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Asset Pricing in a Production Economy with
Heterogeneous Investors

Abstract

This paper is a theoretical examination of the stochastic behavior of equilibrium asset
prices in an economy consisting of a production process controlled by a state variable
representing the state of technology. The investors with different degrees of risk aversion
and time preferences trade and lend among themselves in order to maximize their individual
utilities of life time consumption. The allocation of wealth fluctuates randomly among
them and acts as a state variable against which each investor wants to hedge. This hedging
motive complicates the investor’s portfolio choice and the equilibrium in the production
economy. A general method of constructing equilibrium asset prices is developed and the

wealth effect in the general equilibrium is discussed.
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1 Introduction

This paper is a theoretical examination of the stochastic behavior of equilibrium asset prices
in an economy consisting of a production process controlled by a state variable representing
the state of technology. The investors in the economy maximize their individual utilities
of life time consumption. Heterogeneity in preferences introduces trading and lending
among investors. Market clearing condition determines the general equilibrium in the
production economy. The allocation of wealth fluctuates randomly among the investors and
acts as a state variable against which each investor wants to hedge. This hedging motive
complicates the investor’s portfolio choice and the equilibrium in the production economy.
As aresult, the equilibrium market prices of risk and interest rate, and the investor’s optimal
investment and consumption strategies will fluctuate according to the wealth fluctuation
among investors. Our objective will be to understand the relation between the dynamic
equilibrium and the wealth distribution, and the interaction of the optimal indirect utilities
between the heterogeneous investors.

In three related papers, Cox, Ingersoll and Ross (1985), Dumas (1989) and Vasicek
(2005) consider equilibrium asset prices in production economy. Cox, Ingersoll and Ross
develop an equilibrium model in a production economy with multiple production processes
controlled by several state variables. They only deal with one representative agent?, there-
fore their market clearing condition is superficial. Dumas uses a production economy with
no technology change to model the capital market and investigates equilibrium conditions
in the economy with two investors, say A and B. Investor A is myopic, i.e., has logarithmic
utility function; investor B has non-logarithmic isoelastic utility function. He assumes that
the myopic investor A’s optimal strategy is not affected by that of investor B. He then

studies the influence of investor A upon investor B. Vasicek derives equilibrium conditions

2Both terms agent and investor are used in the literature. They have the same meaning in this paper.
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in a production economy with technology change and with several investors. Our paper is
more general than Dumas (1989). It includes Dumas’ result as one of the special cases. It
improves Vasicek (2005) in the ways of finding joint optimal conditions between investors
and handling the wealth effect of each investor. With a proper procedure of applying
market clearing condition, we find that the wealth distribution among investors plays an
important role in the equilibrium.

Other related work includes equilibrium models in pure exchange economy developed
by Lucas (1978), Wang (1996) and Chan and Kogan (2002). Lucas considers equilibrium
in a one-good pure exchange economy with one representative investor. Wang looks at an
exchange economy with two heterogeneous investors. He observes that in a pure exchange
economy, there is no intertemporal transformation of resources. The intertemporal resource
constraint is simply the collection of resource constraints for each date and each state. Max-
imizing the expected intertemporal welfare function is equivalent to maximizing the welfare
function period by period and state by state subject to the corresponding resource con-
straint. With this clever observation, Wang obtains a closed-form market equilibrium in the
economy of two heterogeneous investors. Chan and Kogan analyze an exchange economy
with heterogeneous investors, where each individual’s utility is a function of consumption
measured in units of an average aggregate endowment. They obtain the equilibrium for
heterogeneous investors with a continuous weight distribution.

In a production economy, the wealth of each participant can be invested in a production
process for a possible growth. The intertemporal transformation of resources plays a crucial
role in the dynamic equilibrium. The joint optimization problem of investors’ expected
utility functions is much more difficult to solve. Market clearing between the supply and
demand created by the investors plays a critical role in determining the general equilibrium.
In general, one is unable to find a closed-form market equilibrium. Our target in this

paper is to establish a proper economic model for the equilibrium conditions, so that the
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quantitative stochastic behavior of equilibrium market prices of risks and interest rate can
be studied numerically if necessary.

In the next section, we describe the model of production economy and heterogeneous
investors. Our main results are presented in Section 3. For completeness, we also include
the results of one representative investor discussed by Cox, Ingersoll and Ross (1985) in

this section. The paper is concluded in Section 4.

2 The model

To model the production economy, we use Vasicek’s (2005) setup for the economy with
one production process controlled by one state variable, which is a simplified version of
Cox, Ingersoll and Ross’ (1985) economy with multiple production processes controlled by
several state variables. We also inherit Vasicek’s (2005) notations for the convenience of
the reader.

Consider a production process whose rate of return dA/A on an investment in production
variable A is

dA
Vi pdt + ody, (1)

where y(t) is a Wiener process that models the production risk. The development of the
production process is affected by a state variable, X (t), representing the state of tech-
nology. Both the expected return function, u = p(X(¢),t), and the volatility function,
o =o(X(t),t), are exogenously given.

The dynamics of the state variable is also exogenously given
dX = (dt + Ydy + pdz, (2)

where z(t) is another Wiener process independent of y(¢). The new Wiener process is used
to model the state risk that is independent of the production risk. The parameters (, ¢

and ¢ are exogenously given functions of X (¢) and ¢. The function 1 here is designed to



Asset Pricing 5

allow a freedom to model the correlation between the production process and the progress
of the state of technology.
The economy allows unrestricted borrowing and lending at any maturity. The risk-free

rate is denoted by . Then the money market account, M(t), follows

M
dﬁ . (3)

The asset price, P(t) of any asset in the economy must satisfy the equation

P
= = (r+ BX + dn)dt + By + b, (4)

where 3 and ¢ are the risk exposures of the asset to the production risk y and the state
risk z. And A is the market price of production risk, n is the market price of state risk.

