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Abstract

This paper develops a two-sector dynamic stochastic general equilibrium model to measure

intangible capital stock and studies the implied riskiness of market value of capital. The equilibrium

of the economy is characterized by a state-space representation of dynamic system. Kalman filter

algorithm is used to produce an estimate of the value of intangible capital stock based on the

observed data on macroeconomic variables and asset prices. With modest capital adjustment cost,

the model implies that significant amount of intangible capital is accumulated during past 50 years

in US economy but the growth of intangible capital in the last decade is not as fast as the estimates

of Hall (2001). Variation in intangible capital estimated from aggregate macroeconomic variables,

accounts for almost half of the variability in the market-to-book ratio of nonfinancial and nonfarm

corporate firms.
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1. Introduction

Intangible assets are nonphysical productive assets that create corporate value and eco-

nomic growth. Some argue that the value of intangible capital became an increasingly

important component of the corporate value as reflected on the stock market. Despite its

increasing importance in the economy, intangible capital is routinely expensed in the finan-

cial reports. Hence, it remains absent from corporate balance sheets and national income

and product accounts (NIPA). A good measure of intangible assets is not only of the inter-

ests of the economists, but also of the investors and policy makers. This paper develops a

two-sector dynamic stochastic general equilibrium model to measure intangible capital stock

and studies the implied riskiness of market value of capital. The equilibrium of the economy

is characterized by a state-space representation of dynamic system. Kalman filter algorithm

is used to produce an estimate of the value of intangible capital stock based on the observed

data on macroeconomic variables and asset prices.

Since time series of both macroeconomic variables and asset prices are used to make

inferences about intangible capital, it is important to develop a model that is consistent

with the salient facts in both macroeconomics and asset markets. Greenwood, Hercowitz,

and Krusell (1997) find that the investment specific technological progress is an important

source of the business cycle shocks and long-run growth. Christiano and Fisher (1998) show

that a two-sector model, in which technological progress in the production of investment

goods exceeds that in the rest of the economy, is consistent with the procyclicality of stock

prices and the countercyclicality of investment good prices. Whelan (2003) argues that this

type of two-sector model do much better than the existing one-sector models on explaining

crucial long-run properties of US macroeconomic data. Following the line of this literature,

I develop a two-sector model with investment specific technological shock and exploit the

information on investment good prices and stock prices to measure intangible capital.

Under the assumption of rational stock market, the price of firm’s stock measures the
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marginal cost of its installed productive assets, which include physical and intangible capital.

In the absence of capital adjustment cost, market value of capital equals to the replacement

cost of capital or book value of capital. Figure 11 shows that the ratio of the market

value of total capital to the replacement cost of physical capital, or market-to-book value

ratio2, has been well above 1 for the most of the time during the post-war period in the US

economy. Some3 argue that this is because the value of intangible capital is missing in the

estimation of the value of productive assets, while others think that capital adjustment costs

are the wedge between these two measures of value of capital. In this paper, I characterize

the relative importance of intangible capital and capital adjustment costs in explaining the

riskiness of market-to-book ratio.

Several other papers estimate the value of intangible capital, focusing on the relation

between intangible capital and stock market. Hall (2001) and Laitner and Stolyarov (2003)

infer the value of intangible capital from the excess of the market value of firms over the

value of physical capital own by these firms. Hall (2001) infers the value of the intangible

capital using a fundamental relationship in the literature on q theory, that is, the price of

firm’s value equals the marginal cost of its install capital. Laitner and Stolyarov (2003)

estimates the full dynamics of the intangible capital stock in a one sector Solow growth

model with constant saving rate. In Hall (2001), it is crucial to assume that intangible

capital and physical capital are perfect substitute of each other, while in this paper times

series of intangible capital is estimated in a two-sector model in which intangible capital and

physical capital are not necessarily perfect substitute. McGrattan and Prescott (2000) and

Atkeson and Kehoe (2002) estimate the value of intangible capital by assuming the equality

of return on different types of capital, but they only provide an estimate of steady-state

value of intangible capital, which is not suitable for analysis of riskiness. In the model of

McGrattan and Prescott (2000), investment goods and consumption goods are produced in

the same sector, and the relative price of the investment good is always unity. As shown

later in this paper, this assumption implies an implausible behavior of investment-capital
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ratio of intangible capital.

This paper is organized as follows. Section 2 presents the two-sector stochastic growth

model with intangible capital, in which technological progress in the production of investment

goods exceeds that in the production of consumption goods. Section 3 applies Kalman

filtering algorithm to estimate the value of intangible capital stock in the US economy. The

value of intangible capital is also estimated for the models of Hall (2001) and McGrattan

and Prescott (2000) for comparison, using the approach developed in this paper. Section 4

discusses the model’s implications for asset prices and aggregate macroeconomic variables.

Section 5 concludes.

2. The Two Sector Model

In the literature on investment specific technology progress, it is well documented that

there is a downward trend in relative price of investment goods while real investment has

grown faster than real consumption in postwar US economy, see for example Greenwood,

Hercowitz, and Krusell (1997) and Whelan (2003). As shown in Figure 24, the ratio of

nominal private fixed investment to nominal consumption of consumer nondurables and

services has been stable, while the relative price of investment to price of consumption has

declined since late 1950s and especially after 1980, and the ratio of real investment to real

consumption has trended upwards since late 1950s and has risen dramatically since 1991.

The average growth rate of real private fixed nonresidential investment is 4.4% per year over

the period 1947-2004, 1% per year faster than real consumption. If we were to exploit the

information on relative prices of investment goods to measure intangible capital, we need a

two-sector model that allows investment goods to grow faster than other outputs. On the

other hand, if we were to exploit the information on stock prices at the same time, we need

a model that produces different cyclical behavior of stock price and investment good prices.

Hence, adjustment cost is needed to drive a wedge between the marginal cost of installed
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capital, which is measured by stock prices, and the marginal cost of new capital measured

by investment good prices.

The model developed in this section resembles that of Greenwood, Hercowitz, and Krusell

(1997), Christiano and Fisher (1998) and Whelan (2003) in that it focuses on a two-sector

economy with one sector growing faster than the other. The most important difference is

that intangible capital is complimentary to physical capital in production of two sectors, and

the shares of the two types of capital are different in different sectors. The two-sector model

presented here also shares some common features with that of McGrattan and Prescott

(2000) in that the share of intangible capital is different across sectors, but in McGrattan

and Prescott (2000) economy, two sectors grow at the same rate and the relative price of

investment is always 1.

2.1. Preferences and Technology

The economy is populated with the infinitely lived households. Household preferences

are given as following

E0

∞X
t=0

βt
[Ct(1−Nt)

θ]1−γ − 1
1− γ

, γ ≥ 0, 0 < θ < 1, 0 < β < 1 (1)

where Ct denotes consumption at date t, Nt denotes the sum of the factions of productive

time allocated to the two production sectors, whereas 1 − Nt is the fraction of productive

time allocated to leisure. The parameter γ is the coefficient of the relative risk aversion for

intertemporal wealth gambles, where wealth is measured in terms of the composite com-

modity C(1−N)θ. The parameter θ is the atemporal elasticity of the substitution between

consumption and leisure. The larger is θ, the more the household is willing to substitute

consumption for leisure. β is the discount factor, and it measures the impatience to consume.

In this model, the consumption and investment goods are produced in separate sectors.

