e=—E[Dr|F)"]
(UD)2(T7U)+(UC)2 '
Proof of Proposition 11. The private information process is G+ = Dr1n, + (N, where 1n, is an N; x 1 vector and

where gflm (x) =0

(N, is an Ny x 1 vector of independent noises. The PIPR is,

07" (Gi) = (Gi—EBi[Dr]ln,) (VAR [Dr]1n,1y, + VAR[(x,])™ 1n,0p, E: [Dr]
((Dr — B¢ [Dr]) 1n, +¢n,) (VARy [Dr] 1n, 1Yy, + VAR[(N,]) ™ 1y, 0p, Bt [Dr]

(Dr — B¢ [Dr]) In, +Cn,
( VAR, [Dr]

I
> (1Nt1,]\7t + \I’t)71 1n,0p, B+ [Dr]

where E, [[] = E[-|Fi"], VAR, [Dr] = VAR[:|F{"] and VU, = “;227[@“]. The Sherman-Morrison formula (Golub

t[D ]
and van Loan (1996)) gives (1n,1, + \I/t)71 In, = (14 15,9, 11Nt) U '1y,, so that,
m Dr = E[Dr]\ ,, -1 (n Y7 'Ln, D, By [Dr] 1
0™ (Gy) = <<7 1N, U7 ', 0p, By [Dr] + 22t
t ( t) VAR; [DT] Ny ¥t LN UD Lot [ T] VARt [DT] 1+ 1,]\7t\11t_11Nt

__ Dr—E D]+, o0, (D] = G, — E, [Gt]

VAR, [Dr] + VAR [Zt]

o8



s v VAR[CNn] T G,
' 1,NTVAR [CNt]_l 1Nt

and @t = Dr + Et.

_ S B]Gi]

The noise trader’s demand depends on Of‘m ($t> = Van|a] 0p,E¢ [Dr]. The WAPR is therefore based on the public

signal Zt = wiét + w"qwﬁt. ]
2 ~
Proof of Corollary 9. To simplify notation, let v¢ = (Uf) =V AR [Ct] and note that v{ is constant for ¢ # t; and

jumps down for t = t;,
0 for t #t;

A’Uf = ¢ (kf,tj,1>2
z

T ¢ ¢ <
(kl,tj_1> +Utj—1 k:2,t

for t = t;.
j—1
where

ki

ti—1

=115, VAR[cw, | COV [on, 6]

K., , = VAR[G] = COV [¢n ., cj]' VAR [gth_l]_l Cov [¢ni,_, 6]

Cth—l is an N¢,_, X 1 vector of error noises of the private signals received before time t; and (; is the error noise of

the private signal received at time t;. As efy, VAR [Cth] eN,, = l/kg tj1 where €y, is the Nf;l unit vector and as
J I J

-1
VAR |(n,. | and therefore VAR |(n,. are positive definite, it follows that kS, > 0 and Av¢ < 0.
J J 2,t51 t

In between information arrival times, as vf is constant, the time-behavior of the stock price volatility is determined

by the same factors as in the benchmark model with a single private signal. Price volatility therefore increases. At
information arrival times, the jump in volatility is determined by the jump in u§ and the impact of u§ on volatility.
To find the latter, note that, in the absence of hedging,

_ w e (=) @) (-w)E)
6U§B(t)—B(t) (H(T)_H(t)+ M(T) M (t) > =0

implying that price volatility jumps down. The effect due to hedging is 6U§Bh (t) = oP B" (t) S;‘F 6U§Bh (v) dv where,

08" (v) = JT exp (L (m (s) +2 (1 + 20D> e (5)) ds) (aﬂtg o (v) +0,c 1 (v) 5" (v))

t

1—w

avf o (t) =2 (T) B(t) avfﬁ ), avf"ﬂ (t) = 20" (avfﬂ (t) + avfﬁD (t))
w™)? (o? 2 \ 2 ol 40D
av,éﬁ(t) =w (W) M (t) ((w) H(t) + 1) >0, avgﬁD ) = (W) o” > 0.

Thus 0, ¢ B" (t) > 0 implying that the hedging factor jumps down as well. Hence, 6U<a'ts > 0 and price volatility
t
decreases at information arrival times ¢;,7 =1,...,J. m

Proof of Proposition 12. Assume heterogeneous risk tolerances. The market clearing condition gives,

3w (9;“ + h:af’) +w'T (af'“m (@) + '™ (G| 2) aD) +w"T" (af'“m (@) + hS"™ (8] 2) UD) = 5.