Since there are only two risk sources, we only need one more asset with § # 0 to
complete® the economy. The asset with 6 # 0 can be a derivative contract, such as an
option written on the production variable A with certain strike price and maturity date.
The price of the derivative depends on both the production risk y and the state risk x.

The production variable itself can be understood as a traded asset with 3 = o and 6 = 0,
then the expected return of an investment in the production process satisfies following
relationship

p=r+ol, — r=p—0oA (5)

The equality will be used to derive interest rate r once we know the market price of
production risk A from the equilibrium.

In particular, there exists a numeraire asset Z(t) (Long Jr 1990) with the dynamics

dz
- = (r + A 4+ n?)dt + Ady + ndx, (6)

3By complete we mean that any asset in the economy can be replicated dynamically by the production
variable and this additional derivative contract.
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such that the price P of any asset satisfies

PO g [P,

2 ' Z0)

which means that P(s)/Z(s) is a martingale. If we write 7(t) = 1/Z(t), then

P(t) = %E [7(s)P(s)] (®)

The pricing kernel or stochastic discount factor, w(t), follows
d
M dt— Ady — ndx. (9)
T

In integral form, the pricing kernel is written analytically as

%:exp (—/:rdT—%/tS(AQJrnz)dr—/:/\dy—/jndﬂf)- (10)

We now describe the investors with heterogeneous preferences. Suppose that the econ-
omy has n participants, &k = 1, 2, ,---, n and let W;(0) be the initial wealth of kth

investor. Each investor maximizes the expected utility of his life time consumption,

maXEO/O pr(t)Uk(ck(t))dt, (11)

where ¢ (t) is the rate of consumption at time ¢, Ug(c) is a utility function with U} > 0,
Ul < 0, and pg(t) > 0, 0 < ¢t < T is a time preference function. The time preference
function can be very general. If it is concentrated at time 7', then the investor maximizes
the expected utility of terminal wealth, i.e, max EgUg(Wy(T)). The problem becomes a
pure investment problem without consumption.
We consider the class of isoelastic utility functions
=)/
Udc)=28 ~ —1 e >0, e # 1, (12)

e — 1
Inc Y = 1.
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The wealth process of kth investor is written as
AWy, = [Wi(r 4 Gi) + 0kn) — cildt + Wi Brdy + Widrdz, (13)

where the risk exposures [ and d, can be achieved by a portfolio of investing in the
production A, a basic derivative asset P and the money market account M. These risk
exposures fully describe the particular investment strategy of investor k.

By summing up equation (13) according to the index k for all investors, we obtain that

the total wealth of the n investors in the economy,

follows the process

dW = [W <7" + )\Zwkﬁk + nZwk(Sk) — ch
k=1 k=1 k=1

dt+ WY wbdy + W widpda,
k=1 k=1
(15)
where wy = Wy /W is the wealth ratio of investor k’s wealth W}, to the total wealth W. By

definition, the wealth ratios satisfy

The market clearing condition is that the total wealth must be invested in the production

process, i.e.,

AW = (uW -y ck> dt + oW dy. (17)
k=1

Comparing (15) and (17) gives two restrictions on the investment strategies

Zwkﬂk = 0, Zwkék = 0. (18)
k=1 k=1

The problem is to determine the equilibrium risk-free rate r, the market prices of pro-
duction risk A, and the market price of state risk 7. Once we know their dynamics, the
stochastic discount factor can be determined by equation (10). Any asset with a known

payoff, P(s), at future time s, can be priced by equation (8) accordingly.



Asset Pricing 8

3 Main Results

The new results in this paper are the equilibrium conditions for the production economy
with heterogeneous investors. For completeness, we also present the results of one repre-

sentative investor, which has been studied by Cox, Ingersoll and Ross (1985).

3.1 One representative investor

Proposition 1 In a production economy of one representative investor with a general util-

ity function U(c), the equilibrium market prices of risk and risk-free rate are

LWW LWX i[/VX
A=——Wo— —— ——0 r=pu—ao. 19
Vi Vi wa VA ) 2 ( )

The indirect utility function, V- =V (W, X t), is determined by a nonlinear partial differ-

ential equation (PDE)*
1
Vi + Vir (uW — U~ (Viy /p)) + V¢ + §VWWW202
1
VWb 4 V@ + ) U0 /) =0, (0)

subject to a final condition V(W,X,T) = 0. The notation U'™' stands for the inverse
function of the marginal utility function of consumption, U'(c).
The investor’s optimal investment strategy is 3 = o, 6 = 0. His optimal consumption

strategy is ¢ = U'"(Viy/p). His wealth process is described by
dW = [pW — U (Viy /p)]dt + oW dy. (21)

Proof. See appendix A.

Since there is only one representative investor in the economy, there is no counter-party

to trade or borrow. The market clearing condition requires that the investor must invest all

4By nonlienar PDE we mean that the dependent variable V appears in the PDE in a nonlinear way.
For example, U'~' (Vi /p)Viy is a nonlinear term in equation (20).
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his wealth into the production process, i.e., 8 = o, § = 0. The strategy is the only choice
to the investor, but in order to make it optimal, the market prices of risk have to satisfy
certain relations given by equation (19), which are associated with the marginal utility of
wealth, Viy.