Sector 1 produces consumption goods with constant return to scale technology as following,

Ct ≤ X1,tK
α1m
1m,tK

α1u
1u,tN

1−α1m−α1u
1,t (2)
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where K1m,t and K1u,t are the physical capital and intangible capital carried into date t and

used in the consumption production sector, and N1,t is the labor input in this sector. X1,t

is the aggregate productivity shock, and the logarithm of X1,t follows a random walk with

positive drift, that is,

logX1,t = g1 + logX1,t−1 + ε1,t (3)

New investment goods in physical capital and intangible capital are produced in sector

2. The technology for producing new investment goods at date t is

Im,t + Iu,t ≤ X1,tK
α2m
2m,tK

α2u
2u,t(X2,tN2,t)

1−α2m−α2u (4)

where Im,t and Iu,t are the investment goods in physical and intangible capital produced at

date t, respectively. K2m,t and K2u,t are the capital inputs, and N2t is the labor input in

sector 2 at date t. X2,t is the productivity shock specific to the investment production sector.

The logarithm of X2,t also follows a random walk with positive drift

logX2,t = g2 + logX2,t−1 + ε2,t (5)

Here {ε1,t} and {ε2,t} are sequences of i.i.d. zero-mean normally distributed random vari-

ables, which are independent of each other and over time, and have standard deviations of

σ1 and σ2, respectively. g1 and g2 are the mean growth rates of technological changes X1,t

and X2,t, respectively.

To keep things as simple as possible without loss of the interesting aspect of the model,

I assume that the total capital share is same in two sectors, that is

α1m + α1u = α2m + α2u = α

where 0 < α < 1, is the total capital share.
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There are adjustment costs associated with the installation of new investment goods of

both types of capital, so capital stock evolves according to

Kx,t+1 = (1− δx)Kx,t + φx(
Ix,t
Kx,t

)Kx,t (6)

where δx is the depreciation rate and Kx,t is the total capital stock of type x, for x = m,u,

that is,

Kx,t = K1x,t +K2x,t (7)

φx(·) is a positive concave function in investment-capital ratio specified as follows

φx(
Ix,t
Kx,t

) =
ax,1

1− 1/ξx

µ
Ix,t
Kx,t

¶1−1/ξx
+ ax,2

for ξx ≥ 0. a1,x and a2,x are chosen so that the steady-state growth path is invariant to the

specification of ξx
5. The adjustment cost functions are positive concave in investment-capital

ratio. Following Grunfeld (1960), Lucas and Prescott (1971) and Hayashi (1982), capital

adjustment costs have provided a framework to study the relation between the value of firm

and its capital stock. The specification of adjustment costs associated with installation of

capital stock allows the shadow price of installed capital to be different from the price of a

unit of new investment goods, that is, Tobin’s q may vary over time. The parameter ξx is

the elasticity of investment, Ix,t with respect to Tobin’s q associated with the capital of type

x, for x = m,u. The smaller is ξx, the more costly it is to change the capital stock. It is

easy to verify that when ξx =∞, this formulation reduce to the conventional linear capital

accumulation equation without adjustment cost.

2.2. Steady-State Growth Rates

In this economy, along the steady-state growth path, investment and capital stock of

both types follow the same stochastic trend, which is different from the stochastic trend of
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consumption. Denote the growth rate of investment and capital stock as gk and that of

consumption as gc, taking log-differences of equations (2) and (4), we get

gc = g1 + α1mgk + α1ugk

gk = g1 + α2mgk + α2ugk + (1− α2m − α2u)g2

The solutions to this set of equations are

gc =
1

1− α
g1 + αg2

gk =
1

1− α
g1 + g2

so the stochastic trend followed by investment and capital stock is X1/(1−α)
1t X2t, and the

stochastic trend of consumption is X1/(1−α)
1t Xα

2t. The growth rate of real investment goods

exceeds that of real consumption by (1−α)g2, and the relative price of the investment goods

has a downward stochastic trend of Xα−1
2t .

2.3. Competitive Equilibrium and Log-linearization

For this two-sector model, the second welfare theorem holds, so the quantities in a com-

petitive equilibrium of the models can be computed by solving the social planner’s problem,

and the relative prices can be computed using the Lagrangian multipliers from a solution to

the planner’s problem.

To solve the social planner’s problem, first we need to transform the nonstationary econ-

omy into a stationary system. The transformation involves dividing all variables by their

stochastic trends except for labor inputs, such as ct =
Ct

X
1/(1−α)
1t Xα

2t

, kx,t =
Kx,t

X
1/(1−α)
1t X2t

,

ix,t =
Ix,t

X
1/(1−α)
1t X2t

(for x = m,u) and etc., where variables in lower case denote the trans-

formed variables. In this transformed economy, the social planner maximizes (1) subject to

(2)- (7) with upper-case variables replaced by their lower-case counterparts, but with two
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exceptions. First, the capital accumulation equation (6) becomes

exp(gk + εk,t+1)kx,t+1 = (1− δx)kx,t + φx(
ix,t
kx,t
)kx,t, for x = m,u (8)

where εk,t = 1
1−αε1,t+ε2,t. Second, the discount factor β is altered as the result of transforma-

tion of consumption in the preference specification. The discount factor in the transformed

economy is

β∗ = β exp((1− γ)gc)

The solution to the social planner’s problem is characterized by the first-order conditions,

which are nonlinear functions of the transformed variables. Following King, Plosser, and

Rebelo (1988) and King, Plosser, and Rebelo (2002), I solve this nonlinear problem by first

loglinearizing first-order conditions around steady state and then solving a first-difference

linear dynamic system.

Denote the percentage deviation from steady-state growth path of the variables in the

transformed economy using a circumflex, that is, ĉt = log(ct/c), k̂x,t = log(kx,t/kx), ı̂x,t =

log(ix,t/ix) (for x = m,u) and etc., where c, kx, ix denote the steady-state value of con-

sumption, capital stock and investment in the transformed economy. Then the approximate

dynamics of the model economy can be represented by a first-order autoregressive system in

k̂t =

∙
k̂mt k̂ut

¸
as follows,

k̂t =M1k̂t−1 +M2εt (9)

where εt =
∙
ε1,t ε2t

¸
is the vector of productivity shocks. The square matrix M1 governs

the dynamic of the system. The eigenvalues of M1 have modulus less than one, that is, the

system of state variable k̂t is stationary.

Deviation from steady state path of all the other transformed hence stationary macroeco-

nomic variables, such as consumption, investment, prices, labor income are linear functions
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of the state variables k̂t,

ĉt = πckk̂t, ı̂xt = πixkk̂t, p̂i,t = πpkk̂t, wn̂t = πwnkk̂t, (10)

where the coefficients in π, M1 and M2 are functions of parameters of preferences and tech-

nology.

Given the dynamics of the transformed (stationary) economy, it is straightforward to get

the dynamics of the original economy. The variables in the original economy can be specified

as

logKx,t = logXk,t + log(kx) + k̂x,t, for x = m,u

logCt = logXc,t + log(c) + πckk̂t

log Ix,t = logXk,t + log(ix) + πixkk̂t, for x = m,u

logPi,t = logXp,t + log(p) + πpkk̂t

log(WNt) = logXc,t + log(wn) + πwnkk̂t

where logXc,t =
1
1−α logX1,t + α logX2,t, logXk,t =

1
1−α logX1,t + logX2,t and logXp,t =

(α − 1) logX2,t are the stochastic trends for consumption, capital stock (and investment)

and investment goods price, respectively.

Then we can represent the model solution in a state-space system as following

state equation: st+1 = Fst +Gut + Γεt+1 (11)

observation equation: yt = A0ut +H 0st + wt (12)

where st is the vector of state variables and yt is the vector of observable variables. In

the economy considered in this paper, st contains the logs of capital stock and productivity
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shock, that is

st =

∙
logKt logXt

¸0

yt contains the logs of observable variables such as consumption, investment in physical

capital, relative price of investment goods, labor income and market value of total capital.

ut is constant, wt is the vector of measurement error. F,G,Γ, A,H are matrix with their

elements as functions of π,M1,M2 and etc6.

2.4. Prices and Rates of Return

Before discussing the calibration of the model, I would like to summarize property of the

prices and rates of return in this economy.