Je{u,i,n}
Rearranging terms and using the definitions of &, &™ leads to,

_ s

07 +hio” +&' (077 () + b (G12) o) + " (07 (0) + 1T (012)07) = T

The WAPR and weighted average of the informational hedging components follow. The equilibrium market price of
risk is identical to the one under homogeneous information modulo the parameter substitution announced. m

Proof of Corollary 10. Under the conditions of the corollary oT'* = w ol +w"dI'™ = 0 <= o™ /ol = — (wi/w") <
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0 and 00 = 00" + oo™ = (wiafi + w"&’F") /T'* = 0. Suppose I'" > 0. Simple calculations show,

aiv_i =awiri _ w_iarir"—ljar" =—iwar" -0
@ wnrm wn (") wn (rm)
M(T) _ @")?* (0%)° _ () M(T) _ (M@, (&) (H®) &
M@® (@) H )+ @) (09 (5—1)2H(t>+(a¢)2’ RO <M<t>> 2<5> <(o¢)2>a~” 7
_ L (H@\ (M) _ < (H(T)\¥ (M (T)\™® M (T)
20=0(50) (rw) =0-2(7w) (rw) wo >
B (t) = e W "0 aph (1) = B () o JT 08" (v) dv
A=k, @V 5 L M@,
PO="5"0 7 = Moan” T TMOH®”
b _ wa” D/\_ ~i D (“N’i)ZUD
« (t):M(ty B (t):_ « (t):— M(t)
 a@y (U(,))z_i_(al)zH(t) o? H(t)+a(g;>2(0¢)2 oD
B +p7 () = M (D) HO - | H@+(2) (00 |HO
20 (1) (27) (%) 0 (L) o
(30 0) - 2UEN ) oo,

Ko () = (1?3)5@)2(#’7 oro (t)52<1i“>/3(t)a5(t)ﬁ >0

k1 () = —207 (/3 (t) + B° (t)) . ok () = —2070 (ﬂ (t) + 8" (t)) <o.

As 8" solves Bh (t) = ko (t) + k1 (t) " (t) —oPB" (t)* with terminal condition 5" (T') = 0, the derivative 5" relative to
the risk tolerance perturbation described above satisfies, @Bh (t) = Oko () + Ok (t) B" (t) + [k1 (t) — 207 8" (t)] 98" (t)
with boundary condition 03" (T') = 0. The solution is,

08" (t) = _JT o~ 1 (r1(s)=20" 8" (s)) ds (al-{o (v) + o1 (v) B" (v)) dv

which is strictly negative if dro (v) + dk1 (v) 8" (v) > 0 for all v € [0,T]. As ko (v) > 0, dk1 (v) < 0, B (v) < 0 for all
v € [0,T7], the result stated follows. m
Proof of Proposition 13. It is first shown that in equilibrium the informed can infer Z = w'G + w"¢ from the
residual demand, where G = Dz + . For this note that for arbitrary ¢ € [0, 1], p (de), a.e.,

59

071" G+ (G) = T =0 f[o 1/t (atGle (G +h™ (GL)> 1 (db)_wnf

G lm G'lm ;0
. oy T @) T @) ).

The Gaussian structure of Z, D; implies that 6 ™ (G") + hem (G") is an affine function of G*, Z, D; and e im (0") +
htGLIm (¢*) an affine function of ¢ *, Z, D;. With a continuum of informed, each individual is negligible y (dt) a.e. on
[0,1]. Thus, S[0,1]/{L} (9?‘7" (G*) + nS ™ (GL)) w(de) = S[O,l] (0tGL|m (GY) + hE ™ (GL)> p (de) and there exist coeffi-
cients & (¢), B (t), and ¥ () such that z (dv) ae., 0F ™ (G*)+hE ™ (G*) = & SI0—0]" —& (t) Z—P (t) Dy— (t). It follows
that the residual demand of each privately informed individual reveals Z = w’G+w" . Defining, ot = %ﬂvﬂw,
individual PIPRs are,

xr — Et [DT]

_ xr — Et [DT]
T VAR [G] + VAR[(Y]

-
o " (@) VAR, [G]

op, E; [Dr]o” = 0} ( ) op, Ei [Dr] o® = 0.6 (2)

651™ (2) = (%) 0b, E: [Dr] 0P = a1 (v) @ + a2 (v) 2 + Bo (v) Do + 70 (v).
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Define the population moments Q[n] = So w(de) for n = 1,2, and the transformed variables,

i(t)= oMz (t) and T(t) =2 (t) + &" (t) for z € {a1, as, o, Bo, B, 70,7} -

Under the conjecture that volatility 5% is deterministic and that the market price of risk is an affine function of Z, D,
given by, 8," = 57 /T —@(t) Z — B (t) Dy — 7 (t), it holds that,

Op, B¢ [6), (01 (v) 2 + a2 (v) Z + Bo (v) Dy + 70 (v)))°]
= 2(1 (v)z + a2 (V) Z + 7 (v)) Bo (v) b, Bt [&; D] + Bo (v)? 0p, Ex [&;, D3]

o0, B [&1,05 (2]

op, B [E1,0005™ (0)] = op By [é:; ("T ~TWZ =B D=7 (v)) (a1 (0) 2 + a2 (v) Z + fo (v) Do + 70 (v)

- S
- ((F-302-70) b @) =@ 0o+ ar() 2+ F0)) 00,5 [ELD0.]
~B (v) Bo (v) Op, B¢ [/, D]
op, B [DS|J-',P] =bi(t,s), 0op,E [D3|ff’] = Do (t,0) + & (t,v) Z + 2b1 (,v)° D.