With Ito’s Lemma, the process of marginal utility of wealth can be written as

v Vi Vi
Ww gt (ﬂwg L Vwx

Vivx
A ) dy + 2 pdx = dt — \dy — nd
Vi Vo Vo ¢) Y+ Vwczﬁfc Iy y — ndx,

where 1y, represents the drift of the process. It depends on the partial derivatives of Vi
w.r.t. to W, X and £. One may observe that the market price of risk for each risk source
is the negative of the volatility on the corresponding risk source of the marginal utility of

wealth. The interest rate is written as

Vivw 2 Vv x 1 ( AW dViy )

W’ Vi )
It says that the equilibrium interest rate r is the sum of expected rate of return on wealth
1 and covariance of the rate of return on wealth with the rate of change in the marginal
utility of wealth. The result is presented by Cox, Ingersoll and Ross (1985) in a more
general setting of multiple production processes controlled by several state variables.

For a given utility function U(c), both market prices of risk and risk-free rate are
functions of wealth level W state of technology X and time ¢. A full description on them
relies on the detailed structure of the indirect utility function of wealth V (W, X t), which
has to be determined by solving the nonlinear PDE (20). In general, the problem cannot
be solved analytically, but it can be simplified for some specified utility functions such as a
logarithmic utility function and isoelastic utility function. The equilibrium conditions for

the case of these two kinds of utility functions will be discussed in the next two propositions.

Proposition 2 In a production economy of one representative investor with a logarithmic
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utility function, U(c) = Inc, the equilibrium market prices of risk and risk-free rate are
A =0, n=0, r=pu-—o’ (22)

The investor’s optimal investment strateqy is 0 = o, 6 = 0. His optimal consumption

strategy is given by

p
c=———-—W. (23)
J p(r)dr
His wealth process is described by
dW = [u . TL] Wdt + oW dy, (24)
. p(T)dr
and his indirect utility function is given by
T
VW, X,t) = / p(T)drIn W + G(X, 1), (25)
t
where G(X,t) is determined by a linear PDE
1 2 2 L, ! p
Gi+Gx(+ =Gxx(W*+ )+ (p— =0 p(t)dr —p+pln ———— =0, (26)
2 2 t J, p(r)dr

subject to a final condition G(X,T) = 0.

Proof. See appendix B.

For the case of logarithmic utility function, the market price of production risk is equal
to the volatility of production process, while the market price of state risk is zero. The
result is true for any investor’s time preference function p(t) and for any process that
drives the state variable X. The investor’s investment and consumption strategies and
wealth process do not depend explicitly on the factors that drive the state variable. The
state variable affects the indirect utility function V (W, X, t) only through the level function
G(X,t). This result somehow reflects the myopic (nearsighted) property of the logarithmic

utility investors.



Asset Pricing 11

Proposition 3 In a production economy of one representative investor with a non-logarithmic

isoelastic utility function, U(c) = C(Lf_li/w, v >0, v # 1, the equilibrium market prices of
risk and risk-free rate are
1 Qx Qx
)‘:_U__w> 77:__¢? 7':/,6—0')\, 27
7770 Q 27

where QQ = Q(X,t) is determined by a nonlinear PDE

—1 1 —1 1 1 p
QH-T (u—%02>Q+ <C+77 0¢> Qx+§(¢2+¢2)Qxx+;Q]il =0. (28)

subject to a final condition Q(X,T) = 0.
The investor’s optimal investment strateqy is 0 = o, 6 = 0. His optimal consumption

strategy is given by
Pl

His wealth process is described by
p’y
dw = |:,LL — @] Wdt + ocWdy, (30)
and his indirect utility function is given by
wo=D/y
N —

If u— %02 1s a function of time only, then @) can be solved to be a function of time

1/

T T 1.2
Q) = V ()0 n e g (32)
t

then the equilibrium market prices of risk and risk-free rate will be

Proof. See appendix C.
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For the case of non-logarithmic isoelastic utility function, the market price of state risk
7 is no longer zero in general. Both market prices of production risk A and state risk 7
depends on the evolution of the state variable through the coefficient function Q(X,t) of
the utility function of wealth, V/(W, X t) = Q(X, t)% In order to obtain the Q(X,t)
function, one needs to solve the nonlinear PDE (28) for some given u, o, ¢, ¢ and ¢
functions of X and ¢, and p(t). In general, very little is known about nonlinear PDEs, and
the equation needs to be investigated case by case. The investor’s optimal consumption
rate is also proportional to his wealth level, ¢ = 5—1W, but the coefficient depends on the
state variable X again through the ) function.

Only under a special circumstance that p — %02 is a function of time only, one can

show that Qx = 0. Equation (28) can be linearized. Its solution is given by (32). In this

case, the non-myopic investor does not price state risk just like myopic one.

3.2 Two investors

In a production economy of two heterogeneous investors with utility functions, U;(c) and
Us(c), the trading of the basic derivative asset P and borrowing/lending becomes possible.
Since each investor controls his own consumption rate that affects the rate of change in his
wealth process, his wealth level will then become a new state variable in the economy. One
investor’s wealth level enters into another investor’s indirect utility function as a new state

variable. As Dumas (1989) puts it

The allocation of wealth fluctuates randomly among them (the investors) and
acts as a state variable against which each market participant will want to
hedge. This hedging motive complicates the investors’ portfolio choice and the

equilibrium in the capital market (production economy).

Therefore, we have following observation.
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Property. In a production economy of two heterogeneous investors, the optimal indirect
utility functions of the two investors, Vi and Vs, are functions of their wealth levels, W1

and Wy, state variable X and time t, i.e.,

‘/1 :‘/1<W17W27X7t>7 %:‘/Q(W17W27X7t)' (34>

It is quite intuitive that each investor’s indirect utility function depends on his own
wealth level. The dependency of one investor’s indirect utility function on the other one’s
wealth level requires a little bit more reasoning. There are only two investors in the
economy, one investor’s demand must meet the other one’s supply. Each investor has
to take account of the optimizing decision of the other one. He knows what the decision
will be, even though he cannot affect it. Therefore the indirect utility function of one
investor relies on the other one’s indirect utility function, hence the other one’s wealth
level.