2.4.1. Prices of investment goods and capital

Price of new investment goods at date t, Pi,t, equals the ratio of the shadow price of the

investment goods to the shadow price of the consumption goods, where the shadow prices

are given as the Lagrangian multipliers from the planner’s problem7,

Pi,t =
ΛI,t

Λc,t
=

λc2,t
λc1,t

Xα−1
2,t (13)

In this economy, prices of investment good in physical capital and intangible capital are the

same. This price has a downward trend as α− 1 < 0.

Period t price of capital installed at beginning of period t+1, Pk0x,t, equals to the inverse

of the marginal adjustment cost with respect to the investment at date t,

Pk0x,t =
Pix,t

φ0x(
Ix,t
Kx,t

)
, for x = m,u
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This is the fundamental relationship in the q theory. If firm only issues equity, Pk0x is the

present value of the earnings of the underlying capital that equity is used to finance, hence

has the interpretation of the price of a share of equity, as discussed in Christiano and Fisher

(1998). The value of the market equity can be thought as total value of all the types of

capital, that is,

Pk0,t =
X
x=m,u

Kx,t+1

Kt+1
Pk0x,t (14)

where Kt+1 =
P

x=m,uKx,t+1.

Period t price of capital previously installed at beginning of period t is given by

Pkx,t = [(1− δx) + φx(
Ix,t
Kx,t

)− φ0x(
Ix,t
Kx,t

)
Ix,t
Kx,t

]Pk0x,t, for x = m,u (15)

2.4.2. Market Value of Firms

Market value of firm equals to the market value of capital owned by this firm. Denote

MVt as the market value of the firms, then

MVt = Pk0m,tKm,t+1 + Pk0u,tKu,t+1 = Pi,t

⎡⎢⎢⎣ Km,t+1

φ0m(
Imt

Kmt
)
+

Ku,t+1

φ0u(
Iut
Kut

)

⎤⎥⎥⎦
Firm finances the capital by issuing bonds and equity, hence the market value of firm also

equals the market value of equity and bonds issued by this firm

MVt =MEt +MBt

where ME and MB are the market value of equity and market value of bonds, respectively.

The book value of firm (BVt) is book value of total capital owned by this firm, which is

same as the replacement cost of the total capital, that is

BVt = Pi,t(Km,t+1 +Ku,t+1)
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which also equals to the sum of the book value of equity and market value of bonds,

BVt = BEt +BBt

where BE and BB are the market value of equity and market value of bonds, respectively.

2.4.3. Tobin’s q

Tobin’s q is the ratio of price of installed capital goods to the price of investment goods.

For type x capital, it is

qx,t =
Pk0x.t

Pix,t
=

1

φ0x(
Ixt,
Kxt,

)
for x = m,u (16)

It is easy to verify that the aggregate Tobin’s q is the weighted average of the Tobin’s q of

type x capital, weighted by the relative amount of the type x capital stock,

qt =
1

Kt+1

⎡⎢⎢⎣ Km,t+1

φ0m(
Imt

Kmt
)
+

Ku,t+1

φ0u(
Iut
Kut

)

⎤⎥⎥⎦ (17)

Since the value of installed capital goods is same as the value of firms, the aggregate Tobin’s

q is the ratio of market value of firms to the replacement cost of the investment goods. Note

that this q is not what plotted in Figure 1, which plots the ratio of market value of total

capital to the replacement cost of physical capital. Denote this observed ’q’ by q∗, then

q∗t =
1

Kmt+1

⎡⎢⎢⎣ Km,t+1

φ0m(
Imt

Kmt
)
+

Ku,t+1

φ0u(
Iut
Kut

)

⎤⎥⎥⎦ = 1

φ0m(
Imt

Kmt
)
+

Ku,t+1

Km,t+1

1

φ0u(
Iut
Kut

)
(18)

The steady-state value of q is 1, while the steady-state value of q∗ is 1 +
K̄u

K̄m

> 1. From

equation (18) we know that the variations in q∗ is partly driven by the variation in the share

of intangible capital in total capital, the more is the intangible capital relative to physical

capital, the larger is q∗. Firms with high market-to-book value of capital (MV/BV ) are

those firms with high intangible capital. Hansen, Heaton, and Li (2004) identify firms with
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high intangible capital based on high market equity-to book equity (ME/BE). Note that

market-to-book value of capital is not same as market equity-to book equity, unless firms

only issue equity. Hansen, Heaton, and Li (2004)’s identification of firms is reasonable if the

equity-to-debt ratio is stable over time. The relation between MV/BV and ME/BE is

q∗t =
MVt
BVt

=
MEt

BEt
· MVt/MEt

BVt/BEt

If
MVt/MEt

BVt/BEt
is stable over time, then firms with high intangible capital can be identified

by high market equity-to-book equity. Figure 38 shows that this is approximately true in

aggregate for US nonfarm and nonfinancial corporate firms during postwar periods except

for 1980s. The top panel of Figure 3 shows that for these firms, market equity-to-book equity

tracks market-to-book value of capital pretty well, and the correlation coefficient of these

two ratios 0.93 during the period of 1947Q1-2004Q1. The bottom panel plot the ratios of

equity to total value of firms measured in market value and book value, and the ratio of these

two ratios. It shows that the
MVt/MEt

BVt/BEt
is not too far away from 1 and not very volatile for

most of the periods. The average of this ratio is 0.90 and standard deviation is 0.06.

Adjustment cost is another source for the variation in q∗. High marginal adjustment cost

could drive q as well as q∗ below 1 and above 1. It is easy to check that the elasticity

of investment with respect to Tobin’s q of type x capital at the steady state is ξx. The

elasticity of the aggregate investment to the aggregate Tobin’s q is a weighted average of

the elasticities of investment with respect to Tobin’s q of each type of capital, that is,

ξ ≡ ∂ log It
∂ log qt

=

∙P
x=m,u

wx

ξx

¸−1
, where wx =

Kx/Ix
K/I

is the weight. If the elasticity of the

investment to Tobin’s q of both types of capital are the same, then the elasticity of the

aggregate investment to the aggregate Tobin’s q is simply ξ = ξm = ξu.
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2.4.4. Rates of Return

The one-period risk-free interest rate, rft equals to the reciprocal of the date t conditional

expectation of stochastic discount factormt,t+1 as defined in Hansen and Jagannathan (1991),

which is same as the intertemporal marginal rate of substitution,

mt,t+1 = β(
Ct+1

Ct
)−γ(

1−Nt+1

1−Nt
)θ(1−γ)

rft = 1/Et [mt,t+1]

The unconditional mean of risk-free rate equals to

E(rft ) =
1

β
exp(E(mt,t+1)−

1

2
var(mt,t+1)) (19)

=
1

β exp(−γgc)
exp(−1

2

¡
γ2σ2∆c + θ2(1− γ)2σ2∆n

¢
)

where σc and σ∆n are the standard deviations of consumption growth and change in working

hour, respectively.

The rate of return on the capital of type x in terms of the consumption goods is given by

1 + rx,t+1 =
mpkx,t+1 + Pkx,t+1

Pk0xt

where mpkx,t+1 denotes the marginal product of capital of type x. From the assumption of

competitive equilibrium, we know that the marginal product of capital should equal across

different sectors.

Return on the capital of sector j in terms of the consumption goods, is a weighted average

of the returns on different types of capital used in that sector, the weight is determined by

the relative value of each type of the capital.

1 + rj,t+1 =
Pk0m,tKjm,t+1

K̄j,t+1

rm,t+1 +
Pk0u,tKju,t+1

K̄j,t+1

ru,t+1
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where

K̄j,t+1 = Pk0m,tKjm,t+1 + Pk0u,tKju,t+1

and the overall return on capital in the market is

1 + rt+1 =
Pk0m,tKm,t+1

K̄t+1

rm,t+1 +
Pk0u,tKu,t+1

K̄t+1

ru,t+1

where K̄t+1 = Pk0m,tKm,t+1 + Pk0u,tKu,t+1 is the total value of capital in the market.