As 1 > g; > 0, it follows from Kolmogorov’s strong law of large number that Sé (05)" ¢'u(de) =0 for n =1,2. Then,

also using G* = G + (" and the expressions above leads to,

bow = [ oo B[00 @) i) = [ @07 o0 B [EL057 0] wla

lz=G* lz=G*
= 2(a ()G +a2(v) Z + 70 (v)) fo (v) b (¢, U)L (0v)" o (de)

+2a1 (v) fo (v) b (t,v) L (00)” ¢"pu(de) + Bo (v)* (b2 (¢,v) + & (t,0) Z + 2b1 (t,v)” Dy) f (0v)”  (do)

0
= [2(c1 (v) G+ a2 (V) Z + 70 (v)) Bo (v) b1 (¢, 8) + Bo (v)° (b2 (t,v) + &2 (t,v) Z + 2b1 (t,v)* D) ] o}

Fouw = L o, B (€800 @) ) = fo 0\00, B &1, 0005 ()| )
=S 1
= ((B-702-70)) 50 0) = (@ )G+ 0 ) Z 490 0D F W) b (0) [ et (@)

—o1 @) B )b (m)fo 05¢ 1 (de) — B (v) Bo (v) (B2 (£,0) + &2 (t,0) Z + 2B (t,0)? Dt)f o (do)

0

~ S
<(U?“ —aw)Z-7 (v)) Bo (v) — (a1 (v) G + a2 (v) Z + Yo (’U))B(”)> by (t,0) o}
B (v) fo (v) (b2 (t,0) + 2 (t,0) Z + 261 (¢, 0)° D) ol

and the informed hedging components related to the PIPR become,

! “lm v 1 T ~ i, ~ 1, ~ i ~
[ H @@y = =3 [ koo =91 06+ 01 00 2+ 04 0) e+ 3 0
t

! v i ~ ~
fo S ™ (G Z) p (de) = Dy (8) G+ DLZ (8) Z + g (8) De + Dy (£)
where,

{ai’f(t>=—f 1 (0) By (0) B (t,0) 0P, 7 <t>=—f

t

(2 0By (0B 1,00 + 586 (00 (0) ) e

) T . .
1/)21 J Bo (v b1 t,v) 7[J2]dv, 12;;1 t) = —L <fy0 (v) By (v) by (t,v) + %50 (U)Z b (¢, v)) Qq[JZ]dU
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T

DYy () = ft B (v)an (v) b (t,0) o dv, 917 () = J (B (v) @z (v) + B, ()@ (v)) by (¢,0) + B (v) By (v) & (¢,v)) el

t

by (t —2f Bo (v) B (v) b1 (t,v)* oHHdo

Ba= [ ((n@F@+ (70 - ;) 80@)) B 1) + Ay @ F )b (1)) el

The hedging components associated with the MPR depend on kY (Z) = 9y, Z + by, Dy + 1y, where,

Iy = fT @) (0) + 35 () d - K
- L)+ PO E ) dv, = [ B

= (F@7 @b 60 + 3307, (m)) v,

The aggregate hedging demand is the same as in Lemma 4 with coefficients,
- - e e - i,Z -i,Z
Biy = D1+ 90 () + 91 (O +w (907 0) + 91 @)

i = U o (B (0 + P (1), 05 =Di + e (9, (0 + 95 )
still to be identified. Given the conjecture about the aggregate structure of hedging demands, it must be that &" (t) =
ool Bh (t) = ty;0P and 47 (t) = ¢hy;0”. Therefore,

a" (1)

= (-8 FE) +a ) (5 0o - B ) ) b e

_% LT (E (v)* — 2wB, (v) (B (v) ol — %50 (v) 9752]>> & (t,v) dv

20— [ (B0 ~208,0) (B o = 20 ) ) ) b o0)?ao

S

U f (B ()7 () —w (vo (v) B (v) o + ((7 (v) - %) o1 — 50 (v) ﬁ) 5, (v)>> by (¢, ) do

Using d:by (t,v)% = =202 (t,v)° (5 t) +B" (t) + B (t)) and 8 (t) = wfo (£) leads to,

WO~ B 2080 0) (F0 - 580 () ofY)

(- ' (@~ 2080 ) (B = 380 01 ) )by (0 o) o® (50 + 5" )+ 57 ()

507 — 2080 (1) (B0 = 580 @) of) =25" ) (5 0 + 5" () + 8 0)

h

A7 -260 (B - 3500 ™) ~25" ) (50 +5° () 25" (0.