The equilibrium conditions of the two-party dynamic game are presented in the next

proposition.

Proposition 4 In a production economy of two heterogeneous investors with general utility

functions, Uy (c) and Us(c), the equilibrium market prices of risk and risk-free rate are given

by
A A
A= n=7 r=p-o) (35)
where
a11 Q12 Qi3 aix Q12 bl¢ ailz aig bl¢
A= ax axp a3 |, Ax=|ax a2 byt ) An = | az axp by
W1 W2 0 W1 W2 o (Wl + WQ) W1 W2 0
Vi o o*Vi oV 9*Vi
11 8—M/12W1’ 12 W, OW, WiWs, a3 = oW, Wi, b —WWb
0%V, Vo o Vs 0*Vs
21 W0, WoWi,  ax —aWQQ W2 ) 23 = _(9W2 Wa, by _—8W2 0X Ws.
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The indirect utility functions of two investors, Vi (W1, Wy, X, t) and Vo(Wy, Ws, X, 1), are

determined by the two PDEs jointly

3; + gmv} Wi+ i)+ 61m) — 1] + WV@ Walr + Bo) + bo1m) — ca] + %c
SV 60+ SR+ 62+ 1S+ )
+ %W1W2(5152 + 0102) + %Wl(ﬂﬂb +019)
+ %Wz(ﬁw + 82¢) + p1Ui(c1) = 0, (36)
8@‘;'2 + (9831//21 (Wi(r+ Bix+61m) — 1] + (‘91}1//2 [(Wa(r 4+ BoX + 6am) — o] + g‘)/;
SR 60+ SR+ 67+ 1S+ )
; %mm(ﬁlﬁ? )+ %m(ﬁm T 66)
+ agfﬁx Wa(Bath + 526) + paUs(es) = 0 (37)

subject to final conditions, Vi(Wy, W, X, T) =0 and Vo(W1, Wy, X, T) = 0.

For investor 1, his optimal consumption strateqy is given by

) 1av1>
:U/ 1 . . 38
1 <p1 " (38)

His optimal investment strategy is given by

Ag As
— 1 5 — 1
/61 A ) 1 A ) (39)
where
bﬂb a2 i3 bl¢ 12 Q13
Aﬁl = 52@/) Q22 Q23 |, Aal = b2¢ A22 Q23
O'(Wl + WQ) Wg 0 O W2 O

For investor 2, his optimal consumption strateqy is given by

e av2>
:U/ 1 . X 40
: (m o (40)
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His optimal investment strategy is given by

AB As
— 2 6 2 41
ﬁQ A ) 2 A ) ( )
where
a1 511/1 ais a1 blcb a13
Apg, = | ag bat) ass |, As, = | ag1 bad ags
Wl U(Wl + Wg) 0 Wl 0 O

Proof. See appendix D.

The equilibrium market prices of risk A and 7, and risk-free rate r depends on the two
investors’ indirect utility functions, V; and V5, in particular their partial derivatives w.r.t.
Wi, Wy and X. The two indirect utility functions are then determined by solving the two
PDEs (36) and (37) jointly, where A, n, r, 81, 01, c1, B2, 02 and ¢y need to be replaced by
the relations in equations (35), (39), (38), (41) and (40). The two resulted PDEs are highly
nonlinear and highly entangled. It is unlikely that one can solve them analytically.

For some specified utility functions of the two investors, the equilibrium conditions can
be simplified. The dimension of independent variables can be reduced from four (Wy, Wy,
X, t) to three (w, X, t) at least, where w is the wealth ratio. We present three simplified

cases in the next three propositions.

Proposition 5 In a production economy of two investors with logarithmic utility function,
Ui(c1) = Incy and Uy(c) = Incq, and heterogeneous time preferences, the equilibrium market

prices of risk and risk-free rate are given by
A =o, n =0, r=pu—o? (42)

For investor k, k = 1,2, his optimal consumption strategy is given by

Pk

P 43
ftT pe(T)dT (43)

Ck
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His optimal investment strategy is
ﬁk =0, (Sk =0. (44)
His indirect utility function is given by
T
Vk(Wk,X,t) :/ pk(T)dTank+Gk(X,t), (45)
t

where the function Gi(X,t) is determined by a PDE

oG, 0G, . 102Gy
o T ox ¢+ 2 0X2

1 T

subject to a final condition Gp(X,T) = 0.

Proof. Substituting the assumed form of the optimal indirect utility function (45) into

Proposition 4 gives us the required results.

The result in this proposition is quite intuitive. From Proposition 2, we know that
myopic investor prices the production and state risks in the same way no matter what kind
of time preference function he has. Therefore the two myopic investors with different time
preferences do not interact in the production economy. Each one ignores the existence of
the other one and makes optimal consumption and investment decisions only based on his
own expected utility function.

If one of them is non-myopic, then the two investors will interact. This case will be

discussed in the next proposition.