In each sector, firms issue bonds and equity to finance the capital expenditure. It is

straightforward to show that the rate of return on equity in sector j is,

1 + rej,t+1 = (1 +
BEj,t

MEjt
)(1 + rj,t+1)−

BEj,t

MEj,t
(1 + rft )

where
BEj,t

MEj,t
denotes the firm’s debt-to-equity ratio in sector j, which is not determined

in the equilibrium as is well known. Suppose the firm’s debt-to-equity ratio is same across

sectors, then the overall return on the equity of the market is simply given by

1 + ret+1 = (1 +
BEt

MEt
)(1 + rt+1)−

BEt

MEt
(1 + rft )

2.4.5. Calibration

I take two steps to calibrate the parameter values. There are 13 model parameters θ, γ,

β, α, δm, δu, α1m, α2m, g1, g2, ξ, σ1, σ2 in the model, where the adjustment cost coefficients

for physical and intangible capital are assumed to be the same to keep things as simple as

possible. The first step is to follow the practice of the business cycle literature by choosing

some parameters to fit stead state relations. For the other parameters, a priori knowledge

is not available in the literature. The second step is to choose values for these parameters to
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maximize the model’s ability to replicate a set of business cycle and asset pricing moments.

The first set of parameters that governs steady state and long-run properties of the model

economy. These parameters do not significantly affect model dynamics and are estimated

based on National Income and Product Account (NIPA) data or a priori knowledge from

business cycle literature.

The growth rates of the technology shocks g1 and g2 are chosen to match the annual

growth rates of consumption of 3.5% and private fixed nonresidential investment of 4.4%,

1

1− α
g1 + αg2 = gc = 0.035

1

1− α
g1 + g2 = gk = 0.044

which implies g1 = 0.048, g2 = 0.037.

The intertemporal elasticity of the substitution between consumption and leisure, θ =

2.16 is chosen such that a percentage of working hour is 25%. The constant capital share

in the production function α is 0.36, which is assumed to be same in the two sectors. The

capital share of physical capital, α1m = 0.23 and α2m = 0.20, are chosen to match the

average ratio of nominal private fixed nonresidential investment to nominal consumption of

consumer nondurable and services, which is 0.14 for in US economy during 1947Q-2004Q1.

The risk aversion coefficient in the utility function is fixed at γ = 5 for the benchmark

parameterization. As discussed later, capital stock estimates are not sensitive to the choice

of gamma for the models considered in this paper. The quarterly depreciation rate of physical

capital is fixed at δm = 0.025 based on the data of NIPA capital stocks and investment of

private fixed nonresidential assets, which is same as that of Hall (2001).

The remaining parameters β, ξ, δu, σ1, σ2 govern the business cycles and asset pricing

properties of the model economy, but previous empirical work does not offer much guidance

on the choice of these parameters. I choose them to maximize the model’s ability to reproduce

the moments of interest. First, given the value of risk aversion coefficient, mean and standard
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deviation of consumption growth and working hour, the discount rate β is chosen to match

the unconditional mean of risk-free rate according to equation (19). The average quarterly

return on 90-day Treasury bill rate from 1947 Q1 to 2004 Q1 is 0.26%, which implies β =

0.99. Next, the remaining four parameters are chosen to match the following four moments

obtained from business cycle and asset market data9: 1) the standard deviation of investment

growth, 2) the standard deviation of consumption growth 3) the correlation between growth

of market value of firms and consumption growth 4) the correlation between investment good

price growth and consumption growth:

σ(∆ log Im,t) = 0.0322, σ(∆ logCt) = 0.0053 (20)

ρ(∆ logCt,∆ logPi,t) = −0.18, ρ(∆ logCt,∆ log Vt) = 0.18 (21)

I could not find values of the parameters to replicate these moments exactly. Instead, for a

given set of values for adjustment cost coefficient and depreciation rate, I choose values for

σ1, σ2 to reproduce (20) exactly and then get as close as possible to (21) by choosing b = (ξ,

δu) to minimize the distance between the moments implied by the model and the moments

estimated from data (21). The distance is measured by

min
b

χ(b) = [ĴT − f(b)]0[ĴT − f(b)]

where ĴT is the vector of the remaining moments (21) to match, f(b) is the vector of moments

generated by the model, which can easily be computed from the linear model solution. The

minimization is done by searching over a grid of values for b : ξ = [0.10,∞], and δu = [0, 0.03].

The parameter values that drive down χ to 0.0064 are:

ξ̂ = 0.45, δ̂u = 0.005
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and the corresponding estimates σ1 and σ2 are:

σ̂1 = 0.0048, σ̂2 = 0.078

The capital adjustment cost technology is specified by one single parameter, ξ, which is

the elasticity of investment with respect to Tobin’s q. The estimates of ξ that Abel (1980)

and Eberly (1997) got in somewhat different models range from 0.27 to 0.52 and from 0.37

to 1.06, respectively. My estimate of this parameter lies within the range reported in the

literature. The estimate of σ1 is roughly same as the standard deviation of consumption

growth and not sensitive to the specification of other parameters. The depreciation rate of

intangible capital, the standard deviation of investment-specific technology shock and the

adjustment cost coefficient are to some extent substitute in generating the moments 2)-4),

that is, volatility of investment growth and the correlation between investment goods price,

market value and consumption growth. Roughly speaking, with lower elasticity of investment

with respect to Tobin’s q, thus higher adjustment cost, σ2 has to be higher and δu has to be

lower.

Notice that I did not choose parameter values to match the mean and standard deviation

of equity returns, because this type of RBC model predicts very low equity premium as

discussed in Mehra and Prescott (1985) and section 4. The reason is that with constant risk

aversion preferences, the model fails to provide enough volatility in the marginal rates of

substitution. Since the estimation of intangible capital exploit the information on both asset

market data and macroeconomic variable, the poor asset market predictions affects the esti-

mation of intangible capital, as discussed in section 4. Hence, better estimation of intangible

requires better model description of the economy. Jermann (1998) shows that it is promis-

ing to add habit formation along with adjustment cost in the real business cycle models.

Tallarini (1998) argues that with non-expected utility preferences, it is possible to improve

the model’s asset market predictions without significantly affecting the relative variabilities
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and comovement of aggregate quantity variables. Christiano and Fisher (1998) show that a

real business cycle model with investment-specific technological shock, adjustment cost and

habit formation preferences does better in replicating the comovement of stock prices and

aggregate variables as well as equity premium than existing models. Estimation of intangible

in a two-sector model with habit formation or non-expected utility preferences added is left

for future research..

3. Estimation of Intangible Capital

In section 2, the dynamics of the model economy is summarized in a state-space rep-

resentation (11) In this section I use Kalman filter to obtain estimates of the unobserved

state variables using the data on the observed variables, and in particular, infer the value of

intangible capital stock.