Straightforward simplifications, with the definitions B (t) = 8 (t) + 3" (t) and B (t) = wpo (t), give,

ati(t) (s@+5"0) 280 ((5 )+ 5" ) ol = 26, (1) m) 25" (1) (80) + 87 (1)) — 28" (1)°

= (1—20") B+ 8(1) By () o —28" () (87 0+ B ) - B" (1)°

h Fo (t)

02 =" 8O g g 1y (0

[2]
) (1 oy %> B —28" ) (8”1 + B 1) ) - 5

62



where &g (t) = (1 —20M 41 g£2]) B ()P and & (1) = —207 ( oM 4 8P )
Using by (t,t) =1, é2 (t,t) =0, 0:b1 (¢, v) = —O'Db1 (t,v) (5 (t) +5 (t) + 8P (t )) and

dita (t,v) = =207b1 (1,0) (@ () +&" (1) +a® (1) —oPe o) (B(1) +B" (1) +8” (1))

gives,
WD (1= e (a ) +a" ®) + a0 (5 0o ~F o) o)
—f((1_5(u)ggl1)a(v>+a<v>(/3 () ¢ —F (v) [”))( oPbi () dv (B(1) + B" (1) + 8 (1))
[ (B =208, 0) (F@ = 38, 06 ) ) (=07 () ) o (510 + 8" 0+ 57 1)
3 [ (P 20800 (o~ 0,01 o)) (~20%8: 407 o (w0 + 6 @)+ 0” ()
= (1-80d") (et +a" ®) +a(® (ﬁou)g?]—ﬁ(t) ) —o” (L) (500 + 5" )+ 57 0)
v [ (3502 + 50 (520 -F@ ) )b @00 (a ) +0" 0 +a” )
= B0l
where, ’ ’
Hj,](pt)zl—ﬂ(t)e“] (ﬂ()+Bh() B ())+2a LT (%B(v)2+ﬂ(v) <’82(:)97[J2]—B(v)g£1]>>51(t,v)2dv (95)
2 = a0 (1-s0d+ E04 50 4")
v20” [ (380 +/3()(B() e a(c0rat®). o)

Likewise, using by (t,t) = 0, b(t) = B (t) + B (t), B(t) =wPo (t), v (t) = wyo (t) and

aubr () = —obu (t,0) (B() +B" (1) + B (1))

0ubs (0:0) = =07 (00) (5.6 + 5" 0+ 87 () = 20 (0" (1”407 (v 0 +97 (0 = T ) ) = 207 (005 (0

leads to,

atZZ(t) = B(t)ﬁ(t)—w(vo(t)E(t)QE]Jr((W)_?> Hen®e ]> BO(t)>

= B0 o (n0B@ 6+ (70 -22) d =20 0d) 50) - (L) (B +5” )
w2 (3307 =50 (Fwret = 2208 )b (oo (w7 +0” (v 0+ 027 0 - F))
- Ay, B0
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where,

: (5701 =50 (Foy et = 520k ) b (0 o 7

10— (10504 + (0 -2 ) o - L) 50)

w2[ (3807 =50 (B ol = 2208 )b oo (w7 + o7 (70 +4° ()= 22 ) ) (09)

q
vl
Il
I
=

and where c}tS/F is as o in (15) but with 8" replaced by Bh [

Proof of Proposition 14. Continuity of the fundamental process D implies Dr— = Dr, at time T_. At T_, the
informational advantage of the informed has disappeared. The Gaussian structure and the conditional independence
of dividend jumps, implies that optimal demands at T_ are Ny._ =T (DT_ + Ee] — §T_) JVAR|[€] for v € {u,i,n}.

Market clearing, ¥, ¢, ; .y Vo = 1, gives VAR[e] /T' = Dr— + E[e] — Sr—, or equivalently, Sr— = Dr_ + E[e] —
VAR [e] /T'. The value function of an informed is,

XL L
o o, (ool (B8l (2) )
X4 Nk r r

where AX; = Np_ (DTf +e— g;r,) = Np_(e—E[e] + VAR [e] /T). At the equilibrium price, optimal holdings are
Niy =1, AX;p =ASr =e—E[e] + VAR[€] /T. As Er_ [exp (— AffLT)] = exp (522 VAR [¢]), it follows that,

2r'2

. _ X7 . 1
Uu = )s(t;}i <—E [Fexp <— T )‘.7—'0]> exp <WVAR [e]) .

For t € [0,T), the signal structure of the informed is the same as in Section 2. The optimal X7_ is the same as the

optimal X% in the model without jumps. The same holds for the optimal portfolio demands, the WAPR and the market
price of risk. As Sp— = Dyr_ + E [(] = VAR[€e] /T, the stock price now solves the BSDE, dS, = o} o7 dt + dwim)
subject to S = Dr_ + E[e] — VAR[e] /T. Therefore, for t < T,

S, = E, [E*T,] - JT oSE [0 dv = By [Dr_] + E[e] — VAR[¢] T — JT oS B, [07] d.