Proposition 6 In a production economy of two investors with utility functions,

(v=1)/~
Ui(c1) =1Iney, Us(cy) =
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where v is positive but not equal to 1, the equilibrium market prices of risk and risk-free

rate are given by

A A
)\:K’\, n:Kn, r=p— 0\, (47)
where
a1 a1z ais apn aiz by air a2 bi¢
A=|ax axp aj3 |, Ax=|axn axn by |, An =|an ax bo |,
W1 Wa 0 w1 W g w1 W 0
and
T 2
0G 0°G
aj; = —/t p(7)dT + wawgam + w%w%a 5
oG 0*G
a1z = 2wy — 1)wywo— oo w%wga 5

T oG 0*G
a13 = / pl( )dT - W1W2a_ by = wiwy
t

W9 aCUQaX’
1 0 0?
a1 = (2w1 -1+ L) Wiws 8521 : g@w?’
-1 0 0?
Qoo = <w2 — fyT) w1w28_51 + W%C‘J%a—w?,
—1 0 —10 0?
(23 = 1 5 Q —wiwr— Doy’ by = N —— y 8_?( + wywe Gwng

The two functions, G(ws, X,t) and Q(wy, X, t), are determined by the two PDFEs jointly

oG [T T 0G1
o +/ pi(7)dr {H+(51—U)>\+5177—p1 {/t (T )dT—W1W28wJ %(53"‘5%)}

-
+§—52w1w2{ (B2 = B1)(N =) + (02 — 01)n — p3 [Q - 71 W1Ws @Q}

1 8&)1
T 0G71""
+p1 [/t P1( )dT - wlwgan }

2
8 C+ 22 wawg[(ﬁl — 32)% + (61 — 62)7]

1 62 92G
23)(2 (V% +¢%) + aX“’lW[(@ — B + (62 — 01)¢]

T oG 1"
+piln {pl {/ pi(7)dT — wWiwa 5~ } } =0, (48)
t w2
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o1 " 1
—+T {M‘F(ﬁz — o)A+ dan — p3 {Q_ 711‘4}1‘«026521] _a(ﬂ§+5g)}

Owy Owy

+ L, {(51 = B2)(A = ) + (81 = d2)n — py U - ”ME] *1

0017 54—
+p3 {Q 5 i 1wlwgaﬂ + 7Tl[ﬁz(ﬁl — B2) + 02(01 — 52)]}
— 2
" 2_?( {C +2 5 (B + 5241’)} + %%w%[(ﬂl — 322 + (61 — 62)?]
10? 92
+ 58_)?2(¢2 +6) + awngwlwg[(ﬁl — Bo) + (61 — 62)¢)]

aQ}M =0, (49)

g
9 —
+ P2 {Q - (g

subject to final conditions, G(we, X, T) =0 and Q(w1, X,T) = 0.

For investor 1, his optimal consumption strateqy is given by

T oG]
1 =P |:/ P1 (T)dT - wlwga— Wl. (50)
t w

2

His optimal investment strateqy is given by

Aﬁl

= 0 = 51
61 A ) 1 A ) ( )
where
biy aip a3 bip aix a3
A,Bl =| b ax as |, A51 = | by ax a
g () 0 0 () 0
His indirect utility function is given by
T
%(Wl,(,&)Q,X,t) :/ p1<T>dTan1+G(WQ,X,t). (52)
t

For investor 2, his optimal consumption strategy is given by

a -
— 1w1w2 aﬁ] Wg. (53)

y
02:]9; {Q—7
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His optimal investment strategy is given by

Ag As
— TP 5o = —2 54
/62 A 7 2 A ) ( )
where
ann b1y ags apn b ais
Agg =| a1 by ass |, As, = | azr b ags
wy o 0 wp 0 0
His indirect utility function is given by
W=D/
%(w17W27X7t) :Q(wlaXat) 2 (55)

y—-1 -

Proof. See appendix E.

The myopic investor 1’s indirect utility function is given by equation (52). Unlike the
result in the economy of one representative investor, the level function G(ws, X, t) is now a
function of wealth ratio ws. The non-myopic investor 2’s indirect utility function is given
by equation (55), where the coefficient function @ (w1, X, t) is a function of wealth ratio wy.
Since the sum of wy and ws is 1, only one of them is independent. In order to keep the sym-
metry of the two PDEs (48, 49) for G' and @ functions, we choose to use two wealth ratios
w; and wy in the formulation and keep in mind that 9/0w; = —0/dws. One may notice that
the wealth ratio appears as a new state variable in the equilibrium conditions everywhere,
including the market prices of risk and risk-free rate, and the optimal consumption and
investment strategies of two investors. In order to describe the dependency of equilibrium
conditions on the wealth ratio wy, state of technology X and time ¢, one needs to solve the
G and @ functions from the two highly entangled nonlinear PDEs (48, 49). This task can
be achieved numerically with the recent rapid development of computer technology and
computational science. The details of solving the two PDEs and the financial intuitions of

the numerical results will be reported in a subsequent study.
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Similarly we can study the equilibrium conditions in a production economy of two non-

myopic investors.

Proposition 7 In a production economy of two investors with utility functions,

0(71—1)/“/1 c(72—1)/72
Ui(er) = 1%—_1, Us(c2) = 272—_17 M7 Ve (56)

where v1 and o are positive but not equal to 1, the equilibrium market prices of risk and

risk-free rate are given by

A A
)\:K/\’ n:K", rT=p— 0o\, (57)
where
ai; Qa2 a3 ain a2 by a; a2 bi¢
A=]an ap a3 |, Ax=|an ax by |, An =| a1 ax b |,
wp wy 0 Wy Wy O wi wy 0
and
1= 7 —1 0Q: 2 262@1
- — 2 — Z =l
ain ’V% Q1+ (w1 - )011602a m + wiws aw% )
m—1 0 62Q1
ajp = (2w2 -1+ "’ ) wlwza—w? wiws =% 32’
a _’71—1Q —wwan by — — 71—18Q1+w 82Q1
13 " 1 1 28w2 1 " X 1 28 JOX

T2 — 1) 0Q2 2 282Q2
WiWo——

= (2w —1 Z <2
a21 ( w1 + 8 Wy — Wiy 8(,0% 9

V2
Yo — 1 ( 72—1) aQQ 2 282622
(99 = — Qo+ 2wy — wiw + wijw ,
22 2 2 2 ” w2 " ) 1Wo B2 a3
—1 0 —10 0?
azszw Q2 — wiwe—=—— @ by = — 72 &-ﬂdl Wo @

Y2 0w1 N Y2 0X &ul 0X ’
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The two functions, Q1(ws, X, t) and Qa(w1, X, t), are determined by the two PDEs jointly

0Q1 m—1
ot " !