3.0.6. The State Space Presentation of the Model

The state space representation of the model (11) is summarized as following,

State Equation:

st+1 = Fst +Gut + Γεt+1

where

st =

∙
logKt logXt

¸0
, εt =

∙
ε1,t ε2,t

¸0
, ut = 1

F =

⎡⎢⎣ M1
−→
Bk −M1

0 E2

⎤⎥⎦ , G =
⎡⎢⎣ −→Bk g + (E2 −M1) log k

g

⎤⎥⎦ , Γ =
⎡⎢⎣ 02×2

E2

⎤⎥⎦
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Observation Equation:

yt = A0ut +H 0st + wt

yt =

∙
logCt log Im,t logPi,t logWNt logMVt

¸0

A0 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

log(c)− πck log(k)

log(im)− πimk log(k)

log(pi)− πpk log(k)

log(wn)− πwnk log(k)

log(mv)− πvk log(k)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
H 0 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

πck Bc − πck
−→
Bk

πimk Bk − πimk
−→
Bk

πpk Bc −Bk − πpk
−→
Bk

πwnk Bc − πwn
−→
Bk

πvk Bc − πvk
−→
Bk

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

where
−→
Bk =

∙
B0
k B0

k

¸0
, Bk =

∙
1/(1− α) 1

¸
, Bc =

∙
1/(1− α) α

¸
and E2 is a 2× 2

identity matrix. st is the vector of state variables (unobservable), and yt is the vector of

variables observed at date t. In the two-sector economy of this paper, st contains the logs

of capital stock (logKt) and technology shock (logXt); yt contains the logs of consumption,

investment in physical capital, labor income, relative price of investment goods, and market

value of firms. M1, M2 and π’s are from the linear solution of the model (9) and (10). wt is

the vector of measurement errors associated with each observed variables, which is assumed

to be vector of white noise and uncorrelated with εt at all lags, that is,

E[wtw
0
τ ] = {

Σw for t = τ

0 otherwise

E[εtw
0
τ ] = 0 for all t and τ .

where Σw is the variance-covariance matrix of the measurement error wt. The measurement

errors for each of the observable variables are assumed to be uncorrelated with each other

and have same variance, that is, Σw = σ2wEn, where En an n × n identity matrix, n is the
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dimension of yt. The magnitude of standard deviation of measurement error σw is assumed

to be small relative to the standard deviation of technology shocks10.

3.1. Kalman filter Algorithm

Given the state space representation of the system, I use Kalman filter algorithm to

recursively calculate the linear least square forecasts of the state vector st on the basis of

data observed through date t:

ŝt|t ≡ Ê(st+1|Ft), for t = 0, 1, ...T − 1

where Ê[st|Ft] denotes the linear projection of st on Ft and a constant. Ft is the information

available at date t

Ft ≡ (y0t, y0t−1, ..., y01, u0t, u0t−1, ..., u01)0

Mean squared error (MSE) matrix associated with each of the forecasts is given by

Pt|t ≡ E[(st − ŝt|t)(st − ŝt|t)
0], for t = 1, ...T

The Kalman filter is started with ŝ1|0 and P1|0, where ŝ1|0 is chosen to be a vector of zero,

and P1|0 is chosen to be identity matrix reflecting large uncertainty about the true value of

states s1. Kalman filter then iterates on

ŝt|t = ŝt|t−1 + Pt|t−1H(H
0Pt|t−1H + Σw)

−1(yt −Hŝt|t−1) (22)

P̂t|t = Pt|t−1 − Pt|t−1H(H
0Pt|t−1H + Σw)

−1H 0Pt|t−1 (23)

ŝt+1|t = Fŝt|t +Gut (24)

Pt+1|t = FPt|t−1F
0 + ΓΣεΓ

0 (25)
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for t = 1, 2, ..., T.

More efficient estimates of the value of capital stock at date t can be estimated based on

the full set of data collected, including observations on yt+1, ..., yT , ut, ut+1, ..., uT , by using

the smoothed estimate of st, denoted as ŝt|T ≡ Ê[st|FT ], which is derived from the filtered

estimate ŝt|t by means of backward calculation over the data from T to t + 1. Given the

filtered estimates of {ŝt|t}, {ŝt|t−1}, {Pt|t}, {Pt|t−1}, starting for ŝT |T , the smoothed estimates

and the associated MSE can be obtained by backward updating ŝt|t and Pt|t recursively as

following,

ŝt|T = ŝt|t + Pt|tF
0P−1t+1|t(ŝt+1|T − ŝt+1|t)

Pt|T = Pt|t + Pt|tF
0P−1t+1|t{Pt+1|T − Pt+1|t}

³
Pt|tF

0P−1t+1|t

´0
starting with t = T − 1 to t = 1, 2

3.2. Estimation Results

In this subsection, I estimate the intangible capital in the two-sector model using quar-

terly U.S. data from 1947Q1 to 2004Q1. The vector of observable yt consists of consumption,

investment, labor income, investment good prices, as well as the market value of capital of

nonfarm and nonfinancial firms. Most of macroeconomic time series are from NIPA. Con-

sumption is the sum of consumption of consumer nondurable goods and services. The con-

sumption deflator is imputed from the price deflator of nondurables and services. Investment

is the private fixed nonresidential investment from Flow Funds Accounts of Federal Reserve

Board. The market value of capital is market value of equity plus market of bonds of non-

farm and nonfinancial corporate firms minus value of inventory, constructed in the same way

as Hall (2001). For comparison, I also presents the estimation results in Hall (2001)’s model

and McGrattan and Prescott (2000)’s model using the approach developed in this paper.
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3.2.1. One-Sector Model of Hall (2001)

In Hall (2001), intangible capital stock is imputed as the difference between total capital

stock and physical capital stock. Total capital stock in the economy is imputed from following

equation

MVt
Kt+1

= qt =

∙
1 + φ(

Kt+1 − (1− δ)Kt

Kt
)

¸

where MVt is market value of capital, which is assumed to be same as the market value of

nonfarm and nonfinancial corporate firms, Kt is the sum of physical and intangible capital

stock. φ is the coefficient of the quadratic adjustment cost function, Hall (2001) chooses

φ = 8 for fast adjustment and φ = 32 for slow adjustment11. Physical capital stock (Km,t)

is calculate using the following capital accumulation rule,

Km,t = (1− δ)Km,t−1 + Im,t

where depreciation rate is taken to be 10% per year, Im,t is private fixed nonresidential

investment from Flow Funds Accounts of Federal Reserve Board.

I rewrite Hall’s economy as a one-sector economy, tangible and intangible capital are

perfect substitutes in this economy. The total capital stock is estimated using Kalman filter

algorithm described in the above subsection. Key parameter values are the same as that of

Hall. Market value of the equity and bonds (MVt) and real consumption (Ct) data is used

to imputed capital stock. Figure 4 presents the estimates of investment and capital stock of

total capital in this economy along with the estimates capital of Hall (2001). The estimates

of total capital are almost same as Hall (2001)’s estimates except for the initial periods.

The difference is due the log-linearizing error. The implied investment of capital is very

volatile as compared with investment in physical capital. Figure 5 presents the results with

real consumption growth added as additional input in Kalman filter, estimates of intangible
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capital are much smaller and much smoother than the estimates using only market value

of capital. Figure 6 shows that the estimation results are poor in this case, and the model

could not fit well consumption and market value of capital simultaneously. As compared

with data, the model implied consumption is too volatile and market value is too smooth.

The reason behind this result is that, with adjustment cost added to the one-sector standard

RBC model, consumption is forced to absorb extra volatility as investment fluctuations are

costly. With constant risk aversion and adjustment cost, this type of model implied very

high volatility of consumption and fails to match the data on the volatility of consumption

and of market value of capital at same time12.

Hall (2001) argues that U.S. corporation have formed large amount of intangible capital

over past 50 years, especially in 1990s, this is shown in Figure 4, where the difference between

total capital estimated in the model and physical capital is intangible capital. For fast

capital adjustment, intangible capital inferred from market value of corporate firms rises

dramatically in the last decade. However, my calculation shows that this result hinges on the

choice of market value of capital as the only observable variable inputs. If real consumption

is added as input as well, inferred intangible capital is very stable.