Volatility solves the BSDE th = (6Dt E,[Dr-]— S;‘F ofaptEt [07'] dv) oP. As E; [Dr_] = E¢[Dr], by continuity of
the fundamental process, this BSDE is the same as without dividend surprises. It follows that Jf = o7 with o as
in Proposition 5. For ¢ < T', the only effect of the surprise is that the price shifts by the constant E [¢] — VAR [¢] /T
Given the price jump ASy = Sp — Sy = e — E[¢] + VAR[e] /T at T, the formulas stated follow. m

Proof of Proposition 15. The residual demand and market clearing imply Z; = w'G + w™¢o + w"Vi =
E|w'G+w"¢o +w"W‘J:,Z”] and therefore Z, € F{". As G, ¢o, Vi are mutually independent and .7:(% is indepen-
dent of .7—'(‘}_‘;4), it follows that the endogenous initial signal is Zy = w'G +w" ¢ and, as dZ; = w"dV;, the public filtration
. m ¢ . m m

is .7:(_) = .7-'([_))’W \/ o (Zo). The stock price Sy = F [{t’T’ODT‘ Fi ] becomes,

S, =D D D r z ¢m,0 Nfﬂf’D Z|D D,W?
t = t + H (T - t) -0 E \I’t,vgt,'u ”0_ H2 - 011 (Z) ]:t dv (99)
t v |z=Z¢
where, as Zp is independent of .7-',5W¢7 9,5Z|D (2) = O’D% = o (t)z + B (t) Di + 47 (t) with coefficients

aP, 8P, ~P as in the model with ¢; = ¢, and

Vip=¢ (L 671 (3) de’) R - (L 65 (2) (aw — 6717 (2) dv))

T
. S_S.D .S _Sw?

£Z7T’O ES(—J ,quUQ (dWUD—Hle (z)dv)) £ —J W%de )
¢ ool T ¢ lowll .
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pSo 5P 5,5 w?

Thus W7 +&" 0 — ( 5, ( EAE — 071" (z)) deD>T £ <— S, WdW;”) and therefore
T

T S _S,D
oi=[om0] -o? [ (o [wiser (G2 -0t @) 7)o
t Ov |z=Z¢

The uninformed and informed hedging demands are,

gt

T X T ’
N“’h:rf W (2) . dv—2t NP (@ =rf (hGU z:c) vt
: , B @)y P M@ =T | (0 @0) PP

with,

v

1 2
(T (2))' =~ DB [wt e (L)

fﬁ”’]

() = =D |0 ) (0617 (o) + 2820 )| 72|

Glm(G)ot

EAE , Where,

S .
and ¢5 = |oy|. The mean-variance demands are N;"" = FH::# and N, (G) = '

M) = a0 (1) G + a1 () Zo + Bo (£) Di + 70 (t)

Glm _
677 (@) =0 (VAR[G|ZO,Dt]

by independence of G and .7-',5W¢ The coeﬂicients o, a1, Bo, Yo are the same as in the model with ¢; = ¢. Define the

correlation coefficients pf o= a't /a't and p we Jts we /ot . Market clearing implies,

of _wi S,D 5,.D ’ i

T =5 00 (Zosw) T+ W (1) 0V +j P (2:2)_zgamc W | o (100)
t t Pr’
Zy —wE [G| Dy, Zo]

O (Zoyw) = =a(t) Z t)D t 101
) = (P () Zo + B(8) Dy + 7 (1) (101)
hiw (2,7) = whiy (z,2) + by (2), w=w'+w" (102)

with coefficients «, 8, v as in the model with ¢, = ¢. Next, conjecture that ’” = Z (t) Zo+p® (t) Di+¢" (t) Vit (1)

for deterministic functions ¢?, o, ", ©°. Then,

z m ¢
B[00V 7P

z (]
m Pzt =z
i, (2) = —Ko [ }(v>+Lv . A
B .| M|

<pZZ + SOO
lz=Zo

o (00£+012+70)(50+2WDPS D)+50(a0$+((¥1 +20% pS> D)Z+’Yo+2voﬂs b
hiy,(z,2) = =K 2 v sp
(vox+a1z+Bo+7)p p
m,0 D,W
ﬂosovps’D Bo (50 +2(prS D) [\I/t W&o Vo |J-' ]
—K; 5.0 v . - l2=Zo
O ,BOQO [ 'Ug;n'u Dﬂ‘f :|
|l2=Zo
2
B e 0 B (pv ‘PD + (‘PD)
K, = ¢ , Ly = v 2 D (v). (103)
0 o%(tt) "+ (v") @

The volatility now solves,

T D _S.D D
oy = [a’D7O] —O'DJ‘ (h;v)ldv where h{, = K; [ 4 pv SDﬁ ] (v).
t

65



Finally, M., (z) = [E[ ;Ug;’;;ovv\f?’w“’} E [\I,;u%ovagwq] solves the linear ODE,

R TN B e
M, (2) |:Dt+MD(U_t):| £|:O_D(( 255D _ 0%) 5 4 @®pSP — o) (s)d

_J~T ¢ (-,v) ps,w¢ 0 ) (pv (pD
X 0 oP @VPS,D D _S.D _ BD

Given market clearing in (100) and the conjecture i /oy = ¢Z (t) Zo + @ (t) Di +¢" (t) Vi + ¢° (t), the NREE is fully
characterized by the system of backward ODEs,

(s) M,s () ds.