-M
1 {,M + (B — o)A+ 01 — p? |:Q1 - %71 1w1w2 Zg;] - (51 + (52)}

1
M
Ql Y2 Y2
+7w1w2{(52—51)()\—0)‘1‘(52—51)77—172 {Qz— P wlwz }

2

a -M
+pi* |:Q1 Sp— Wiwa Ql} + n

=1 Do 1[51(52 — 1) + 01(62 — 51)]}

0 —1 10?
# ot o4 TR+ 010) | + 5 G ARB — BP 4 (5 1))
1 0 0?
#3016+ DBy~ )+ (B = 810
- B " aQ I-m
+ 11 [Ql - W12 8w2] =0 (58)
0Q, 1 B o G 0Q21™ 1 o o
ot + Q@2 {M + (B2 — o)A + 6o — p3 [QQ — [W1w2 &01} s (B; +63)
0 00,1~ ™
+ 8;212011&)2 {(51 — B2)(A—0) + (61— d2)n — p{’ [Ql - %ﬁyi w12 8821}
Qs | -1
e {QQ - BB  — )+ an - cw}
0 1 0?
+ % { L+ m)} affw%w%[(ﬁl — B2)* + (01 — 6)’]
i
82
b3R8+ o eninl(Bh — B + (1~ )
9 aQ 1=72
+ Do [Qz - W12 (‘%}1} =0, (59)
subject to final conditions, Q1(we, X, T) =0 and Qa(wy, X, T) = 0.
For investor 1, his optimal consumption strategy is given by
M . 1 a621 s
=D {Ql o TR O Wi. (60)
His optimal investment strateqy is given by
_ Aﬁl _ A(Sl
61 - A ) 51 - A 9 (61)
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where
blw 12 Q13 b1¢ @12 13
Ap, = | batp az as |,  As =| b ag ax
o wy 0 0 w2 0

His indirect utility function is given by

W('Yl—l)/'Yl
‘/1(W17(U27X7t) = Ql(w27X7t)ﬁ' (62>
1 —

For investor 2, his optimal consumption strategy is given by

6Q2 -2

_om __ W 63
Ca =py |Q2 o — 1w1w2 Dy 2. (63)
His optimal investment strateqy is given by
Aﬁ2 A
= 5 = 2 64
52 A ) 2 A ) ( )
where
ann b1y ags apy b ais
A[b =|an by ags |, A52 =| an b9 a3
w1 o 0 w1 0 0

His indirect utility function is given by

W2(72—1)/W2

‘/Q(Cul,Wg,X,t) :Qg(wl,X,t) (65)

Y2 —1

Proof. See appendix F.

The indirect utility functions of two non-myopic isoelastic investors are given by (62,
65). Both coefficient functions @Q1(wq, X,t) and Qa(wq, X, t) are functions of wealth ratio.
Having in mind that only one of the two wealth ratios is independent, we use wy in )1 and
wp in @y in order to keep a symmetry in the two PDEs (58, 59). In fact, if one replaces
subscript index 1 by 2 and 2 by 1 in equation (58), then the equation becomes equation

(59). Once again the quantitative stochastic behavior of the equilibrium market prices
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of risk and risk-free rate relies on the numerical solution of these two highly entangled

nonlinear PDEs.

For a production economy of n heterogeneous investors, the optimal indirect utility
function of each investor will be a function of n wealth levels, Wy, Wy, ---  W,,, state

variable X and time ¢, i.e.,
‘/;:V;(WhWQ,”'vW’rL?th)? i:1727"'an'

The equilibrium conditions requires us to solve the n utility functions, Vi, Vs, --- and V,
from n entangled PDEs. If the investors have isoelastic utility functions, the dimension of
the problem can be reduced by 1. The n wealth levels will be replaced by n — 1 wealth
ratios because one of the wealth ratio is not independent due to the fact > w; = 1.

We choose not to present the equilibrium conditions for n investors here because of their

lengthy mathematical formulation.

4 Conclusion

Building on the work of Cox, Ingersoll and Ross (1985), Dumas (1989), and Vasicek (2005),
we have developed a general method of constructing equilibrium asset prices in a production
economy controlled by a state variable. We present the equilibrium conditions explicitly
for two heterogeneous investors with general utility functions, and demonstrate that how
these conditions might be simplified for some specified isoelastic utility functions.

Due to the intertemporal transformation of resources in the production economy, the
wealth distribution among investors play an important role in the general equilibrium.
The wealth levels/ratios are essentially serving as new state variables in the equilibrium
conditions. These extra state variables make the problem of determining the equilibrium

much more difficult to solve. As a result, for the production economy of two heterogeneous
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investors, we have to solve two highly entangled nonlinear partial differential equations
(PDEs) in order to determine the equilibrium market prices of risks and risk-free rate.
It is unlikely that one can achieve the task analytically. With the recent development of
computational tools, it is possible to solve the PDEs numerically. The quantitative results

and their financial intuitions will be discussed in a subsequent research.
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A Proof of Proposition 1

The investor’s wealth process is
dW = [W(r 4 G\ + 6n) — c|dt + W Bdy + Widzx.