3.2.2. The Two-Sector Model of McGrattan and Prescott (2000)

For the two-sector model of McGrattan and Prescott (2000), I use the parameter values

specified in Table 4 of McGrattan and Prescott (2000). Private consumption and government

consumption, fixed asset investment in corporate and noncorporate sector, compensation in

both sector and market value of equity and bonds in corporate sector are used to estimate

intangible capital. Figure 7 presents the implied time series of capital stock and investment,

data on investment and capital stock is also plotted for comparison. The implied capital

stock and investment of intangible capital is very smooth. Intangible investment grows at

a higher rate than physical capital investment. The upper plot of Figure 8 presents the

estimates of market value of capital of corporate sector, which matches the level of the
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market value of equity and bonds pretty well in levels but not the volatility. The bottom

plot presents the implied ratio of market value to replacement cost of capital. Solid line is

the implied market value of total capital to the replacement cost of total capital (Tobin’s q),

which is very smooth around its steady state value (q = 1). Dash line is the market value of

total capital to the replacement cost of physical capital (q∗) which can be compared to the

observed data. McGrattan and Prescott (2000) claim that significant amount of intangible

capital is accumulated in 1990s, while the bottom panel of Figure 8 shows that this amount

is very stable during the past 50 years.

Figure 9 presents estimates investment-capital ratio in this model. Note that the ratio of

investment to capital of intangible capital implied in this economy grows dramatically from

its steady value, which is implausible for an economy along steady-state growth path. The

reason behind this result is that, model implies consumption and investment share the same

growth rate, while investment in physical capital grows at a higher rate than consumption

in the data. Hence the estimates of intangible investment has to grow faster to reconcile this

problem. This result shows that the model used to estimate intangible capital has to allow

for different growth rates for investment in physical capital and consumption.

3.2.3. The Two-Sector Model with Investment-Specific Technological Progress

For the two-sector model developed in this paper, I first estimate capital stock using only

macroeconomic aggregate variable, then add market value of total capital to the observable

variables as the Kalman filter inputs.

Figure 10 and Figure 11 presents the estimates using only macroeconomic aggregate

variable. The top panel of Figure 10 plots data on private fixed nonresidential investment

(dataIm), estimates of investment in physical capital (Im) and intangible capital (Iu) and

The bottom panel presents the estimate of physical capital (Km), intangible capital (Ku)

and the physical capital stock (dataKm) calculated using capital accumulation rule (6) and

data on private fixed nonresidential investment with the adjustment cost coefficient and
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depreciate rate specified same as the model estimates (ξm = 0.45 and δm = 0.025). All the

time series are reported in logs. The estimates of investment of physical capital investment

is relatively smooth as compared with data. The growth rate and volatility of intangible

capital are about the same as that of physical capital. The growth rate of physical stock

estimated using Kalman filter is less than that of the capital stock calculated based primarily

on investment. The top panel of Figure 11 shows that the estimates of market value of capital

has less variation than data, but the implied volatility of market value is higher than that

of the two-sector model of McGrattan and Prescott (2000). The bottom panel show that

the implied market-to-book value (q∗) matches the data much better than the estimates

from McGrattan and Prescott (2000) economy. This is because the capital adjustment cost

specified in McGrattan and Prescott (2000) economy is much smaller than that of this

economy. The implied elasticity of investment with respect to Tobin’s q in McGrattan and

Prescott (2000) economy is 11 for physical capital and 80 for intangible capital, which are

much larger than the estimates in the literature and the ones estimated in this paper. Figure

12 indicates that in this model, the ratio of investment to capital is stable around its steady

state value, and does not have the defect of McGrattan and Prescott (2000)’s model.

Figure 13 and Figure 14 present estimates using both data on macroeconomic aggregate

variables and market value of capital. Figure 13 shows that adding market value of capital

drives up the growth rate as well as the volatility of investment, while Figure 14 indicates

that the estimates of market value of capital is improved and the implied q∗ is larger than

the estimates without using data on market value of capital. than the real data. This model

implies a much higher variability in market-to-book ratio than the other two models, while

keeps the variability of investment reasonable.

To access the accuracy of the measurement, I calculate the ratio of conditional variance

to the conditional second moment of capital stock
σ2t (log kx)

Et[(log kx)2]
, given the current and past

data on observable variables. σ2t (log kx) is the conditional variances of capital kx, which

can be computed from the MSE of the state variables (23), and Et[(log kx)
2] = σ2t (log kx) +
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(Et[(log kx)])
2 is the conditional second moment of capital stock kx, where Et[(log kx)] can be

computed from the Kalman filter estimates of the state variables (22). The ratio
σ2t (log kx)

Et[(log kx)2]

lies between 0 and 1, and closer it is to 0, more accurate are the estimates. The estimates

of the capital stock are pretty accurate, as shown bottom panel of in Figure 15, which

depicts the ratio
σ2t (log kx)

Et[(log kx)2]
for physical and intangible capital. For both physical capital

and intangible capital, the ratios are very close to zero for most of the periods. The top

panel of Figure 15 depicts the conditional standard deviation of estimates of physical and

intangible capital given current and past data. Dash line and solid line plot the estimates

with and without using market value of capital, respectively. It shows that the accuracy of

measurement is improved by 50% with market value of capital added in the estimation for

both types of capital.

4. Implications of the Model

Before concluding the paper, I would like to discuss some of the asset market and macro-

economic implication of the model. In the two-sector model developed in this paper, three

important elements are added to the standard RBC model, capital adjustment cost, intan-

gible capital, and investment-specific technology shock.

Capital adjustment costs drive the wedge between the marginal cost of installed capital

and that of new capital goods, which are measured by stock prices and investment good

prices, respectively. Adding adjustment cost to the business model helps to deliver variation

in q. However, with modest adjustment cost, the implied q can not be too far away from its

steady-state value of 1. Adding intangible capital to the model helps to explain the difference

between the market value of total capital and replacement cost of physical capital. As shown

in section 2.4.3., the steady-state value of q∗ could be larger than 1. Table 1 summarizes the

volatility of q∗ , q and capital stock implied in the two-sector model with various specification

of adjustment cost. For the benchmark specification of adjustment cost, ξ = 0.45, adjustment
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Table 1: Volatility of Market-to-Book Ratio
ξ = 0.225 ξ = 0.45 ξ = 4.5 ξ =∞

σ(q∗)% (data) 49.45 49.45 49.45 49.45
σ(q∗)% 54.47 38.73 5.00 0.94
σ(q)/σ(q∗) 0.57 0.56 0.72 0.69
σ(Km)% 0.98 0.97 3.17 3.83
σ(Ku)% 1.11 1.11 3.49 4.51

cost accounts for about 56% of the variation in the estimates of q∗ and this percentage ranges

from 56% to 72% for different specifications of ξ. Table 1 also presents the variation of capital

stock implied by the model for different values of ξ while holding other parameter values

unchanged13. The volatility of capital stock rises while the variation of q∗ decrease with the

elasticity of investment to Tobin’s q. Figure 16 plots the estimates of q∗, logs of physical and

intangible capital for different values of ξ. The growth rate of implied capital stock is not

sensitive to the specification of ξ, while the volatility is higher when it is less costly to adjust

capital stock. The accuracy of measurement decreases with the elasticity of investment to

Tobin’s q or increases with adjustment cost, as shown in Figure 16 left top panel, where

the norm of conditional variance-covariance matrix of estimates of state variables (Pt|t) is

plotted.