/ T

" (t) =B )" + wi{;at f VE NS, dv (104)
t t
i T

0V (t) = —w"ao (t) pPP + % f Y2 N dv (105)

t t

z S,D UJKtUt )
o7 (t) = —a () pP + LKt f Y NE v (106)
0 S.D of wKtat v
)= -+ Y Ny dv (107)
where,
2
ye _ | Pov V5P Bo (Bo + 207 p>P) ( @ o + (¥°)
v S.D v) + v V2 D (v)
0 Bow" p oV + (¢") @

and NP, = 0p, Mo, N}y = 0v, My,» , NZy = 0zM,,, and NY, = My, — NZ,Zo — N2, D — N}/, V; are given by,

D 0 TN D % 1 TN v
Nt v = — YS Nt’sd87 Nt v = - Ys Nt,sds (108)
' 1 t ' 0 t
T o (v) p™ 7
N7, = f YN NZ, ds —f oA (s)ds (109)
t [ ] t, . oD (<pzps,D _ aZ)
0 T @ (. S,W? 0o T
New=| - f 0T Gy ds - f YN N? ds (110)
p” (v —1t) ¢ | o (¢"p™" —0) ¢
with .
e AN GO NS B o (s)
s 0 oD GV pSP PSP _ gD
Thus,
or=0 — K (v) dv (111)
([ 0 ) @vps D
with of = ||o¢|, p2° = 02" /af, pi = Jf’wd)/a'ts and K; as in (103). If the system (104)-(111) has a solution,

a NREE exists. Usmg the coefficients ¢, P, ", " in (104)-(108) and the valuation formula (99), the stock price
becomes Sy = YZ (t) Zo + TP (t) Dy + YV (t) Vi + T° (t) where,

Y7 (t) = —o fT

t

T

(¢ @6 =0 ). TP =1=0" [ (" @7 =" @) NOPdw (112

t

T () =—o" LT " ) PN dv, X0 () = P (T —t) =07 LT (@ P27 =2" @) av  (113)

with NtDU’D = e4Np,, N,Y;,V =eINY,,¢f =[1,0] and ¢ = [0,1]. m

2
Proof of Corollary 11. Using 67 = 0}6:/07 gives 6§ = (pt ) ©P ()P — P BP (t) p; P+ pP Py [1 — (pf’D) oV )"

with boundary condition o5 = 0. As limyyr PP = 1, limgyr 67 = (" (1) = BP (1)) o = = (B(T) + B” (T)) 0" >

0. As limyyr o = oP, the stock volatility converges to o from below. If o5 > o for some t < T, necessarily &5 < 0
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for somev >t ®m
Proof of Remark 12. Consider the economy without private information and where the noise trader speculates

based solely on the extraneous noise V. In this economy, the WAPR is null. Market clearing gives,

O_S,ni ,us’"i ) $.Domi O_;Li ! ~T Comi N
¢ = tsm +w"agy" () p Ve + — J (whtﬂ;m (z,z) + hZﬂf”) dv (114)
r o’ o’ t |z=Zp,z=G

where 0, = V" (t) 4+ %" (t) and

. i [
¢V,nz ('U) E [‘I’f,u,mﬁﬁo’mvu‘ J,—_-tD,W ]‘ )
z=2Zg

m,ni ¥
ht,u, (Z) =—-K |: 0,ni :| (’U) + i i z,ni¢m,0,ni 4
o ("™ @) + ¥ (0)) B[ 9500 D FPY |

lz=Zo
hiy" (z,2) = — K, " Vini s.pmi | ()
' (aox + a1z + Bo +v0) @ "7

The vector of volatility coefficients now solves,

O’D

) oP p (T 0
oM = —0c K ) ) v)dv = ; ;
t 0 L t @V,nsz,D,nz (v) _ (oD) o (t,1) tT<pV,m (v) pf’D’mdv

and the stock price volatility becomes,

T 2
oyt = O'D\/l + (oP)? (J PV (v) pf’D’mdv> >o” (115)
t

with strict inequality for ¢ < 7. This establishes the behavior of the volatility in the absence of private information.
The equilibrium coefficients satisfy,
S,D,ni WKt (o.l’“«