The investor’s problem is to determine optimal consumption and investment strategies in
order to maximize his expect utility function of life time consumption. The optimal indirect

utility is
T
V(W, X,t) = max Et/ p(s)U(c(s))ds.
t
The condition of optimality is given by the Bellman equation
1
max Vi+ Vie(W(r + BA+dn) —c) + Vx( + §VWWW2(ﬁ2 +6%)
1
+ViwrxW(BY +0¢) + SVxx (¥* +¢°) +pU(c)| =0, (66)

where the subscripts of V' stands for partial derivatives. Differentiating equation (66) with

respect to ¢ gives
Vi +pU'(c) =0, = c=U""(Vw/p). (67)
Differentiating equation (66) with respect to 5 and § gives

Viw WA+ View W28 + Vigx W = 0,

VwWn + VW{/VWQ(S + VirxWeo = 0.

Applying the constraints,
6= o, 0=0, (68)

gives



Asset Pricing 26

Substituting the optimal consumption rule (67) and optimal investment strategy (68) into

the Bellman equation (66) gives

1
Vi + Vig (uW — U~ (Viy /p)) + Vx( + éVWWwQUQ

Vi Wo + S Vax(8? + )+ U0 (Vie/p) = 0.
B Proof of Proposition 2

We consider an investor with a logarithmic utility function, i.e., U(c) = Inc. The indirect

utility function is assumed to have the form
VW, X, t) =Q(X,t) nW + G(X, t).
Substituting the forms of U and V into (67) gives

p
c==W.
Q

Substituting the optimal consumption rule, optimal investment strategy (68) and the forms

of U and V into (66) gives

QiInW +G+Q ( - %) + QxCInW + Gx( — %QUQ + Qxo
+%Qxx(w2 + ¢ InW + %GXX(W +¢?) +pln % = 0. (69)

Collecting the coefficients of In W gives an equation for Q(X,t)

1
Qi+ Qx(+ §QXX(¢2 +¢?) +p=0.
Integrating the equation subject to the condition Q(X,T) = 0 gives
T
Qx.0 = = [ s
t
Substituting the solution of @) into (69) gives an equation for G(X, )

1 1
Gt GxC + 5 Gxx (07 +6%) + (u— 502> Q—p+pln% =0,
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subject to a final condition
G(X,T)=0.
Since p = pu(X,t) and 0 = o(X,t), G depends on both X and ¢ in general, but the function

G does not affect the optimal consumption strategy and wealth process

S dW:[u—

J, p(r)dr

Substituting the solution of V' into (19) gives

] Wdt + oWdy.

S p(r)dr

C Proof of Proposition 3

We consider the investor with a non-logarithmic isoelastic utility function, i.e,

Ulc) = , >0, v#L

The indirect utility is assumed to have the form

wo=D/y
v—1
Substituting the forms of U and V into (67) gives

p’y
@W

C =

Substituting the optimal consumption rule, optimal investment strategy (68) and the forms

of U and V into (66) gives an equation for Q(X,t)
v—1
@+ 12 (n- o) @+ (¢
g 2y

subject to a final condition

)QX+ (1 +¢)QXX+%Q]” 0

Q(X,T) = 0.
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The wealth process is then written as

X
AW = {u - %} Wdt + oWdy.

If u— %02 does not depend on X, then (), being a function of ¢ only, can be solved

T I L/~
Q(t) = { / pY(r)e DI (mase )deT} .
t

Substituting the solution of V' into (19) gives the required results of the market prices of

risk.

D Proof of Proposition 4
The two investors’ wealth processes are

dWl = [Wl(T + 61)\ + (5177) — Cl]dt + Wlﬁldy + W1(51da:',

dWQ = [WQ(T + 52)\ + 5277) — CQ]dt -+ W2ﬁ2dy + Wgégdl’.

The investor 1’s problem is to determine his optimal consumption and investment strate-
gies in order to maximize his expect utility function of life time consumption. The optimal

indirect utility is
T
Vi(Wy, Wy, X, t) = maxEt/ p1(s)Ur(c1(s))ds.
t

The condition of optimality is given by the Bellman equation

oV, oWy i oVi
c?,}??,}gl { ot + 8W1 [Wl (7’ + 51)\ + 517’]) — Cl] 8W2 [WQ(T + 52)\ + 527’]) — 02] + = 0X
1 0? V1 1 8 Vi
32V1 Vi
+ WVsz(ﬁlﬁz + 9102) + mwﬂﬁﬂb + 019)

9%V,
+ mwz(ﬁzw + 020) +P1U1(Cl)} =0. (70)
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Differentiating equation (70) with respect to ¢; gives

oW,

(1 oV
Ui(cr) =0 =U" | — : 71
Fnlie) =0, —  a=u (o) ()

Differentiating equation (70) with respect to 4, and d0; gives

oV, PV, 9*Vi o*Vi

A+ 2
o, W2 awz T Ea, et g i = (72)
Vi PV 02V, 2V
- S5 5 —
o, T ane a2 Vit G, oo, Wt G Wie =0 (73)

The investor 2’s problem is to determine his optimal consumption and investment strate-
gies in order to maximize his expect utility function of life time consumption. The optimal

indirect utility is
T
Vs(Wh, Wy, X, ) — max Et/ pa(5)Un(ea(s))ds.
t

The condition of optimality is given by the Bellman equation

@V oV- %} OV
132‘/2 2/ 19 9 182‘/2 2/ 12 2 18‘/2 2 2
821/2 0%V,
8W18W2 o WailWa(Bi 82 + 0102) + W, OX Wi(B1 + 619)
0V
8W282X Wa (B2 + 920) +P2U2(02)} =0. (74)
Differentiating equation (74) with respect to ¢y gives
A% , B (1 0V,
S AnUie =0 —  a-ut (122 (7
Differentiating equation (74) with respect to 2 and dy gives
OVy PV 0%V, 02V,
Wol + —=W. — W W — W 76
o, A G V2Pt g, MWt G et = (76)
0Vy 02V, 02V, 0%V,
— W — W2y + ———W W + ———Woo = 0. 7
o, w0 T G, VIV Gax 20 = (77)
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The constraints are