On the other hand, capital adjustment penalize investment variation and forces consump-

tion to absorb the extra volatility, hence simply adding adjustment cost in the standard RBC

model implies too much consumption volatility and too little investment volatility, as shown

in Table 2, for the one-sector model of Hall (2001) and the two-sector model of McGrattan

and Prescott (2000). In these two models, the relative volatility of investment growth to the

volatility of consumption growth is much lower than that of data. In addition, these two

models imply too little variation in the market value of capital and equity returns. However,

in the two-sector model developed in this paper, by adding investment specific shock, the

model can match the volatility of consumption and investment at same time. In addition, as

shown in Table 2, the model implied volatility of market value of capital and equity returns



Intangible Capital and Stock Prices 29

Table 2: Relative Volatility of Aggregate Varibles and Asset Returns

Model Version
σ(∆Im)

σ(∆c)

σ(∆Iu)

σ(∆c)

σ(∆I2)

σ(∆c)

σ(∆mv)

σ(∆c)
σ(re)% E(re)− rf%

One-Sector Model 0.76 n/a n/a 0.19 0.15 0.01
M&P Model 1.00 1.36 1.49 0.46 0.32 0.01
Two-Sector Model 6.11 5.84 n/a 15.02 26.08 1.14
Data 6.11 n/a n/a 19.52 16.54 6.18

is also comparable with that of data. However, all of the three models produce too little

mean risk premium, because the constant risk aversion preference fails to provide enough

volatility in the intertemporal marginal rate of substitution.

5. Conclusion

In this paper I have developed a two-sector model with intangible capital and investment-

specific technological progress, and estimated the time series of the intangible capital accu-

mulated in the US economy during the postwar period. For comparision, the value of the

intangible capital is also inferred in the models used by Hall (2001) and McGrattan and

Prescott (2000). Since the time series of both macroeconomic variables and asset prices are

used to make inferences about the intangible capital, it is important to develop a model

that is consistent with the salient facts in both macroeconomics and asset markets. The

two-sector model developed in this paper does better in both dimensions than the other two

models, hence provide a better framework to make inference about the intangible capital

accumulate in US economy.

The inference of the intangible capital depends on the specification of the capital ad-

justment costs. With modest capital adjustment costs, all of the three models implies that

significant amount of the intangible capital has been accumulated during the past 50 years

in the US economy. Hall (2001) argues the accumulation of intangible capital is much faster

in the last decade as reflected in the stock market, while the two-sector model developed in

this paper suggests that the growth rate of intangible capital during the 1990s is much lower
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than the estimates in Hall (2001).

For the two-sector economy with investment-specific technological progress, variation in

intangible capital estimated from aggregate macroeconomic variables, accounts for almost

half of the variability in the market-to-book ratio of nonfinancial and nonfarm corporate

firms, while in the other two models the explained variability of the market-to-book ratio

is much smaller. Firms with large amount of the intangible capital are the firms with high

market-to-book value of capital. If the leverages of the firms are stable over time, these

firms also have high market equity-to-book equity ratios. The result implies that the risk

of the intangible capital explains part of risk identified by the market equity-to-book equity

portfolios. Since the estimation exploits the information on the investment goods prices, the

risk of intangible capital is partly caused by the investment-specific technological shock.

The two-sector model developed in this paper is able to produce significant variation in

the market value of firms, but its implied risk premium is still much lower than the data.

As showed in Jermann (1998) and Tallarini (1998), adding habit formation or non-expected

utility preferences may help the current model to generate higher risk premium. Future

research can be done to estimate the intangible capital by exploiting the information on the

asset returns in such models.
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Notes

1This is a reproduction of Figure 13 in Hall (2001) with period extended to 2004Q1. The

market value of capital is constructed as the market value of equity and bonds less the book

value of inventory, and the replacement cost of plant and equipment is constructed from

data on private fixed nonresidential investment. Data is taken from Flow of Funds Accounts

maintained by the Federal Reserve Board. For details of data source and construction, see

Hall (2001) Appendix B.

2In finance literature, the ratio of market-to-book value is computed using only the market

and book value of equity, hence capital held by bond holders is omitted from the analysis.

Market value calculated here includes market value of bond as well as equity. Note that,

market-to-book ratio in this paper refers to market value of capital to the book value of

capital instead of market value to book value of equity.

3For example, Laitner and Stolyarov (2003)

4Investment is private fixed nonresidential investment, taken from Flow Funds Accounts

of Federal Reserve Board. Data on consumption and price deflator is taken from NIPA.

5The formulas are:

a1,x = (exp(gkx)− 1 + δx)
1/ξx, a2x =

1

ξx − 1
(1− δx − exp(gkx))

where gkx is the mean growth rate of capital x, for x = m,u.

6See section 3 for details.

7See Appendix A for the details.

8Market value of equity and book value of bond for nonfarm and nonfinancial corporate

firms are from Federal Resever Board Flow Funds Accounts. Book value of equity is calcu-

lated as the replacement cost of plant and equipment minus book value of bonds. For details

of the data construction and calculation of market value of bonds, see data appendix of Hall
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(2001).

9Quarterly data on consumption and price deflators is taken from NIPA, quarterly data

on investment and market value is taken from Flow Funds Accounts maintained by Federal

Reserve Board. Consumption is nominal consumption of nondurable and services deflated

by implicit price deflator of consumer nondurables and services, and investment is nominal

private fixed nonresidential investment deflated by implicit price deflator for private fixed

nonresidential investment. Investment goods price is implicit price deflator of private fixed

nonresidential investment. Market value of nonfinancial and nonfarm corporate business is

the sum of market value of equity and debt of these firms as described in Hall (2001).

10Practically σw is chosen to be 10−3σ1, where σ1 is the standard deviation of common

technology shock to both of the two sectors and is smaller than σ2, the standard deviation

of investment specific techonology shock. My explorations suggest that the results are not

sensitive on the specification measurement error as long as it is relatively small as compared

with the standard deviation of techonology shocks.

11Hall (2001) also assumes asymmetric adjustment cost, but my calculation shows that

the estimates change very little without this assumption.

12See section 4 for more discussion.

13My explorations suggest that the model estimates are not sensitive to the specification of

the depreciation rate, curvature of utility function and the standard deviation of technology

shocks.
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APPENDIX

A MODEL SOLUTION

A1. The Planner’s Problem

The social planner’s problem is to maximize the utility representative agent subject to

resource constraints and capital accumulation equation. The Lagrangian equation for this

problem is

maxE0

∞X
t=0

βt{ [Ct(1−N1t −N2t)
θ]1−γ

1− γ

+Λc1,t[X1,tK
α1m
1m,tK

α1u
1u,tN

1−α1m−α1u
1,t − Ct]

+Λc2,t[X1,tK
α2m
2m,tK

α2u
2u,t(X2,tN2,t)

1−α2m−α2u − Imt − Iut]

+Λim,t[(1− δm)Km,t + φm(
Im,t

Km,t
)Km,t −Km,t+1]

+Λiu,t[(1− δu)Ku,t + φu(
Iu,t
Ku,t

)Ku,t −Ku,t+1]

+Λm,t[Km,t −K1m,t −K2m,t]

+Λu,t[Ku,t −K1u,t −K2u,t]

where

logXt = g + logXt−1 + εt, εt ∼ N

⎛⎜⎝ 0

0
,
σ21 0

0 σ22

⎞⎟⎠
logXt = [logX1t, logX2t]

0, g = [g1, g2]
0
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and Λx,t are Lagrangian multipliers, for x = c1, c2, im, iu, m, u. The functions of adjustment

cost are given by

φx(
ix,t
kx,t
) =

ax,1
1− 1/ξx

µ
ix,t
kx,t

¶1−1/ξx
+ ax,2

φ0x(
ix,t
kx,t
) = ax,1

µ
ix,t
kx,t

¶−1/ξx
, x = m,u

where a1,x = (exp(gk)− (1− δx))
1/ξx and a2x =

−1
ξx−1

(exp(gk)− (1− δx)) are set to make the

steady-state growth path invariant to ξx for x = m,u.