IeT
npv’m (t) = —w"ao (t) p; ) f Yf’mNX;,mdv (116)
t

S,ni
Oy

) ) S,ni WK o_ni LS, ) )
UM (t) = =y (1) oy P = L ts(,f ) J Y2 NS dy (117)
F Ot ’ t
where,
V,ni T
ni P 0 V,ni 1 f N,ni ArVini
Yy, = ) ) v), NJW = —| Y,UMNMds 118
v |: SOV,nz + (SOV,nz)2 0 :| ( ) tv |: 0 :| ’ s t, ( )
) 0 T b (. S, W ni _0,ni T ) )
N =, - f (o)t e (s)ds —f YNNI s (119)
p (v —1) ¢ | o ("™ =) t
) (-, v) ps,w¢,ni 0 PV 0
yNmi | 7 s . . s). 120
|: 0 O'D ( ) @V’nlpS’D’nl 0 ( ) ( )
The corresponding price coefficients are,
TV,’!H (t) — _O_Dj SOV,'M ('U) pf'D’nZNX{)V"MdU, TO,nz (t) — ,LLD (T _ t) _ O_DJ SOO,nz (’U) pf,D,'mdv. (121)
t t

Appendix C: Proofs of non-existence with exogenous noise trading

Proof of Proposition 3. Optimal informed and uninformed demands of CARA investors are related by Ni =
N + NZ"G (@) for t € [0,T]. The residual demand is N{* = w’N;{4+ w"$. By market clearing, w* N + N{ = 1, so that
N =1—w"Ny for t € [0, T]. Thus, Ny is F¢"-measurable for ¢ € [0, T], i.e., N* is adapted to the public filtration J7}.
It follows that the process Z, where Z; = w' (NZ’G (G)-F [NZ’G (G)‘ .7-'{"]) + w"¢ is adapted to F(7) and therefore
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Zy = E[Z| F"] = w"E[¢| Fi"]. The joint Gaussianity of Z;, G, D¢, ¢ implies that Z; = w'6 (t) G + w" ¢ for some
function of time § (¢). Define T = {t € [0,T] : 6 (t) # 6 (0)} and note that if (5) does not hold, necessarily leb (7)) > 0.

Then, for te T,
. -1
G| | wé(0) w" Zo
@ Wi (t)  w" Zy
where A; = w"w' (5 (0) =& (t)). Hence G,¢ € F7 and the equilibrium is fully revealing for ¢+ > t where t =
inf{te[0,7]:teT} m

Proof of Proposition 4. If (5) holds, then the equilibrium filtration becomes F(} = .7-'([_)) \/ o (Zo) where Zy =

W' (0) G + w™. The proof of the proposition uses the next lemma identifying admissible endogenous signals Zo.

L
Ay

w™ (Z() — Zt)
—w' (6 (£) Zo — 6 (0) Zy)

Lemma 12 Suppose that V4 N{* is constant for allt € [0,T]. A necessary condition for the existence of a NREE is that
§(t) = VaN{ (G)/(cPT) be constant for all t € [0,T]. Under this condition, if a NREE exists, then the equilibrium
filtration is F(%y = .7—'(?) \/ o (Z+) with initial endogenous signal Zo = Z+ where,

(W) (o)’ (wi)? .
Zi =w ((W) <1i\/1—4W>>G+w . (122)

Moreover, the condition w™ = 2wi/ (Jéag)is then necessary for the existence of a NREFE.

Proof of Lemma 12. Under (5), if V4N{* is constant for all ¢ € [0, 7], necessarily,

_ Veli™ (@) 1 1 ((wi)2 (09)78(0)* + (") (a¢)2> '

oD T VAR[GIFF] ~ (09) (wm)? (09)?

Therefore ¢ (0) must correspond to the root of (wi)2 (a<)2 5(0)* = (w™)? (a'd’)2 (0<)2 5 (0) + (w™)? (0‘7’)2 = 0. Hence,

5(0) = <M> (11\/1—4%> (123)
2(2) @) (@) (09

and w"o?0¢ > 2w’ is necessary for existence. m

Proof of Proposition 4 (continued). Let ¢ (0) be any real solution of (123) with associated signal Z+ defined in
(122). As P (G € da|F*) = P (G € du| FP \/ o (Z+)), the PIPR is,

pG—E|[G|FP\ o (Z+)]
VAR[G|]—‘tD \/U(Zi)]

07" (G) =0 = a0 (t) G + a1 () Z+ + Bo (t) D + 70 (t)

with coefficients as in (19). The public filtration F;"* = Ff \/ o (Z+) is the filtration .7-"(?) enlarged by Z+. The PIPR
QtG Im () and the information price of risk of the endogenous signal, 0tZ \D (z), are as in the model with endogenous noise
trading except that Z is replaced by Z+. The informational hedging demand has the same structure as well.