Wi + Wafy = o(Wh + Wa), (78)

W151 —|— W252 - 0 (79)

Combining equations (72), (76) and (78) gives a linear system of three equations

V5 02V v 2y,
awé Wi Wi, oo VW2 g W b1 avagl‘gx Wiy

8W20W WyWh gm‘g WQ 8‘/2 W2 52 = 83/2‘3)( sz ) (80)
W1 W2 0 )\ O'(Wl + Wg)

which can be solved to give 31, #2 and X in Proposition 4.

Combining equations (73), (77) and (79) gives a linear system of three equations

2V 1172 8% [eA%) 82V,
aw2 Wi OW1Wo Wi, oWy Wi 01 ~AW0X Wi
Vo 1172 3V2 = __ PV
8W28W Wol, oz Wa s W 02 ax Va9 | (81)
Wi W, 0 n 0

which can be solved to give 41, do and n in Proposition 4.

E Proof of Proposition 6

For the two investors with different utility functions, the two indirect utility functions are

assumed to be

T

Vvl(WlaWQath) :/ pl(T)dTlﬂwl—l—G(WQ,X,t),
t

WQ(’Y—l)/’Y

‘/2(W27w17X7 t) = Q(waa t>?7

where w; and w, are wealth ratios given by

W1 W2

CTWaw T W

Computing the partial derivatives, we have

v, oG o
o~ Wit e o
A

X X OW?

T
—W; = dr — —_— —W, = —_—
1= /t Pl(T) T w1w28w2’ oW,y 2 = Wiz

T 2
oG 0°G
W2 [ pl(T)dT + 2W%WZ8_Q)2 + wfw%a—w%,

oG oVi oG
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P2V, ,0G  , ,0°G PV, 0°G
gwg''r T TRy, TG X T axe
Vi oG G
- — (9wy — 1 Bt Ty il
o, W = (e = Duiws g — wiws 55
Vi Wi, = —wjw A% Vi W—wwaQ—G
OWLoX T TP 0w0XT OWL0X 0 P 0wa0X
(v=1)/v
Denoting B = —2———, we have
v—1
Ve 0Q Vs v—1 Q Vs aQ
“—2=-"%R = (1—Q - wiwn=—2)B =B
ot ot ’ 8W2 W2 ( Q wie awl ’ an Wl wiez 80.)1 ’
oV, oQ 9*Vs 2 Y v—1 Q) 2 282Q
“2_-_*pR 2wy — —= Sl ~—<|B
ox —oxD w2 @r2(w g TR | P
DV v—1 Q) 2 232@
2 = (2w —1+~1— - _ ~—<|B
oo, 2 K R )“““2 Doy 12 aw%] ’
Vo s . 0Q 5 ,0°Q Vo 0*Q
oz Vi < i ey awf) ©ax2 ax2
02Vy v—10Q 92Q 9V, 92Q
— 2 W= w—2 | B — 2 W, = wiws———B
oW,0x ( v ox e awlax) L amax T g, oY

Substituting these partial derivatives into Proposition 4 gives us the results in Proposition

6.

F Proof of Proposition 7

For the two investors with different utility functions, the two indirect utility functions are

assumed to be

Wl('Ylfl)/“fl

W(WI;WQaXat):Ql(WQaX7t) "}/ 1
| —

W('YQ_l)/"Q

‘/2(W27 Wi, X7 t) = QQ(wlu X7 t)2—7
72— 1
where w; and w, are wealth ratios given by
o Wi o — Wy

17W1+W2’ 271/1/1‘1“/{/2'
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(m—1)/m W=D/
Denoting By = 1—1, and By = 2—1, we compute the partial derivatives
M Y2 —
oy 0 oy 7 — 1 I
—=—2R="B —W; = — B
ot ot 1 oW, 1 ( " Q1 —wiwr— Dy L
oy 01 oVi _ 0@
- — B R
oW, T e oX ~ 09X
PVi o 7 —1 49 2 0%
— = |- 2 — —_— —| B
e LR O )“’1“’2 T el ] B
*Vi 7 —1 01 *Qy
WWIWZ = [(QWQ — 14 " ) WiWo—— 8 s w%wga—w%} Bl,
*Vi s 0C, 2, 2 0?Q1 *Vy 9Py
oz < o g T 2 ) N A Ch
Vi o (m-10Q PO, Vi P,
OW10X v X 0w x )TV aaaX P TP 0w0X T
oVy  0Qq A% Yo — Q2
— =—"B Wy = — B
ot or ¥ oW, 2 ( o QQ Wil = R 25
oV, Qs oVy  0Q;
Wy = —B — =—>-B
oW, 1 wlw2(9 2, oX 0X 2,
0%V, [ Y2 — ( Y2 1) 0Q 9*Q2
W2 = + 2 Wi W + wiw? ] By,
8W22 2 ,}/2 Q2 Y 1 28 w1 1Wo a B 2
0V Yo — 1 0%Q
W@ZWEWQVHZ {<2w1—1+ 2 ) w1 28 m — wiw) o 22} By,
PVy o s 0Q2 32@2 PVy  PQy
a_wwlz<2wlw231+w 202)32’ ) Ok
P (0100 2, Ve 00
WX v X PowoX owox T TP owax

Substituting these partial derivatives into Proposition 4 gives us the results in Proposition

7.
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