A2. Transformed Economy

To solve the planner problem, first we need to transform the economy to a stationary

system. The transformation involves dividing all variables in this economy by their stochastic

trends except for the labor inputs. The variables in the transformed problem are ct, n1,t,

n2,t, im,t, iu,t, km,t+1, ku,t+1, λc1,t, λc2,t, λiu,t, λim,t, λm,t, λu,t. These are defined as follows,

ct =
Ct

Xct
,

n1,t = N1,t, n2,t = N2,t

km,t+1 =
Km,t+1

Xkt
, ku,t+1 =

Ku,t+1

Xkt

kjm,t =
Kjm,t

Xkt
, kju,t =

Kju,t

Xkt
, j = 1, 2

im,t =
Im,t

Xkt
, iu,t =

Iu,t
Xkt

λc1,t = Λc1,tX
γ
ct, λc2,t = Λc2,t

Xkt

X1−γ
ct

, λim,t = Λim,t
Xkt

X1−γ
ct

λiu,t = Λiu,t
Xkt

X1−γ
ct

, λm,t = Λm,t
Xkt

X1−γ
ct

, λu,t = Λu,t
Xkt

X1−γ
ct
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where α = α1m + α1u = α2m + α2u, and

logXct =
1

1− α
logX1t + α logX2t ≡ Bc logXt

logXkt =
1

1− α
logX1t + logX2t ≡ Bk logXt

Transformed Lagrangian is then given by

maxE0

∞X
t=0

β∗t exp((1− γ)
tX

s=0

εc,s){
[ct(1− n1t − n2t)

θ]1−γ

1− γ

+λc1,t[k
α1m
1m,tk

α1u
1u,tn

1−α1m−α1u
1,t − ct]

+λc2,t[k
α2m
2m,tk

α2u
2u,tN

1−α2m−α2u
2,t − imt − iut]

+λim,t[(1− δm)km,t + φm(
im,t

km,t
)km,t − exp(gk + εk,t+1)km,t+1]

+λiu,t[(1− δu)ku,t + φu(
iu,t
ku,t
)ku,t − exp(gk + εk,t+1)ku,t+1]

+λm,t[km,t − k1m,t − k2m,t]

+λu,t[ku,t − k1u,t − k2u,t]

where β∗ = β exp((1− γ)gc), gc = Bcg.

A3. First-Order Condition

The first order conditions for an interior solution to the stationary version of the planner

problem can be rearranged to form the following system of equations:

[ct] : 0 = c−γt (1− n1t − n2t)
θ(1−γ) − λc1,t

[nj,t] : 0 = −θc1−γt (1− n1t − n2t)
θ(1−γ)−1 + λcj ,t(1− αj)k

αjm
jm,tk

αju
ju,tn

−αj
jt j = 1, 2

[im,t] : 0 = λim,tφ
0
m(

im,t

km,t
)− λc2,t
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[iu,t] : 0 = λiu,tφ
0
u(
iu,t
ku,t

)− λc2,t

[kjm,t] : 0 = αjmk
αjm−1
jm,t k

αju
ju,tn

1−αj
jt λcj ,t − λm,t, j = 1, 2

[kju,t] : 0 = αjuk
αjm
jm,tk

αju−1
ju,t n

1−αj
jt λcj ,t − λu,t, j = 1, 2

[kx,t] : 0 = −λix,t exp(gk + εk,t+1) + β∗Et[exp((1− γ)εc,t+1){λx,t+1

+λix,t+1

∙
(1− δx) + φx(

ix,t+1
kx,t+1

)− ix,t+1
kx,t+1

φ0x(
ix,t+1
kx,t+1

)

¸

where gx = Bxg, εx,t+1 = Bxεt+1 for x = c, k.

The relative prices studied in the main text can be derived using the multiplier from the

above solution. First the relative price of the new investment good is given by

Pi,t =
Λc2,t

Λc1,t
=

λc2,t
λc1,t

Xc,t

Xk,t
=

λc2,t
λc1,t

Xα−1
2,t

Second, the prices for Km,t+1 and Ku,t+1 are

Pk0x,t =
Λix,t

Λc1,t
=

λix,t
λc1,t

Xc,t

Xk,t
=

Pi,t

φ0x(
Ix,t
Kx,t

)
, for x = m,u

Third the prices for the installed capital are

Pkx,t = Pk0x,t[(1− δx) + φx(
Ix,t
Kx,t

)− Ix,t
Kx,t

φ0x(
Ix,t
Kx,t

)]

Notice that each of these prices has a stochastic trend of Xα−1
2,t , which is a negative trend if

X2,t trends upward.
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A4. Steady-State Growth Path

The steady state of the transformed economy is characterized by the following equations.

ix
kx
= exp(gk)− (1− δ), for x = m,u

c = kα1m1m kα1u1u n1−α1m−α1u1

im + iu = kα2m2m kα2u2u N1−α2m−α2u
2

kx = k1x − k2x, for x = m,u

φx(
ix
kx
) = exp(gk)− (1− δx), φ

0
x(
ix
kx
) = 1

0 = c−γ(1− n1 − n2)
θ(1−γ) − λc1

0 = −θc1−γ(1− n1 − n2)
θ(1−γ)−1 + λcj(1− αj)k

αjm
jm k

αju
ju n

−αj
j

0 = λim − λc2 = λiu − λc2

0 = αjmk
αjm−1
jm k

αju
ju n

1−αj
j λcj − λm, j = 1, 2

0 = αjuk
αjm
jm k

αju−1
ju n

1−αj
j λcj − λu, j = 1, 2

0 = −λix exp(gk) + β∗{λx + λix

∙
(1− δx) +

1

ξx
(exp(gk)− (1− δx))

¸
, x = m,u
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Figure 1: Ratio of Market Value to Replacement Cost of Plant and Equipment in US Econ-
omy
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Figure 2: Relative Prices and Quantities of Private Fixed Nonresidential Investment to
Consumption of Nondurables and Services in US Economy (1947Q1-2004Q1)
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Figure 3: Relation between Market-to-Book Value of Capital and Market Equity-to-Book
Equity for Nonfarm Nonfinancial Corporate Firms
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Figure 4: Investment and Capital Imputed from Market Value of Capital in the One-Sector
Model of Hall (2001)
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Figure 5: Investment and Capital Imputed from Market Value of Capital and Consumption
in the One-Sector Model of Hall (2001)
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Figure 6: Kalman Filter Response of Consumption Growth and Growth of Market Value in
the Model of Hall (2001)
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Figure 7: Investment and Capital Imputed from Stock Prices and Macroeconomic Aggregate
Variables in the Model of McGrattan and Prescott (2000)
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Figure 8: Estimates of Market Value of Capital (in logs) and Tobin’s q from Stock Prices
and Macroeconomic Aggregate Variables in the Model of McGrattan and Prescott (2000)
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Figure 9: Estimates of Investment-Capital Ratio from Stock Prices and Macroeconomic
Aggregate Variables in the Model of McGrattan and Prescott (2000)
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Figure 10: Estimates of Investment and Capital in the Two-Sector Model (in logs, using
macroeconomic aggregate variables)
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Figure 11: Estimates of Market Value of Capital (in logs) and Tobin’s q in the Two-Sector
Model (using macroeconomic aggregate variables)



Intangible Capital and Stock Prices 51

1950 1955 1960 1965 1970 1975 1980 1985 1990 1995 2000
0.01

0.015

0.02

0.025

0.03

0.035

0.04

0.045
Investment−capital ratio

Date

I
m

/K
m

I
u
/K

u

Figure 12: Investment-Capital Ratio in the Two-Sector Model (using macroeconomic aggre-
gate variables)
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Figure 13: Estimates of Investment and Capital in the Two-Sector Model (in logs, using
both macroeconomic aggregate variables and market value of capital)
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Figure 14: Estimates of Market Value of Capital (in logs) and Tobin’s q in the Two-Sector
Model (using both macroeconomic aggregate variables and stock prices)
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Figure 15: Accuracy of Measurement for Two-Sector Model
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Figure 16: q∗, MSE and Capital Stock for Different Values of ξ.