. . . Glm
The informational component of the informed demand is N;"™ (G) + N (G) with N}"™ (G) = r% 9 and
9t

5 (@) =5 [ (oo Wizt @) (06 ) w200 0])

where W7 ; = £ (g; 0717 () dwf) . Thus, § (t) = VaN™ (G) /T + Ve N (G) /T = 6™ (t) + 6" (t) where,
T

m -~ aP B 1 wié(O) 2\ oP n B T m
) (t)_VAR[G|.7-'tm]Jf_<H(t)+<w"0‘7’> >0—ts7 and ¢ (t)——ft g (t,v) 6™ (v)dv

where, g (t,v) = 0p, F [1/)5&32 (chlm (z) + 92”)‘Dt:|\z:Z+,z:G ("D;’E )

9t
As 6 (t) = 6(0) for all ¢ € [0,T], it must be that 0 = 5" () + g (t,t) 6™ (t) — S? 0rg (t,v) 0™ (v) dv and therefore
that & (T) + g(T,7)0™ (T) = 0. The limit expression in this equation are determined next. First, given that
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i 2
07 = @7 (1) Zx + ¢” (T) Dr + ¢° (1), it follows that g (T,T) = (Bo (T) + ¢” (1)) 0¥, 6™ (T) = —z + (“ 5(‘”) .

wnog®

m O'D 2
Second, from the definition of 6™, limyrd (&) = («2) 0™ (T) limyyr 04 log (a'ts). Differentiating

(=)’
Cp[wien (00 -027@)|p]  a

|z=Z4

Sy = E[&+Dr|F"] = D¢ + u” (T—t)—UDJ

t
leads to the volatility,

oS =P _ (O_D)Z £T (aDtE [\I/fyvlev (931 — gZIP (Z))‘Dt]) dv.

lz=Z4

Thus, limgyr Uts =oP and as

2 2 (T
ool = (o” Pawy=8"@w) - (o f o (op, E | WZ &m (om —0Z71P (» ‘D dv
i = () (PO =87w) = (") | o (on | winst ®)2), .,
where 87 (t) is defined in (31), it follows that limyr &0 /of = o (¢ (T') — BP (T)). Substituting these limits in

D)2 m
6 (1) = %1‘_ §™ (T) limeyr 04 log (0f ) and using & (T') + g (T,T) 6™ (T) = 0, shows that & (0) must solve

wno?®

0 (oP)? LoD ( L (wi5(0)>2> (6D (T) + Bo (T)) (124)

where,
O N Y o e
O = e @ @) P T T e e 1 @) 00) 0O

If ' > 0, w™ > 0 and 0® > 0, then & (0) given in (123) does not solve (124). Therefore, J (t) cannot be constant and a
NREE does not exist. m
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Figure 1: Sensitivity of WAPR to private information: The figure shows the dynamic behavior
of a(t) for t € [0, T]. Parameter values are T = 1, 0P = 0.2, u” = 0.05, u¢ = E[G], 0® = STD [G],
0¢ = 0.1. The weight of the informed is w? = 1/10. The weight of the speculating noise trader varies
between w" = 1/125 (left panel), w™ = 1/60 (middle panel) and w" = 1/4 (right panel).
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Figure 2: Stock volatility with and without hedging, Markovian volatility and sensitivity
of WAPR and stock price to fundamental information: The figure shows the dynamic behav-
ior of ¢ (with hedging), ats’nh (no hedging), O'f’M (Markovian), B(t), B(t) and B (t), B(t) for t €
[0,7]. The Markovian volatility is o} = Alimp 0 VAR [Siin — S| Si] = Jf\/l +2wiA (t) /B (t).
Parameter values are ' = 1/4, T = 1, o” = 0.2, u? = 0.05, u® = E[G], 0 = STD [G]. The weights
of informed and the speculating noise traders are w® = 1/10 and w™ = 1/5. Signal noise volatility

varies between o¢ = 0.25 (left panel), 0¢ = 0.1 (middle panel), and ¢¢ = 0.05 (right panel).
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Figure 3: Pareto ranking of equilibria: This figure shows the different components of AP /F-l—AT“
as a function of risk tolerance I'. Parameter values are T = 1/24, Dy = 1, w* = 1/10, w" = 1/5,
ol = 1.18, uP = 0.05, u? = E[G], 0® = STD[G]. The precision of the private information
signal varies between o¢ = 0.5 (left panels), 0¢ = 0.1, (middle panels) and ¢¢ = 0.05 (right panels).
The top row shows welfare components based on optimal demands. The bottom row shows welfare

components based on demands excluding hedging components.
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Figure 4: Information acquisition gains without speculative noise trading: This figure shows
the gains from information acquisition in the absence of speculative noise traders as a function of risk
tolerance I' (GA = CE"%* — CE*") where C E“*® and CE“™® are the certainty equivalents of the
informed with and without information production. Parameter values are T'=1, Dy = 1, w’ = 1 /10,
ol =0.2, uP =0.05, u® = E[G], 0® = STD [G]. The precision of the private information signal is
o¢ = 0.25 (left panel), 0¢ = 0.10 (middle panel) and ¢¢ = 0.05 (right panel). Certainty equivalent
acquisition costs are C' = 0.5
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